
Announcements

HWZ out by tonight

HWI
,
testI will be returned next week



Reviewofdefinit.ms

LA = { 0
,
S
,
t
,
• ; =} language of arithmetic

④
☐

= all La- sentences

TA = { A c- OI
,

1 IN ⇐ A } True Arithmetic

A theory E is
a set of sentences Cover La ) closed

under logical consequence
- We can specify a theory by a subset

of sentences

that logically implies all
sentences in E

E is consistent iff =\ E ( iff HA c- too , either A or 1ANot in E)

2 is complete iff E Ts consistent and VA either
A or -A is in S



E is so-undiff.EE TA

Let Me be a model/structure over LA

Them) = { A -c§o 1 ME A }

Them) -

is comptete ( for all structures my

Note TA = Thc IN) is complete, consistent, + sound

VALID = { A c- OI
,

I f-A} ← smallest theory



Let E be a theory

E is axiomafitdbhe it there exists a set Msg

such that ① r is recursive

③ E = { A c-% 1 PEA }

theorem E is
axiomaticable

'

1ft E is me
.

( P. 76 of Notes)



Incompletene.SI#orem

Incompleteness theorem of TA : TA is Not axiimatizable

In other words
, any sound theory E (sound : ESTA)

that is me
. is a strict subset of TA

g
sentences in TA

§ →
•

.

theories



Representing a Relation by a Formula (in TA)

Definition Let 8=0 ,

S
,
= so

,
52=50

,
etc

.

For ae IN, Let ñ be
the term sa corresponding to a .

Let Rlx) be a relation R as IN
"

Let Atx) be an La formula,
with free variable *

A ( xD represents Riff Hae
N Rea) is true ⇐>Alñ ) c- TA

✓ -

-4¥ REIN R={ a c- IN / a is even}#y£×(yty=×)
AH:& 3⑤tyty=x)
RGB) ' false and IN# AGsso) = Fy Cytyfssso)
R(4)←true ? and INKAGSSSO ) = 3y(yty=sssso)



Representing a Relation by a Formula (in TA)

Definition Let 8=0 ,

S
,
= so

,
52=50

,
etc

.

For ae IN, Let ñ be
the term sa corresponding to a .

Let Rlx) be a relation R as IN
"

Let Atx) be an La formula,
with free variable *

A ( xD represents Riff Hae
N Rea) is true⇒ Alñ ) c- TA

'

D_efn A relation R
is arithmetical Iff there

is a formula

A c- L, that represents
R



(FIRST) INCOMPLETENESS THEOREM

EXISTS -DELTA THEOREM (pp 68
- 7- 1) 8

Every r.ee. predicate/ language is arithmetical
and therefore the complement of any re . language is

arithmetical
.

Example. frmrln

His re
. so by

§ 14×1 is represented by some some Acx ) .

i. Kc is represented by a A



(FIRST) INCOMPLETENESS THEOREM

EXISTS -DELTA THEOREM Cpp 68 - 7- 1) 8

Every r.ee. predicate/ language is arithmetical , and therefore
>

the complement of an re. Language
-

is arithmetical

proof of Incompleteness from Exists -Delta theorem

• If TA is axiomatic able , then TA is r. e.

• We will show that this implies that K
'

is re . (to get a contradiction )

- Assume TA is me
.

and let M be a T.MS :L . LCM) = TA

- since Kc is complement of an re . language , by Existence Thm
there is a formula Flx) such that t.ae in:

Ffa) c-TA
'

Iff aek
'

,
where ~a is the term corresponding to a.

- TM for Kc :
on input ×,

Run M on FCI) and accept iff MCF accepts ←a¥g



T-doformulast.isto stands for 3W( t.tw =tz)

I:# t A stands for Zz ( 2-et n A)
Quantifiers☒⇐t A stands for ↳ (yet , A) }
Bounded

Definition A formula
-

Is a do- formula if it has

the form lfzet
,
7- 2-f- tzYz§§ . . Fz§tkA(ii. E)
•_

←Bounded Quantifiers
quantifiers

Definition A relation RKT) is a do- relation iff

some do- formula represents it



rfdotormulas

t
,

's to stands for FW ( t.tw =tz)

Fast A stands for 37 (zet n A)
Vast A stands for yzfzsf , , , }

Bounded

Quantifiers

Definition A formula
-

Is a do- formula if it has

the form th
,
et

,
7- E- till#§ . .

77k£ TKACÑ ,E)

Definite A 3- do formula has the form JYBC¥÷E)_formula
Definition A relation RII) is a do- relation iff

some do- formula represents it

Definition RCI) - is a 3- do-relation
-

iff some 3-do- formulas
represents

'

it



J-dot-ormulastxample-pr.me= { ✗ c- IN / x -

is prime} is a

do - relation , represented by the following
do - formula :

A-G) =D so < ✗

n-vzf-xttzf-xlx-Z.it?(z,=lvZ,=x))V-z,exV-Zz-
* ((so < x) r (✗ = zit, > 1%-1 V7, :-D))



T-doformulaslemma-E.ve
ry do relation is recursive

Lemmy Every 3- do relation is ne.

T-docc-xists-Deltatheore-everyr.ee .
relation is represented by a 7- do formula

ExampK_ :

☒ = { * 19×3 halts mx } is me .

i describes tableaux of {✗3
Ak : F- of [on input ✗ and final line of tableaux]

halts



J-dothe-oremmai-emmaletfi.IN"
→ IN be a total

computable function .

Let R
,

= { CI , y) c- IN
"'

/ fai)=y } ←
also
called

graph (f)Then Rf is a 1- do - relation .

⇒④
any

ke . relation is arithmetical



Maintenance Let f :(N^→ IN be total , computable

then g.raphlf)= Rf ={ CI, g) I C-(E) =y } is a 1-do relation

PNofofT-dotheoremfnmmainlemmfl.eeRCI)beanAe.relafimCexanp#⇐☒]
ThenRÉ where 5 is recursive kcx) = 1-yscx,y)

Since s
-

is recursive , fs :( ii. y) = { 1
it ii.Y) c-S

0 otherwise

-

is total computable

By main lemmas Rf,
is represented by a 7.do relation

so RCI) = J-YFYY.my
is represented by a 78 relation



Let K = { ✗ I 9×3 halts on input ×]

We will represent K by the formula :

where A is a recursive relationA = zu Alay)
K

'

J
-

that accepts iffy is the
tableaux

of TM {✗3
,
when run on input ✗

and last configuration of y is halting3-

ÉFc
0

A is recursive so by main Lemma, A
-

is represented

by an I do formula

•: K is represented by a 1- do formula

-



froofofmainlemma-I.MS/N IDEA

let t : IN→ IN be unary , total computable
function

,
& let Mf

be TM computing f

Rex , y) will
be a 1-do relation saying : 7-m?⃝d such that :-81

was
go

I ñ
,

(1) c, d
encode an M-by -m tableaux

i -1 µ

[described by ñ, . . .
- Fm ) :

rim
(2) Ñ encodes start config

of Mf on✗

G) Ñm encodes
last config , that

halts and outputs y

(4) For all
other config , state is not qz ,

(s) all
2×3 local cells are consistent

with transition function of My



Proof of Main Lemmon : MAIN IDEA
-

Let t : IN→ IN be unary , total computable
function

,
& let Mj

be TM computing f

RCI , y) will
be a 1-do relation saying :

1- M
,
C
,
d such that

(c) c, d describe the tableaux given by
r
,

- - -
- rm . . . - rmz

a-

Hidyform"
g) r, . . nm

encode start config
of Mf on ✗

G) Last m
numbers fm⇒m .

- rmz encode last config, containing

y in first
cells then B, and

state is qz

(4) For all
other config , state is not qz

(s) all
2×3 local cells are consistent

with transition function of My

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence



Proof of Main Lemmon : MAIN IDEA
-

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence

• WARMUP : if exponentiation FXN XY were in La
,
this would

be easier
.

encode 57
,
3009
,
205

,
4
,
5 by

257 . 33009 . 5205 • 74 • ,,
5

( ith number ✗ sequence encoded by Pf
,

Where)P, = E smallest prime number



froofofmainlemma-I.MS/N IDEA

• Need to encode an arbitrarily long sequences (of Numbers/strings)

by a few (3) numbers (M,
C
, d)

• Need formulas that can talk about the ith number in the

sequence

• WARMUP : if exponentiation FXN XY were in La
,
this would

be easier
.

• But we Need to encode sequences using only t, •, s

* godel 's f function does this using magic
of chinese remainder theorem



Idroofofmainlemma (see pp 70-71 )

Main idea : is a way of representing sequences of

by numbers using 1- do formulas

Note : Prime power decomposition Not useful here

since we only had S
,
t
,
•

by 2
"
• 3
"

•593.794)tie
. represent (9,9-93,94)

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1)

where rmlx
, 4) = ✗ Mody

✗ = qytrw



froofofmainlemma.IR, = graph (f) is an 7 do relation )

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . > rn Fc,
do such that Yi ±n pad,i)=ri

*

the pair ↳d) represents the sequence
ror

, , . .
rn using I
-

entire tableaux

of TM configuration

Corollary of
Chinese Remainder Theorem



Iroofofmainlemma.IR, = graph (f) is an re .

relation)

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . , rn Fc,
do such that V-i-npgd.i.fr;

*

the pair ↳d) represents the sequence
ror

, , . .
rn using B
-

entire tableaux

of TM configuration

Lemma1_ graph(B) is a do relation



Lemma 0

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-I.vn , ro ,r, , . . > rn Fqd
such that

BCC
,
d
,
i) =P, Hi , O

sie n

ERTCChine.se/2emainderTheore#
Let ro , . . > rn ,

Mo
,
. .

. ,Mn be
such that

0 Sri a- Mi Yi ,
osier

and gcdcmi>Mj)=1 Hi,j

then Fr such that rmcr
, Mi ) - ri ti , Osian



ERTCChine.se/2emainderTheore#
Let ro , . . > rn ,

Mo
,
. .

. ,Mn be such
that :

41 0 Sri a- Mi Osier

4) fycdcmi ,m,) =/ Hi,j ,
i=j

then Ir such that rmcr
, Mi ) - ri ti , Osian

Pirot ( counting Argument : we
will show 3rem ,

where M = Mim
,

- - • Mn )

• The number of sequences ro . .
. rn such that (1) holds is.

Ms Mo • M
,

•
. -

• Mn

• Each n
,
0 ⇐ re M corresponds to a different sequence :

Ie
.

If Firm ( r
,

M ;) -- ri and firm is
,
M
,) =p,

* •

z•
allthen r=s 1mapping is 1- 1) numbers :•☒! sequences

i. for every severe no .
- rm ,

some REM
REM f- . - rm

maps to it
M •



Lemma 0

Q-Vn,ro,r,,.-,rn-tht| Pcc , d. i )=rm(
c
,
dciti) + 1)

= C mod

dlitDHBCgd-Y-ri-vi.os.ie#ch--neseRemainderThe-rem
Let ro , . . > rn ,

Mo , . . . ,Mn
be- such that

osri a- Mi and gcdcmi ,
Mj) =L . Then

Fr rnncr
,
Mi )=ri fi

PÉa
.

Let D= Cnt rot . . trntl
) !

Let Mi=d(itDtl
claim Hi,j gcdcmim,-7=1 (proof next page)

By CRT Fr=c so that plc , d, i)=rm(4mi )
- ri ti c- [n]

plgd.it?cmoddliHm..t1-



Ciam Let D= @ + not rit . - trntl ) !
,
mi-dl.tl)t /

then V-i-j-ngcdc.me , Mj )=1

PI suppose p is a prime , and pldfimtn.tt , PldGt1m
Then p /[dljtDI-D-ld.ci#)tDcassunej >c)

min _m;
so P / dlj - i )

But p cannot divide both d. and dcititl so plj- i

But then p±j -
i - n so pld #

{

ditch modp =\ PI dfji)



Iroofofmainlemma.IR, = graph (f) is an re .

relation)

Definition f- function

Pcc , d , i ) = rm (
C
,
dciti) + 1) where rmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . , rn Fc,
do such that V-i-npk.cl

,

i)=ri
*

the pair ↳d) represents the sequence
ror

, , . .
rn usin-

entire tableaux

of TM configuration

Lemma1_ graph(B) is a do relation



Iroofofmainlemma (see pp 70-71 )

lemma-Q-vn.ro ,r, , . . > rn Fqd
such that BCC,d,i) =P, Hi , O

sie n

Lemma1_ graph(B) is a do relation

we want a do formula A(c.d.
i,y) such that

CmodxP¥
A is true on input Cgd, i.y) iff B. (Cid,i)=Y .

c=×
.gg
,

y

y = ? ( C, d. i)⇐> c mod dCitDt1 = y
⇒ c=[dLtDqty , where y<dCitDtl %

I.

my
y=pCgd,

i)⇐> [ Fqsc ( c=q(
dciti>+ 1) +y) ^ yard Citi)+|]

Apt,qi,Y )



froofofmainlemma.IR, = graph (f) is an re .

relation)

Definition f- function

Bcc , d , i ) = rm (
C
,
dciti) + 1) where irmcx

, g) = ✗ mody

lemma-0.vn , ro , r, , . . , rn Fc,
do such that V-i-npk.cl

,

i)=r;
*

the pair ↳d) represents the sequence
ror

, , . .
rn usin-

entire tableaux

of TM configuration

Lemma1_ graph(B) is a do relati



R-Eewantedtop.ro#J-doCC--iists-Delta)Theorem-
every re .

relation is represented by a 3- do formula

which followed by Maintenance :

f total
,
computable ⇒ Rf is a 3-do relation



RIP : First Incompleteness Theorem

É TA is not axiomatic able

That is
, any sound , axiomatizuble theory is

incomplete .

→ PA is axiomatisoubll . So assuming PA

is sound, it i. incomplete Go there are

sentences A- such that neither A or >A

is provable from axioms of PA . )

☒ =.fi?S--3K .



⇐

①
all LA
sentences

0
,,
. g.

"

r sound and axiomaticable⇒ FA
,

'A ☒ r


