
Lastra :

1. Intro

2. Propositional logic
syntax /semantics

Resolution : proof system for

propositional Logic
- soundness
- completeness

Pages 69 of Lecture Notes
,

plus supplementary Notes on Resolution



Announcements

• Office hours start next week

Monday 5- 6 ( Toni
,
via Zoom)

Tues 2:45 - 3:45 (Yasaman
,
in persian 5thfloor Mudd)



Last class ( Recap)

• course syllabus , overview/intro

• Propositional Logic

• Resolution Proof System
Soundness

Completeness



Welcometocs 4995 : computability and Logic

Professor : Tonia.hn Pitassi ( Toni )
TA : Yasaman Mahdaviyeh

-

Webpage :

www.CS . Columbia .edu/~-toni/courses/Logic202Z/4995.htm1

Email : toni@cs.columbia.edu
,
t-onipitassi@gmail.com



Welcometocs 4995 : computability and Logic

Professor : Tonia.hn Pitassi ( Toni )
TA : Yasaman Mahdaviyeh

-

Webpage :

www.CS . Columbia .edu/~-toni/courses/Logic202Z/4995.htm1

Email : toni@cs.columbia.edu
,
t-onipitassi@gmail.com

Office hours : Mow 5-6 CToni
,
via Zoom)

Tues 2:45 - 3:45 {Yusaman
,

5th floor Mudd)
* Email ahead of time if you plan to attend #



markingschemeo

2 assignments 2040 each

2 tests (in class) 2510 each

class participation 1040

Dates

Homework 1 Oct 11 11:59 pm

Test 1 Oct 19 in class

Homework 2 NOV 29 11:59 pm

Test 2 Dec 7 in class



PROPOSITIONAL.bg#I-nducteDefntmfaPwpostonaFormula
1
.
Atoms/Propositional vainables : P

, , Pz , . .
×
, y , F .

. .

are formulas

2
.

If A is a formula
,
then so is 7A

( AaB)
3
.

If A ,B are formulas ,
so is

4.
" " " "

" "

( Arb )

Eixample: ( (✗ vy)^( - ✗1) v( 2- N- y)



Semantics true

propvcinnble, y ←
false

A truth assignment T : {atoms] → T
,
F

Extending T to every formula :

(1) GA)
"

= T iff AT = F

4) (AnB)T=T cff AT =T r BT =T

(3) (A✓B)T=T iff either AT=T or BT=T



Definitions .

T satisfies A iff AT =T

A is satisfiable iff there exists some truth

assignment T such that AT=T

A is unsatisfiable iff for every
truth assignment

T
,

At = F

A is a tautology for
valid) Iff for every truth

assignment T , d-IT

§ ⇐ A ft (Jf T satisfies ☒ then T must satisfy A)



←
all

"""""

|
"""""" """""""

formulas
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Resolvtionsoundness

Fact : If C
, , Cz

derive C
, by Resolution rule

,

then C
, , Cz ⇐ <3

( Exercise : Show (Avx)
,
(But) ⇐ (Av B)

From above Fact we can prove by induction :

ResoLUTl0NS0UNDNEtE0REM
If a CNF formula F has a RES

refutation
,
then F is unsatisfiable



RESOLVTIONCOMPLETENESSTHMC-very.VNsatisfiable CNF formula F has a

RESOLUTION Refutation

Pwotdea
we describe a canonical procedure for

obtaining a RES refutation for F

The procedure exhaustively tries all
truth ass's - via a decision free

then we show that any such decision

tree can be viewed as a RES refutation



-

DECISIONTR.EE#F=favbvc)favc-)l5jC-avd)(divb)Cbvc)Ce)lbTCdvub) 9--0%4=1→
•

•

b=µ= , b=0
(c)(E) (d)→

• (5)
• o • (5)

¥1" "

0
°

(avbvc) (are ) o
•

Caird ) ( Ivb)



-

IR-esolvtonR-tatonOF-C.ae-bra)favi)(5)Tard )(d-vb)

a=a=1
a
•

•Ta
-

b=µ= , b=0
• (5)avbo 41°

d=%c--0/4=1
0

°

(avbvc) (are ) o
•

Caird ) (airts)



today

• Another proof system for propositional logic : PK

soundness of PK

completeness of PK

¥¥ness /completeness of PK
• Propositional Compactness

Theorem

Pages 9- 17 of lecture notes



tHECPROPOSITIONADSEQUENTALU.US

- A second sound
& complete system for

propositional logic

- More Natural for proving theorems

(but more difficult as basis for

automated theorem proving / SAT solving )



Why I ④@ the sequent calculus

• Rules are very Natural
- 2 for each boolean

connective

• Cut Rule (Modus Porters) Not needed for

completeness . this formulation requires meta- symbol
"-5)

This greatly simplifies /clarifies completeness
pwofTÉr propositional and first order logic



Sequent calculus goes viral on Twitter







gentzenlspkpwofsyslem

Lines in a PK proof are sequences
A
, ,

. -

, Ak → Bi,..,Br_
-

antecedent succulent

Ai
, - , AK, B, >→ By are propositional formulas
→

-

is a Ned symbol ( NOT part of language
of propositional logic)



gentzenlspkproofsyslem

Lines in a PK proof are sequents

A
, ,

- -

, Ak → Bi
, . . , Br

semantics .

-

A. ^ Az ^ . - ^Ak
° B

,
v.. u Br

the conjunction of the Ais implies
the disjunction of the Bi 's



gentzenlspkpwofsyslem

Lines in a PK proof are sequents
d

A
, ,

. -

, Ak → Bi
, . . , Br = S

semantics .

-
^ d

= AA. ^ Az ^ . - ^Ak
° B

,
V . --

u Br s

the conjunction of the Ais implies
the disjunction of the Bi 's



← sequent
s ? A

, ,
.
. . Ak → B

, ,
. .
-

,
B
;

As ¥
> ftp..at,) ✓(B.v. . v13;) ←

associated

propositional
formula



gentzenlspkpwofsyslem

Lines in a PK proof are sequences
S ! An . - , Ak → q

← As :-(An .nA,)

0 or False

a → B
, , , Bq

torture

convention Empty conjunction (antecedent empty) -71
Empty disjunction (succulent empty)

→ o



Pkpiules

Intuitively : Structural Rules ( cedents are
sets )

Logical Rules ( define the boolean
connection ,Y^ )

cut Rule



(K2UCTURAhRULE#

"*"*""
r→a_

A
A. r →a

Exchange n?;;?gBfY-Y÷,
r→dnhB
r→d

, ,B,A, dz

contraction ;;I



LOGICAKRULESRig.tnt
- Intro r→d,A

a

a

CANDY→ a
^→%A→gÑ
r→d,A,B-nano %÷,¥ r → d

,
(AvB)



So we can think of

A
, , .,Aµ→B, , -

-
- Bj

as → -Air - Azv -Air .- u -ANB,v . - vBj



CUT RULE

r→↳q→q

Axiom

A →A ± ¥!¥e*µµd imdde



Examples : A PK proof of a formula A is
a PK proof of → A

P→P
q→q- weakening

Ñ→p

PQ→ q,p
7- Left

(PvQ),7p,>
OR LEFT

AND - Left

(PrQ),-ÉQ→
KP^^QprQ)

7 Right



PK SOUNDNESS : Every sequent provable in
- PK is VALID

As in the propositional case , we first verify
the soundness of all rules + then prove

PK soundness by induction

Lemmy (
soundness of Rules)

For every
rule of PK

,
if all top sequent are

valid
,
then the bottom sequent

-

is valid

.

also the axiom is valid

Pksoundiess If S has a PK proof
,
then As is valid



Exempt

r→±pA→,µ?;§B_ am-rtmk
Let P :C

, ,
-
-get

As D
, ,

-
- jDe

shouldT be any
- truth cess to atoms in M

, fav B)

If T satisfies -Ki . - n.ca)v(Dinard,)vA ] Form
""

corresponding
to n→4Aand T satisfies

ncqn.ec,e)v(Dir . .vDe) ✓B) formula
for N→4B

Then T satisfies acquire
,) ✓ (Dir . .uDe)v(A^B)



PKCOMPLETE-NESS.severy valid propositional sequent
has a PK proof

• How to prove completeness ?

One idea
-

is to bootstrap off of fact
that

Resolution is complete .

Show : any Resolution refutation can be

simulated in PK .

Then since RES is complete (for refuting
UNSAT CNES)

,
so is PK .

• We'll gie a more direct proof , nie an algorithm
that constructs a PK proof Of any
f that is a tautology



PKCOMPLETE-NESS.severy valid propositional sequent
has a PK proof

t.n-ainid.ae : again we will give an algorithm
that will produce a PK proof for any

valid sequent

Algonthm : write sequent
at bottom of proof)

① Repeatedly : pick an outermost connective
in a formula in

La leaf segment of
current proof + apply the rule for that
connection Cin reverse)

② continue until all leaf segments consist
of just atoms

③ For each leaf sequent , * try to apply
weakening in reverse to get p → p



Shine : If we run algorithm on a valid

sequent on →d
,
then at end

,
all leaf

sequents must contain an atom occurring
both on left & right - ie A

,
B
,
C→ A

,
D

Then can finish proof by applying
weakening Cin reversed

ie
. A.B.FI?p-



IEDs (cont 'd)

key Property is the INVERSION PRINCIPLE :

each PK rule except weakening has
the property that V- truth assignments
T

,
if T satisfies bottom sequent , then

T satisfies both upper sequent

* called inversion since it is the reuse

direction of what he needed to prove
soundness : IT - if + satisfies both

upper segments, then T satisfies Cover sequent



pkcompleteness.no
If r → d is valid

, by
Inversion Property

,

all leaf segments generated in step⑤
of Algorithm are VALID

,

and have one

less connect've than sequent below

• Thus eventually step③ halts
,

where each

leaf sequent invokes only atoms and
each leaf sequent

-is valid

i. each leaf sequent looks like A
,
R -2A

,
d

ie has an atomA on both

Left & Rt sides



Pkcompheteness

Claim Let IT be the output of PK algorithm
on input r→d.
It r →d is valid then every leaf sequent of IT
contains only atomic formulas (propositional variables)
on Left / right of

"

→
"
and furthermore there exists

some atomic formula occurring on both the left & right

PI suppose for sake of
contradiction that some leaf

sequent of IT is : ✗
is . . ,Xk→Y, , -

, Ye

where { xis .
- in} n { y , .

-Ye} = 4 .
Then

the truth assignment T that sets ✗FEE .
- =X

,
1
,
Yikes . -=Ye=O

falsifies the sequent which contradicts fact that
all leaf seguents of IT are valid (since r→ a assumed to be valid)



cut-C-liminafiintheoremforpt.CIf r →d has a PK proof , then

it has a proof with no use of

the cut rule .



Derwatiinalsoundnessscompetenepk

Definition Let ☒ be a set of sequents, S a sequent

A PK - § proof of S is a PK- proof of s

from § and axioms of PK
.

( also written a$ of 1- $ )

theorems Let § be a set of (possibly infinite)
sequent . then § t s iff

S has a ( finite) PK - § proof

101--5 off lots
-



Propositionielcompactness

theorem (Form 2
,
see Notes for 2 other equivalent

forms )

Let § be a set of (possibly infinite) formulas

§ F-A iff A -is a logical consequence

of a finite subset of ☒

&
We'll assume this for now

and prove it after

Proof of 3 equivalent forms of compactness as homework



pwol-CDenrat.mu/Soundness-ompeeness)

By compactness, it suffices
to prove the

case where § is finite

• Let § = { s
, ,

. - , Sia}
,

and suppose r → d is a

logical consequence of { S, > . -, 5k } . Thus

#-) P
,
As

, ,
. -

,
As

,,

→ d -

is valid

•• Thus by PK completeness,*) has a PK proof
•• Derive r → d from *) and → As

,
> . .

, Ask



Deriuer→dfnm{→As#→As*}

it .→÷÷÷
a.⇒

P
,
As
, ,Asz→d,As

,I / →As_ (weakening)
P
, Asa , As>→ dccut)

P
,
As
>
→ d

, Asz
E.AÉÑ \ / → As

.

¥,,g
weakening)

P
,
As
,
→ A Kut)

* -
r → a (cut)



PNofcpropositio.no#mpactness)
✗

suppose § F- A
.
Then IOTÑA is unsatisfiable

s_how : If 4 is UNSAT , then some finite subset

of µ -

is UNSAT ( Form 1)

Pfsketch Assume the set of underlying atoms

in Cf is countable : Pi > Pz , . . . .

• make decision treetthat queries p, at layer 1
,

then peat layer 2
,
etc

.



• Each path in T corresponds to a complete
truth assignment

• Prune T to T
'
:

For every Node
V of T

,
remove subtree

rooted below v if partial truth assignment
from root to v falsifies some

formula f- c- 4 .

Label v by f

• Every path in T
'
is finite (since 4 unsat

,

so ✓truth ass to all vars
,
some f- c- is

falsified , and each felt is finite)
• By King's Lemma, T

'
is finite



Kionigslemma If T
'
-

is a rooted

binary tree , where every
branch/path

of T -

is finite , then T
'
-

is finite
.

• Thus
,

the formulas 4%-4 labelling the leaves

of Tl form a finite subset of 4
,

and thus 40
'
is UNSAT a finite

subset of 4 .


