
Welcometocs 4995 : computability and Logic

Instructor : Tonia.hn Pitassi ( Toni )
TA : Yasaman Mahdaviyeh

-

Webpage :

www.CS . Columbia .edu/~-toni/courses/Logic202Z/4995.htm1

Email : toni@cs.columbia.edu

t-onipitassi@gmail.com
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Important

→ All lectures are mandatory .

Check courseworks - - some lectures may
be held online via zoom

.



→ Work hard on understanding lecture Notes
,

Work hard on assignments

→ start early
,

-
- cannot cram / solve in

'

a

couple of days

→ come to office hrs !

- Homeworks must be written up independently.
You may discuss

with other students in class

but No outside people /Soares allowed .



COURSECNTROFoundat.msof mathematics invokes the

axiomatic method
- write down

axioms ( basic truths ) and prove
theorems

from axioms from purely logical reasoning



Examptel Euclidean geometry (300 BC ,
"Elements")

Axiomatic system where all theorems

are derivable from a small number

of simple axioms/postulates

postuW -

-

←
-
- -
=

-

The School of Athens
,

Rafael If sum of 2 tf is < 180 then

the 2 lines (blue & yellow) eventually
meet ( em same side as in

,
B angles)





Examptezgrouptheory {Cayley , 1854)

axiom 1 : ltxyz [ ✗ - ly - z) = ix. y) . z] (associativity)

axiom 2 : Fu

there exists an[ ✗ [✗ - u - u - ✗ =* ] ^

identity element
V. ✗ 3- y [ ✗ • y=y - ✗ =u]] and every element
tanners e

A group is a model for the axioms

( g. • )

✗
a function from gxg →g

Integers
* → t



Exanptesofgroups

① g
= I Cthe integers) • = addition



Exanptesofgroups

① g
= I Cthe integers) • = addition

③ Rubik 's cube group

←
basic

g. = all possible moves moves

• = composition of moles



CourseOutl

we will study FIRST ORDER Logic (PREDICATE Logic)

I. Start with simpler PROPOSITIONAL Logic
( No quantifiers)

• Language of propositional logic (
"

syntax
")

• Meaning ( "semantics ")
• Two proof systems for prop. Logic :

Resolution
,
and PK

• We will prove SOUNDNESS & COMPLETENESS

for both



Courseoutine ( cont'd )

I. FIRST ORDER (PREDICATE) Logic

• Language ( " syntax
" )

• Meaning 1 "semantics
" )

• Proof system LK ( extends PK)
SOUNDNESS

* COMPLETENESS

MAJOR COROLLARIES OF

COMPLETENESS



E cont 'd)

III. Computability

II. Axioinatitabk Theories

Incompleteness Theorems

Interplay /connections between
computability & Logic



to-DAY

1. Intro

2. Propositional logic
syntax /semantics

Resolution : proof system for

propositional Logic
- soundness
- completeness

Pages 69 of Lecture Notes
,

plus supplementary Notes on Resolution



PROPOSITIONAL.to#X,Y,2Vocabula-ry: P
, ,
Pz
,
Q
,
. .

Propositional variables

7
,
V
,
A
,
C
,
)

0 I 0

Examples-i.CL?EQ)vR)-P=.0.Q---R=o
II.v29)
p

Profanities take on values of either Tor F
1 0



PROPOSITIONAL.bg#I-nducteDefntmfaPwpst-onaFormula
1
.
Atoms/Propositional Vainables : P

, , Pa , . .
×
, y , F .

. .

are formulas

2
.

If A is a formula
,
then so is 7A

( AaB)
3
.

If A ,B are formulas ,
so is

4.
" " " "

" "

( Aub )



( A >B) is shorthand for GA v13)

(A←> B) is shorthand for GAVB) nGBvA)

A subformula of a formula is any substring
of A which itself is a formula

Uniquepeadabditythm says the

grammar for generating formulas
-

is

Not ambiguous



Semantics true

propvcinnble, y ←
false

A truth assignment T : {atoms] → T
,
F

Extending T to every formula :

(1) GA)
"

= T iff AT = F

4) (AnB)T=T cff AT =T r BT =T

(3) ✓B)T=T iff either AIT or BT=T

Examples



Definitions .

T satisfies A iff AT =T

A is satisfiable iff there exists some truth

assignment T such that AT=T

A is unsatisfiable iff for every
truth assignment

T
,

At = F

A is a tautology for
valid) Iff for every truth

assignment T , A'~=T
×YZ_
O O O

10 I
0 0 IN
0 I 0

0 i 1
f

C O O



←
all

"""""

|
"""""" """""""

formulas



Definitions Let it be a set of propositional formulas

T satisfies A iff AT =T

T satisfies a set § of formulas
'

iff

T satisfies A for all A c- §

is satisfiable
'

iff IT that satisfies §
otherwise § is unsatisfiable

of f- A ( A is a logical consequence of OI )
-

Iff

*T [ T satisfies § ⇒ T satisfies A]

⇐ A LA is valid or A is
a tautology)

'

Iff

TCT satisfies A]



Example
classify as either a tautology, satisfiable

but Not tautology
,
unsatisfiable

⑤ Ivy) satisfiable
,
not rated

① ☒ ✗ vy ) vz) v (✗ vz) ←Ivy v77 0 ✗v7

②
^

ry) vz ) v Cxvz )
( ✗right > ✗v7

③ ex)^Cy)^Cy-uz)ncE)
--

E : → 2-unsatisfiable
×YZ
O O O

O O I 0

O l 0 O

O l l 0

I 0 0 0

I 0 I 0

I
'

l 0 O

l l I 0



rÉ-xampUs_

① try)Écxvy)

③ É ( ✗ v4 )

③ {( Aub) ,4AvB)}ÉB

④ AVB ÉB



someeas-yfact.sc e-heck them)

1
.

If § KA and Éu{A} 1=13 then ☒ 1--13

2. ☒ f- A
-

Iff § UGA} is unsatisfiable

A is a tautology
'

Iff ' A -

is unsatisfiable

let T satisfy § .

d
Assume É=A & ☒ u A 1=13
Then T satisfies A
de T satisfies B also



Equivalence

A and B are equivalent (written A⇐> B)
Iff At B and B f-A

Exampleyes
1. (AaB) # (B^D

2. GARB)
GBVA)

NO

T : A = 1 ☐ so then CTAVBÑ = 0

and ✗But)T = I



Resowtm : Proof system for Prop Logic

• Resolution is basis for most automated

theorem provers

• Proves that formulas are unsatisfiable

( recall F is a tautology iff TF is unsatisfiable)
• Formulas hate to be in a special form : CNF

Cxilxixs))^¢IwX+) (1×-4)^4-1,4>3^14
a- Evie -9-



convertingaformulatoCNF.co
briars method (deMorgan ) could result

in an exponential blowup in size

C-xamp-KCX.nl/z)vlXsnXy)vlXs-Xo)r---Kn.iXn

• Better method : SAT LEMMA

There is an efficient method
to transform

any propositional
formula F into

a CNF formula g such that

F is satisfiable iff g is satisfiable



SIENNA : proof by example

F : C Q ^ R) u - Q
-

PII
New variables

g: (PB ⇐> cQ^R)) ^ (if⇒ PBV 'Q) ^ ( Pt )

(→☐
-Q) GP

,
u R) (nQu ' Rupp )



s-ATLEMM-ALe.tt be a formula of size me (m leaves)

with n variables ×
,
. . - Xn .

Then there exists an equivalent
ZCNF formula g with

01m) variables and site 0am)

Example's
: ① Yi

. g : g (in CNF form) :
11

Yz@ ④ 43 (Y , ) ^ CY ,)
11 11

Yy ④ ④s ① ① 46 ( 'Y'→YiY3)^ try
,
-Yzvy,)GYiryDGY]vY,)

I 11/ I ⑤\ ×
,

×
,

✗
y

(42*44^45) ^47 ④ ✗
(Yih) t.Yirys-IGY.ph/s-vya)

/ I 4 I % (Yz←>7×3^40 ) ^ •

?⃝ ✗
g-

Xz (Yy 4, ^ Xy) n •

X
,

(Ys←> 'Xzv 4.) n
•

(YG Xirxy ) n i

(Yz←> Mins)
cnn.vn/ixs)lx.vyftXiY+)Kxixs-)mhe)



Demorgan's Rules to push Negations to Kaos ;

→ ( Av B) I >AMB

- ( AaB ) = ÑVB

→ A I A



RESOLUTIONS
tart with CNF formula F

= C
,

^ Czn . . .

^ Cm

view F as a set of clauses {C
,
,
Cz , . -

,
Cm}

ResoWtimRuLe_ :

(Av * ) ,
( Br E) derive (A ✓B)

A Resolution Refutation of F is a sequence

of clauses D
, ,
Dz, - - , Dq such that :

each D; is either a clause from F, or
follows

from 2 previous clauses by Resolution rule,
and final clause Dq =p (the empty clause)



R÷¥mi÷fttLM F=(avbvc) fave) (5) ( a- rd)(d-vb)

%
€•µ%
A

-

F
" :

DG (aub) • (E)
•

tavbnµ?B-

(avbvc) (are ) o
•

( a-vd) (airts)D
, Dz

D
] Dy



Resolvtionsoundness

Fact : If C
, , Cz

derive C
, by Resolution rule

,

then C
, , Cz ⇐ <3

( Exercise : Show (Avx)
,
(But) ⇐ (Av B)

From above Fact we can prove by induction :

ResoLUTl0NS0UNDNEtE0REM
If a CNF formula F has a RES

refutation
,
then F is unsatisfiable



RESOLVTIONCOMPLETENESSTHMC-very.VNsatisfiable CNF formula F has a

RESOLUTION Refutation

Pwotdea
we describe a canonical procedure for

obtaining a RES refutation for F

The procedure exhaustively tries all
truth ass's - via a decision free

then we show that any such decision

tree can be viewed as a RES refutation



-

DECISIONTR.EE#F=favbvc)favc-)l5jC-avd)(divb)Cbvc)Ce)lbTCdvub) 9--0%4=1
-→

•
•

b=µ= ,
b=0

(c)(E) (d)→
• (5)

• o • (5)

dd= ,
a"ña= ,¥1:-. b%[b=iÉ'

0

•
•

(avbvc) (are )
( a-✓d) (airts) ✗ ✗ ^^

" " """ "" A
-



-

DECISIONTR.EE#F=favbvc)favc-)l5jC-avd)(oivb)a--/&a--1

a
•

Ia
-

b=µ= ,
b=0

auto (5)
• dcivb) • (5)

a
:O

/\a:)
= , d- I

b%[b=iÉ'
0

•
•

(avbvc) (are )
(gud ) (airts) ✗ ✗ ^^

" " """ "" A



-

IR-esolvtonR-tatonOF-C.ae-bra)favi)(5)Tard )(d-vb)

a=a=1
a
•

•Ta
-

b=µ= , b=0
• (5)avbo 41°

d=%c--0/4=1
0

°

(avbvc) (are ) o
•

Caird ) (airts)



COMPLEXITY OF RESOLUTION REFUTATIONS

Let IT be a RES refutation of CNF F over ×
,
. . - Xn

Size = Number of clauses in 1T

IT is tree-like if directed acyclic graph (ignoring
initial clauses of F) is a tree

tfpnpeymbund : site (7) ← 2
"

why ?

Lonwernbounnnd : Are there vwsat formulas {Fn }n= ,

requiring exponential - sized
RES proofs ?



Let F have m clauses
,
n vars .

c. F unsat ⇒ 3- a Res ref N F

of size c- Ofzn)

2.
.
There are formulas F where m= ocn)

.

and F unsat

and Fang Res Ref off

requires size ⇒ 2rem)

-

IBF that .

If some prop. PM system has poly length
refutations for all unsut formulas then NP= co NP


