
Announcements

Today : Finish 2Nd Incompleteness Them

Review For Test 2

HW 2 Solutions

Next Week : Last class ( test 2)



R-Eewantedtop.ro#J-doCC--iists-Delta)Theorem-
every re .

relation is represented by a 3- do formula

which followed by Maintenance :

f total
,
computable ⇒ Rf is a 3-do relation



RIP : First Incompleteness Theorem

ÉÉ TA is not axiomatic able

That is
, any sound , axiomatizuble theory is

incomplete .

→ PA is axiomatisoubll . So assuming PA

is sound, it i. incomplete Go there are

sentences A- such that neither A or >A

is provable from axioms of PA . )

t



Tarskitheorem

Define the predicate Truth a- IN

Truth = { m l m encodes a sentence <m> c-TA }

Then Truth is not arithmetical .

By 3- do -Theorem ( every ne.

set /Language is arithmetical)

this implies that Truth
is Not me

.

High Level idea
of Proof :

Formulate a sentence
"
I am false

"

which -

is self - contradictory



stronger version of Fido Thm

IN
EntryRecoil

RCX ) is represented by Aix ) if
°

,"" "" "" ⇐ > " " ""^ ) seStrongerversim:_ £?¥f☒
Rt☒) is represented in RA by A

'

if

7 ☒new Rcn)⇐) RAF Assn )
↳ If

e- -If

RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula



Corollaries of RA Representation Theorem

theory
① RA is Not recursive (not decidable )

Pf sketch : Kis me
.

but Not recursive

K me .
⇒ it is represented in RA by some 7-do - formula A

If RA recursive then K recurslie
. Contradiction

③ VALID is not recursive (Not
decidable

Pf idea : RA is finitely axiomatroabhe !
AERA ⇐> Pln -

- - ^P9 ⇒ A is valid

so membership in RA is reducible to membership in VALID



stronger version of Incompleteness Thm

Recoil
RCE) is represented by an 7-do formula ACE) if

"

ta c- IN Rlñ ) ⇐ > TA
'FATS a- )

strongerversim.RU) is represented in RA by ACI )
'

if

V-a- c-N Rcñ) ⇒ RAF Aisa )

RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula



- Incompleteness theorems
e

Theorem ①

there
-

is a specific sentence ,
"
I am not provable

"

= g
such that :

(a) PA consistent → PAK g←
This part called
the 1st incompleteness

(b) PA consistent → PAK -g theorem

Theorem ② ( 2Nd Incompleteness theorem)

PA consistent → PA cannot prove con CPA)
II



Proof of theorem ①
-

• Proof (a. bj EN ✗ IN is true iff b codes an LK- Ppa proof
of the sentence coded by a

• let n=n(F) code the formula Fcx) with
one free variable ✗ .

Then proof ( dcn)
,
m) a- IN ✗ IN is

true iff M codes an LK - Pp, proof

of the sentence Fcsn)

• By RA Representation
Thm
,
let Atx) represent Fy Proof /dusty)
in RA Ca hence in PA)

• i.vn TAE Fy Proof ( dcn), g) 4--1> PA 1- A Isn ) (*)



Proof of theorem ①

• Proof (a. bje IN ✗ IN
is true iff b codes an LK- Ppa proof
of the sentence coded by a

• Eet n =n(F) code the formula Fcx) with
one free variable × .

Then proof (dcn)
,
m) a- IN ✗ IN is

true iff m codes an LK - Pp, proof

of the sentence Fcsn)

• By RA Representation
Thm
,
let Atx) represent Fy Proof /dusty)
in RA Ca hence in PA)

• i.vn TAE Fy Proof ( dcn), g) 4--1> PA 1- A Isn ) (*)

•• Let es #^ACx) ; g =- AGE) ; d(e) = # ^ A Cse )

←
says that

"I am not provable
"

✗e) says the
formula encodedbydCe)--whuhtsg--isnotpNvableinPAmf



Proof of theorem ①

• By RA Representation
-1hm
,
let AG) represent Fy Proof /duty) in PA (B)

• 50th : TAE Fy Proof ( dcn), g) 4--1> PA 1- Aes) (*)

• Let es # ^ACx) ; g=- AGE) ; d(e) = # ^ A Cse ) = #g

theorem PA 1- g ⇒ PA is not consistent

ta

PI suppose PA ¥ g
Then sentence number

dce) -

is provable , so 3-yproofcdce! g)
is true

thus PA 1- Acse) by lettE direction of #-)

Thus PA tag
,

and
'

PA 1- g so PA not consistent



Proof of theorem ①

• By RA Representation
-1hm
,
let AG) represent Fy Proof /duty) in PA (B)

• 50th : TAE Fy Proof ( dcn), g) 4--1> PA 1- Aes) (*)

• Let es # ^ACx) ; g=- AGE) ; d(e) = # ^ A Cse )

lb

theorem PA 1- - g
⇒ PA is Not consistent

PI suppose PA 1-7g
.

ie . PA proves Acse )

then 3-
y Proof (

dce)
, g) is true by rt

- to- left direction of 1¥

So PA proves 7A Cse )

So PA 1- g and PA Ng ,
so PA not consistent

•%. PA consistent ⇒ PA does not prove g r PA does
Not prove 7g



Formulatingconsistency.nl#

Let Bcx
,g) be a 3- do formula that represents

Proof Cx
, y) in RA (and thus also in Ps)

Then for every
sentence e

PA 1-c * PA 1- Fy BC #C, y)
- ↳

stands for BG#c) 4)

Define con CPA) =D - FyB( # 0=10 , y)
-

says there is no PA

proof of 0¥01a false statement]



theorem-20 If PA is consistent
,

then PA ☒ conCps)

Root :

Main Lemma : PA 1-⑧on CPA) - g→

ÑaHg=d-ACSe),e=#iACx)says* Iam not provable
"

If PA 1- con cps) by main Lemmon
PA 1- g

But by previous theorem
PA consistent ⇒ PAK g

.:PAconsistent-→PAkconCPA&



It is left to prove :

mema:"÷÷÷÷:[recall g
=D - Acse)

,
e = # iACx) says]

9
Main step is to show that

PA can prove theorem ① part (a)

Theorem④ : consistency of PA ⇒ PA cannot prove §
A-

and therefore g is true

(since g states
"

J am not provable in PA
")



Review for Test 2

i. Completeness of
LK

,

derivational completeness

2. Computability :

Recursive
,
ne . Languages /sets

Diagonal nation (to show some Language
not r. e.)

10 Reductions ( to classify other Languages)
Daetailing

I
can assume HALF, K : ne

,
Not recurscie⑧)←gProperties : ④ = it : not ne .

his re
,
I is re

.

⇒ C is←



3. Incompleteness
• ☐efws : theory, consistent ,

sound
,
axiomatizable

• A relation Rcx) is represented by a G-do) formula AG)
means :

V-nc.IN Rln) is true iff TA f- ACS, )

• A relation Rcx) is represented in a theory E by Aix)
means :

✓new Rtn) -is true iff E 1- Acsn)



Fathered Every ne . relation is represented by
a 7- do formula

kÉEds :

every 3- do formula Acx) is me . )

corollaries
.
TA is Not axiomaticable

(Tarski 's thm : TA Not arithmetical so Not me . )

2. Every sound ,
axiomatitable theory is incomplete



Important theories : PA, RA

RARepresentatim-theoremeveryr.ee relation is
represented in RA by a 3- do formula

stmgRARepusentat.in/hm- every recursive relation
-

Is strongly represented in RA by a 3-do formula

strongly : Rcn) is true ⇒
RA 1- A Csn)

.mn, , ,m ⇒ µ , , , ,



Corollaries (of RA representation thin)

① Every consistent extension of RA is undecidable

② VALID
- is undecidable



Incompktenessthms (Today)

④ PA consistent =D
PA ☒ 9 } i. PA consistent

④ PA consistent ⇒ PAK -g ⇒PA incomplete

?⃝ PA consistent ⇒ PAK Con CPD

* Show: PA 1- con CPA) → g

By *, patron Crs) =D PA tg , contradicting ④



Testino
I'll put 2 practice tests on web

.

• -40^0 on computability-

•
~ 20h0 Short answer

•
-4040 completeness, compactness, incompleteness



thank you !

good Luck
with finals & enjoy your break!

Email me if you
hate any q 's

about this class on

more generally .



Formulatingconsistency.nl#LetBCx,y)be a 3- do formula that represents

Proof Cx
, y) in RA (and thus also in Ps)

Then for every
sentence C

PA 1-c * PA 1- Fy BC #C. y)
For BG#c) 4)

Then PA 1- Acsn ) > ZyB(sun, , Y)

[ recall Acx) represents Fy Bldcx
)
, y ) ]

Define con CPA) =D - FyB( # 0=10 , y)


