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HWZ out last week



R-Eewantedtop.ro#J-doCC--iists-Delta)Theorem-
every re .

relation is represented by a 3- do formula

which followed by Maintenance :

f total
,
computable ⇒ Rf is a 3-do relation



froofofmainlemma.IR, = graph (f) is an re .

relation)

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1) where irmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . , rn Fc,
do such that V-i-npk.cl

,

i)=r;
*

the pair ↳d) represents the sequence
ror

, , . .
rn usin-

entire tableaux

of TM configuration

Lemma1_ graph(B) is a do relati



RIP : First Incompleteness Theorem

É TA is not axiomatic able

That is
, any sound , axiomatizuble theory is

incomplete .

→ PA is axiomatisoubll . So assuming PA

is sound, it i. incomplete Go there are

sentences A- such that neither A or >A

is provable from axioms of PA . )

☒ =.fi?S--3K .



⇐

①
all LA
sentences

0
,,
. g.

"

r sound and axiomaticable⇒ FA
,

'A ☒ r



Tarskitheorem

Define the predicate Truth a- IN

Truth = { m l m encodes a sentence <m> c-TA }

Then Truth is not arithmetical .

By 3- do -Theorem ( every ne.

set /Language is arithmetical)

this implies that Truth
is Not me

.

High Level idea
of Proof :

Formulate a sentence
"
I am false

"

which -

is self - contradictory



pfoftarskiisthletsubcm.nl = { 0 if
m is Not a legal encoding of a formula

otherwise Ket nn encode the
formula

Atx) with free variable
✗ .

Then svbcm,n)=m
'

-

where m
' encodes Acsn)

[sibcm,n) : decode m, plug in n t re-encode]

Let dim) =
sub (M,M )

(
dem) = 0

'

if M Not a legal encoding .
ow say

m encodes Acx) .

then dcm)=m
' where nn

' encodes A(£
clearly sub

,
d are both computable

so by 7- do- theorem graph (sub) , graph
(d) are arithmetical



Pnoofoftarskisthm

suppose that
truth is arithmetical .

Then define Rcm) = ^ ruth Cd Cmt)

Since d
,
Truth both arithmetical , so is R

Let Rtm represent Rem) , and let e. be the encoding
ofRTM

a-

encodesthen I (e) = encoding of R(se¥j am false"
then
Rte) ETA ⇐ - Truth (dce )) since I represents R

☒
-Rte ETA by defn of truth

ftruthcdce) says Rlse) ☒TAJ

this is a contradiction since A and > A cannot both be in TA #



Rcx) represented by a formula AG) if :

b-new Rcn] ⇒ Ts ⇐ Acsn)

say = ss0
← term
corresponded to

the number
n



PEANO ARITHMETIC

P1
.

the (5×+0)
s is 1- I

PZ
. lfxtly Csx -- Sy > ✗ =y)

P3
.

HX ( ✗to =D

P4-V-x-vycxtsy-scxi.gg
} define c-

PS .

th ( ✗ • 0=0)

PG . Kitty ( x -

sy =(✗
•g) + ✗ } define •

INDCACXI ) : try, . . try,< [(1-10)^+1×06] - AGH )) > tix Acx)]
INDUCTION AXIOMS : All sentences IND (ACN) for all

formulas A whose free variables are y, - i. YK , ✗

on
PA
={P

, ,
. .

> Pig } u { INDUCTION AXIOMS}



1. Fp, is recursive

2
.

PA is sound & axiomatlzabk (so incomplete )

3
.

PA still strong enough to prove all
of standard number theory



Robinson's Arithmetic RA

Axioms {P1
,

. . ,P6 } of PA plus P7
,
P8
,
Pq

Pt : Ctx X £0 - ✗ so )

Pst : titty ( ✗ ← sy
> ( ✗ a- yv

✗=sy ))

pq : V-xv-ycxe.gr y ⇐ x )

where Getz abbreviates 3- 2- Ct,tz=tz )

f-⇒( RAE PA
② RA finitely axiomatization
③ over extended language LA

, , ,
RA axioms are ltsentences



SOUND
,
CONSISTENT THEORIES OF ARITHMETIC

TA

PARA

VALID



stronger version of Fido Them

EntryRecoil
Rix ) is represented by Aix ) if

V-n-CINR.cn ) ⇐ > TAE ACIN )

strongerversim.MX) is represented in RA by A
'

if

☒new Rm) ⇐) RAFAH )

RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula



Corollaries of RA Representation Theorem

theory
① RA is Not recursive (not decidable )

Pf sketch : Kis me
.

but Not recursive

K me .
⇒ it is represented in RA by some 7-do - formula A

If RA recursive then K recurslie
. Contradiction

③ VALID is not recursive (Not
decidable

Pf idea : RA is finitely axiomatroabhe !
AERA ⇐> Pln -

- - ^P9 ⇒ A is valid

so membership in RA is reducible to membership in VALID



\

" RA
"

is recused

the set of sentences of RA is decidable

ie
.
3 PM M alongs halts and s . 't

,

V.sentence A
,

M (F) accepts Iff At RA
i

enwdy
RA

K < ×> Cx ) halts }
9 FM ✗ on input ✗

RA 1--1=6×7 ⇒ Kkcx) =/
Let F represent K : p

F has mefreevanatde ☒





RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula

Proofidea

Main lemma : every do - sentence in TA is provable in RA

Assuming Main Lemma
,
Let RCI ) be an r. e. relation .

By Exists - Delta theorem
,
Rt) is represented ( in TN by some 7-do-formula ACI)

so ✓a- c- IN
"
Rta) ⇐> 3-yfI¥Y C-TA

i. By soundness of RA & since
every do sentence GTA is provable in RA

Rbi) ⇐ Rt toy Acsñ , 7) TYRA 1- Also
, Sy)so Fy ALI,y) represents RCI) in RA



PROOF (SKETCH) OF Main Lemma

Main Lemma : every do - sentence in TA is provable in RA

PNI By induction on
number of logical symbols in A

For convenience easier to work in RA
,
: £ New relation symbol

,

Axioms PI -P9 Plus New axiom Po

Po : thirty ( ✗ ← y ⇒ Zz (
it Z = y ) )

-

do sentence :

3-✗ a-tgo) • ssssso] fly a-☒tx) ssso A ( x,g)
2T



PROOF (SKETCH) OF Main Lemma

Main Lemma : every do - sentence in TA is provable in RA

PNI By induction on
number of logical symbols in A

For convenience easier to work in RA
,
: £ New relation symbol

,

Axioms PI -P9 Plus New axiom Po

Po : thirty ( ✗ ← y ⇒ Zz (
it Z = y ) )

Bcisease A ÷ t=u
,
- ct=u)

,
t.eu

,
actsa)

Lemma Al : Rts 1- Sm + Sn
= 5min

f- sm.sn = 5min

Lemma AI t closed (No variables) and TA 1- t.sn , then Rast t.sn
Lemma B : Um ⇐n RA

,
1- Sn =\ Sm

Lemma C : Nkt Hx ( ✗ a- Sn - (✗ = 0 ✓X=s
,

v ✗ ={ v. - v ✗=sn ))



ex
.

t : Sso +

TA ⇐ t = s
nw

¥-50



PROOF (SKETCH) OF Main Lemma

Main Lemma : every do - sentence in TA is provable in RA

PNI By induction on
number of logical symbols in A

For convenience easier to work in RA
,
: £ New relation symbol

,

Axioms PI -P9 Plus New axiom Po

Po : thirty ( ✗ Ey ⇒ Zz (
it Z = y ) )

Inductimstep

① A = Air Az ,
A,^Az Apply incl. hyp .

② A = that Blx)

• t closed so by lemma t
RA
,
1- t=Sn for some

• Show RA
, 1-
then Bcx)

By Lemma e RA
,
1- ✗ a- n

> (✗=ovx=s
,
V.

.

v ✗=sn)

By induction Rta 1-
BCC) for all csn

Put together to derive RA
,
C- V-x-an.BG)



PROOF (SKETCH) OF Main Lemma

Main Lemma : every do - sentence in TA is provable in RA

PNI By induction on
number of logical symbols in A

For convenience easier to work in RA
,
: £ New relation symbol

,

Axioms PI -P9 Plus New axiom Po

Po : thirty ( ✗ ← y ⇒ Zz (
it Z = y ) )

Inductimstep

① A = Air Az ,
A,̂ Az Apply incl. hyp .

② A = that Blx)

• t closed so by lemma A
RA
,
1- t=Sn for some

• Show RA= 1- then Bcx)

By Lemma e RA
,
1- ✗ a- n

> (✗=ovx=s
,
v.

.

v ✗ =sn)

By induction RA, 1- BCC) for all ce n

Put together to derive RA
,
C- V-x-an.BG)

③ A = Fist BCD proof similar to②



Consequences of MAIN LEMMA

① every
3-do sentence of TA - is provable in RA

② The 3-do sentences of TA are ne
.

but not

recursive

( and the do sentences of TA are recursive/decidable )



stronger version of Incompleteness Thm

Recoil
RCE) is represented by an 7-do formula ACE) if

"

ta c- IN Rlñ ) ⇐ > TA
'FATS a- )

strongerversim.RU) is represented in RA by ACI )
'

if

V-a- c-N Rcñ) ⇒ RAF Aisa )

RA Representation Theorem

Every re .

relation is represented in RA by an 740 formula



ELEK stronger Version of Incompleteness Thm

Recoil

① RAF) is represented by an 7-do formula ACE) if

ta c- IN Rlñ ) ⇐ > TA
'FATS a- )

④ strongerversim.RU) is represented in RA by ACI )
'

if

✓a- c- N Rcñ) ⇐) RAF Aisa )

③ É%¥¥nted in RA by Acñ ) if
✓a- c- N Rcñ) ⇒ RAF Aisa )

-RCE)⇒ RA t - Also)

Éz§ Representation theoremC-vcry-e.relationisrepresentedinRAbyan7doformukfr.rocursive strength


