
announcements

• HWI out tomorrow

[Due oct 11 )



LAST CLASS

• Another proof system for propositional logic : PK

soundness of PK

completeness of PK

¥¥ness /completeness of PK FINISH

TODAY
• Propositional Compactness

Theorem

Pages 9- 17 of lecture notes



TODI

• Propositional compactness theorem ( FINISH)

• First Order Logic

Language /Syntax
Semantics : Models

(pages 18-27 of course notes)



Derwatiinalsoundnessscompetenepk

Definition Let ☒ be a set of sequents, S a sequent

A PK - § proof of S is a PK- proof of s

from § and axioms of PK
.

( also written a$ of 1- $ )

theorems Let § be a set of (possibly infinite)
sequent . then § t s iff

S has a ( finite) PK - § proof

101--5 off lots
-



Propositionielcompactness

theorem (Form 2
,
see Notes for 2 other equivalent

forms )

Let § be a set of (possibly infinite) formulas

§ F-A iff A -is a logical consequence

of a finite subset of ☒

&
We'll assume this for now

and prove it after

Proof of 3 equivalent forms of compactness as homework



pwol-CDenrat.mu/Soundness-ompeeness)

By compactness, it suffices
to prove the

case where § is finite

• Let § = { s
, ,

. - , Sia}
,

and suppose r → d is a

logical consequence of { S, > . -, 5k } . Thus

#-) P
,
As

, ,
. -

,
As

,,

→ d -

is valid

•• Thus by PK completeness,*) has a PK proof
•• Derive r → d from *) and → As

,
> . .

, Ask



Deriuer→dfnm{→As#→As*}

it .→÷÷÷
a.⇒

P
,
As
, ,Asz→d,As

,I / →As_ (weakening)
P
, Asa , As>→ dccut)

P
,
As
>
→ d

, Asz
E.AÉÑ \ / → As

.

¥,,g
weakening)

P
,
As
,
→ A Kut)

* -
r → a (cut)



PNofcpropositio.no#mpactness)
✗

suppose § F- A
.
Then IOTÑA is unsatisfiable

s_how : If 4 is UNSAT , then some finite subset

of µ -

is UNSAT ( Form 1)

Pfsketch Assume the set of underlying atoms

in Cf is countable : Pi > Pz , . . . .

• make decision treetthat queries p, at layer 1
,

then peat layer 2
,
etc

.



• Each path in T corresponds to a complete
truth assignment

• Prune T to T
'
:

For every Node
V of T

,
remove subtree

rooted below v if partial truth assignment
from root to v falsifies some

formula f- c- 4 .

Label v by f

• Every path in T
'
is finite (since 4 unsat

,

so ✓truth ass to all vars
,
some f- c- is

falsified , and each felt is finite)
• By King's Lemma, T

'
is finite



Kionigslemma If T
'
-

is a rooted

binary tree , where every
branch/path

of T -

is finite , then T
'
-

is finite
.

• Thus
,

the formulas 4%-4 labelling the leaves

of Tl form a finite subset of 4
,

and thus 40
'
is UNSAT a finite

subset of 4 .



FlRSTORDERL0

Underlying language L specified by :
① ✓NEIN a set of n-ary function

symbols ( ie
,

: f
, g , h, + ,

• )

o - any function symbols are called
constants

② Un c- IN a set of n-ary predicate
symbols ( i.e . P

,
Q
,
R
,

<
,
← )

P"÷variables : ×
, y ,

2-
, . . . a. b , c, . .}Built

in

symbols
• ^

,
V
,
N
,
F
,
't

• parenthesis C
,
)



Exampte-1.LA (language of arithmetic)
"

it ¥7 Fry
L
,
= { 0,5T >

•

; }
-

function relation

symbols symbols

0 constant co - ary function symbol )
s unary function symbol
t
,

• binary function symbols
= binary predicate symbol



trms_overL_

(1) Every variable is a term

(2) If f is an n-ary function symbol,
and t

, , .> tn terms
,
then f -4 . .tn

is a term



trms_overL_

(1) Every variable is a term

(2) If f is an n-ary function symbol,
and t

, , .> tn terms
,
then f -4 . .tn

is a term

s ,f ,
1-
,

• )fxamplesofterms-g.iq ←If
0- any unary binary '

f- ossso
,
1- ✗ f- yz ,

• tab SSO
P p q

f- (QSSSO) ✗ + fly, -2) @tb) • SSO



FIRSTORDERFORMUL.tt#ERL

(1) Pt, ..tn
-

is an atomic L- formula
,
where

P is an n-ary predicate in L,
and

4. - ten are terms over L

(2) If A,B are L
- formulas

,

so are

- A
,
(Anb)

,
( AUB)

,

txt
,
3- ✗A



Example : Propositional formulas are 1=0 Formulas

Lprop : ① No function symbols

③ 0 -

ary predicate symbols
P
, , Pz , . . -

- -

( are propositional atoms )

Pius n
,
v
,
^

,
)
,
(

since there are No function symbols , and all

predicate symbols have 0 - arity ,
propositional formulas have

No variables , terms
,
or V

,
F



Giampa:FÉLA
① Existence of infinitely many primes

✓✗ 7-
y ( y > ✗ and y is prime)



Giampa:FÉLA
① Existence of infinitely many primes

want to say : ✓✗ 7.
y ( y > ✗ and y is prime)

YÉ : Yz
,
2-1 ( z

,
z
'
=z ⇒ 2- • 2-

'

=\ y )



Giampa:tÉLA
① Existence of infinitely many primes

want to say : ✓✗ ay ( y¥¥ and y*¥ine)
YÉ : Yz

,
2-1 ( z

,
z
'
=z ⇒ 2- • 2-

'

=\ y )

(*) µz-VÉ ( ( - (2--0) r - (7--50)^-12-1=0) n - Cz
'
-

- so) )
→ - (2--2-1--71)

A → B abbreviates nAvB



Giampa:tÉLA
① Existence of infinitely many primes

want to say : ✓✗ ⇒
y ( y*Éi and y÷Éñe)

Lipke : Yz
,
2-1 ( z

,
z
'
z z ⇒ 2- • 2-

'

=\ y )

zlfz
' ( ( - (2--0) r - (7--50)^7 (2-1--0) n - Cz' -- so) )* I → - (2--2-1--7) )

(**) / II : → (✗ =y) n
7W ( ✗ twsy)



Giampa:FÉLA
① Existence of infinitely many primes

want to express : _Vx]-y Cy is prime and ,%× )→

A : z
,
z
'

( z
,
z
'
z 2 ⇒ 2- • Z

'

=/Y )

hfzlfz
' ( → (z=o)^ - (2--50)^42-1=0)^ - (2-1--50)) → - fzoz'=y) ) (* )

B : → (✗ =y) n
7W ( ✗ twsy) (**)

whole thing : V- ✗ 2- y # ^C**)



Giampa:tÉLA
② Twin Prime Conjecture

There exists infinitely many pairs of
numbers

,
CX
,
×
' ) such that ✗

'
= ✗ 1- 2

and both × and ×
'
are prime



C-xa-te.to#asLA

⑤ Fermat 's Last theorem

ten> 3 Va
,
Kc In >2 → an tb

"

=\ d)



E-Yi.F-nmuas.info

③ Fermat 's Last Theorem

Ancient

Un> 3 V-a.br In >2 → an tb
"

=\ d) greek text
,

3rd century AD



C-Élan

⑤ Fermat 's Last theorem

ten> 3 Va
,
Kc In >2 → antb

"

=\ d)

^
conjectured by

Fermat 1637

in margin
of his copy

of

Arithmetica



C-xaI.t-FE.LA

③ Fermat 's Last theorem

-

n
Finally proven
by Andrew
Wiles



'

e:FÉaLA

③ Fermat 's Last theorem (actually Andrew
Wiles theorem )

Un> 3 (ta
,
b
,
a ant bn =\ d)

PYM : How to say an ?

( we'll see later how to do this !)



FREEIBOUNDVARIABLES-ooh.no
occurrence of × in A is bound '

it

✗ is in a sub formula of A of the form

V-xB
,
or 3×13 ( otherwise ✗

-

is free in A)
Examples Zyl ✗ = yty)

Px ^ Vx C- (✗ + sx = x))
• A formula/term

-

is closed if it contains no free variables

• A closed formula
-

is called a sentence



SEMANTKSOFFOLOgicn.NL- structure M for model ) consists of :

① A Nonempty set M called the universe

trainable range over M )

② For every n-ary
function symbol f in L

,

an associated function FM : Mn→M

③ For each n-ary relation symbol
P in y

,

an associated relation pMsµn

* Equality predicate = is always true equality
relation on M

. MAN $ =
"

:{ a;D tie-IN}



Exampled
,

= {0
,

-1
,
:S ; = } **

2-=z☒

④ : standard model of LA
M = IN
8 = 0 C- IN

+ ,
•

, s
are usual plus, times , successor functions

Jumping ahead a bit : Evaluation
of a formula in II.

lfx Yz ( Iz' C - Cz
'
-
- o) ^ -2T 2-

'
= ✗ ) →

3- z
"

( s 2- t 2-
"
= x) )

says : Tx -8 if ✗ >z then ✗ can be written as -2+1 + (some other 2-
"
c- IN )



1*2-1 C )



Exampled
,
:{0,5 ,t,•;= }

①M= ,

0 = 0 EIN

s : successor
.

Ie .
s(2) =3
,

- -
.

1- : plus . ie
,

+10,i)=i
,

1-12,31=5
,

etc

• : times

③ M={ Be >•A } 0=8

s( B) =•
" •*i.IE#.:H::.F:t:.-:sl&)--

$



How to evaluate formulas that contain
free variables ?

Defy An object assignment 6 for a model M
is a mapping from variables to M



Dtm; Evaluation of terms/formulas our Mp
Let Me be an L - structure ,

• an object assignment for M

Evaluation of terms over Me
#

(a) XMCG] is scx) for all variables ✗

(b) (ft, . .tn)M[6] = fM( t.MG]
,
. . . ,tnM[6 ])

Example 66 : 4 -35 ☒→ 7

Sfx
,

# Xz) [ 6] = 13



C-valuatio-nofformulasovermle.LAbe an L- formula. . MK AG]
(M satisfies A under g) Iff

c) M f- Pt, ..tn[6] iff < t.MG?....tnMC6] ) c- PM

(b) MK ( s =t)[6]
'

Iff SM [6] = ÉM[6]

(c) M f- 7 A [6]
-

Iff Not Mt Ace ]

(d) Mt (A ✓B) [6] iff .Mt- ACG ] or MK Bcs]

(e) Mt (AnB) Is] Iff Mt-A[6]
and MK Bls)

(f) M f- V-✗ A [6] iff time M ME A [617×1]

(g) Mt Fx A [6) Iff 7-mom MEA @ (%)]



⇐) ☒☒ ( ✗ tx =

ssotx )

For ☒ 0,1, 2, . -
- -

-

Evaluate 3-* ( xxx -
- ssotx)[ %]

Forb - 0,1. ,- -2 . - -

Evaluate ☒ txtssotx )¢¥☒(&4]



Examples L = { ; B. =3

M= / IN , ⇐ =)
RMCM,n) eff men

satisfiable
then M ✓✗ ay Rex,y )

/ by M

M Fyke Rlx, y)
← but

7yV-xRkqy)
is also satisfiable

1



IMPORTANTDEFINITIONS-t.ec A be a f.
0
.

formula
our L

.

① A is satisfiable
.

iff there exists a model
-
-

M and an object assignment 6

such that M f- Acs]

③ A set of formulas § is satisfiable
Iff FM

,

•

such that M/=§[o] [iMt_ Alo ] forall A- c- § ]
③ § f- A (A is a logical consequence of ☒ )

iff UM _V6 if Mt ☒ [G) then MEA[6]

f- A ( A is valid) iff UM,
6 ME ACG]



④ A-⇐ B ( A and B are logically equivalent)
iff-VM-VGM.tn A[6] iff Ml=B[ 6]

A -1-13 and BKA



C-xamplesiO.tn/Pxv-Vx.Qx1?---VxCPxvQxF ☒☒
③ ✓✗ (Axvbx) I?= the Ax v V-xB✗

L - Z ; P, Q , A , B)

*→☒s .



Example
Earlier formula A :

Hiltz ( Iz' f - (-21--0)^2-+21=4) >

1- 2-
"

( sz tz
"

=
×) )

says for every ✗it if ✗ 7-2 then

we can write ✗ as (2-+1)+2
"
for some z

"

• true when M= so A- is satisfiable

• false when 9th = ( M={ 0,1 ,z} so :L 01-2=-2

)51=2

52=0
all others

✗ =L 7=0
Xty :O



Exampte
☒ konstney

,Kitty (f×=fy) ✗

=y
- - M

buy' and
M = {qTzJ o

f (x) = o Fx c- {0,423

*
y flx ) = fly )=o

641=1

641=2
But



C-xampte-V-V-yffx.FM/-?-x--y
No

Let Me { 0
,
I ]

Me : f- (o) =o

* 47=0

then Mek _VxV-y(fx=fy)
but M☒×=y (since 0=11 )



Substitution
Let s,t be L - terms .

tcscx) : substitute ✗ everywhere by S

A (Kc) : substitute all free occurrences

of ✗ in A by s

For readability ,
we will write

£ = t 550 ✗ as ssotx



substitution
Let s,t be L - terms .

tcscx) : substitute ✗ everywhere by S

A (Kc) : substitute all free occurrences

of ✗ in A by

stemma
4- (%))M[a] = fM[G( 5M¥)]
→ a

substitute ✗ for s obtain New object assignment
to get t

'
6
' where 6

'
Cx) : SM

then evaluate then evaluate t under M
,
61

t
' under My



Substitutimcontld

Need to be more careful when making substitutions
into formulas

EEK : A : Uy - ( ✗ = yty)

A( it ) : Hy - (✗ ty = yty)

Deff term t is freely substitutable for ✗
in A

- -

• Iff there -

is No subformula in A of the

form theB or FYB where y
occurs in t



substitutiñstheorem

If t
'

is freely substitutable for ✗
-

in A

then UM v6

ME Alta)[6] iff M1=A[6(tM[¥)]



Easy way to avoid this problem
(of making a

"bad
" substitution ) :

2 types of variables
free variables a

,
b
,
C
,

.

bound vainables ×
, Y , Z, . .

Pioperfomua : every free variable occurrence
is of type freq teeny

bound variable

occurrence of type bound

pnperterm-oe.NO variables of bype bound



FIRSTORDERSEQUt.nl#ULUSLK

Lines are again sequents
An -

- -

, Ak → B
. ,

. .

> Be } s

where each Ai
, Bj is a proper L- formula

As : A. ^ Azn . - ^ An
>B. v. . v Be



FIRSTORDERSEQUENTC.PL#sLK

Lines are again sequents
A
, , .
. -

, Ak → B
. ,

. .

> Be

where each Ai
, Bj is a proper L- formula

RULES_
OLD RULES OF PK

PLUS NEW RULES FOR ✓
,
F

T E
like a Large Large OR
AND



Newtog.cat/2ulesfor-V,I-V-leftACt),r-d-V--Rightr-7d,ACb)V-
✗ AW

,
r → a r→d

,
✓✗ Acx)

a-left Alb),r Fright p[;?,1-✗ ACH
,

r → a

* A,t are proper
* b- is a free variable Not appearing in

Lower sequent of rule



Exampkofantnkpwof

Pa-7Pa Qa→Qa

→Pa Pa,Qa→#
AND - left
-

-

AND -Left

PanQa→Pa &Pa^Qa→ Qa

3-Rt-0 (- 7-Rt

Parva → 3-xp) Pa^Qa→3xQ×

3- Left-
- F- Left

m☐.¥"";¥IiÉi→⇒i÷iÉ×



SOUNDN.ES#

Petn A first order sequent A , >→
A
,<
→ B

, > → Be
is valid

-

if and only if its associated formula
( Ain -inAk)

> CB
,
v. - ✓Be) is valid .

Soundnesstheoremforlk Every sequent
provable in LK

-

is valid



Proototlemmou

go through each
rule

.

Example : it- right rule F→→a?¥,_%j¥ ,

Ñote:a\
Let r=B

,
. . - Be cannot

occur
"

\°Ir"Ñ^[D= C
, . -

- Ci thus
•

cant
occur

A : B. ^ . . - rise >Gr . .
- -ke,

v Ala) in 'M
5 Bit>
A.si : B. ^ . - rise- Gr - - rain A CD



theorem CLK Soundness)

Every sequent provable in LK is valid

PI by induction on
the number of

segments in proof .

A±ñm A → A is valid

Induction step : use previous soundness
lemma



Soundness CProof) : By induction on the number of

th proof

Example: 2- Left
Assume : Acb)

,

P →d has an LK proof and is valid

show : 3-✗ AH
,
r→ a also valid

By define
ACbJvÑ

,

v.
.

vñ
,
v4v.rude

-is valid

Let M be any structure ,
6 any object assignment ,

Show : Me f- - 3-xxx) v5 v.v Feud, v. .-de [6] Ct

case1-mt-pv.ieTo -d , - - -v4 LG]
,

then G) holds

cases
case 1 does not hold .



Soundness CProof) : By induction on the number of

tn proof

Example: 2- Left
Assume : Acb)

,

P →d has an LK proof and is valid

show : 3-✗ AH
,
r→ a also valid

By define
ACbJvÑ

,

v.
. vnjvd.ir . . -de

-is rated

Let M be any structure ,
6 any object assignment ,

Show : Me f- - 3-xxx) v5 v.v Ford, v. .-de [6] Ct

case1-mt-pv.ieFlora , - - -
- de La]

,

then G) holds

Casey
case 1 does not hold .

Since b does
Not occur in P or A,

M # Tv . .
- Tcu die .- ran [6 ( %)] for all meM

Since A- (b) , r→ d is rated , MK AGT [61^8]]
HMEM

Thus M f- a ]-✗ Act [a]
,
+thus 1- xxx) ,n→dts valid.


