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1. Let £ be a predicate calculus language and let M be an L-structure. Let

¥ =Th(M) = {A| A is an L-sentence and M = A}

(7] a) Prove that ¥ is a theory (i.e. prove that ¥ is closed under logical consequence).

5] b) Prove that ¥ is a complete theory.



(12] 2. The following are the first two Peano Axioms:
P1: Vz(sz # 0)
P2: VzVy(sz = sy > z =y)
Is it true that P1, P2 = Vz(z = 0V Jy(z = sy))?

If true, give a suitable LK proof justifying this (see the next question for the equality axioms) If false,
justify by giving a suitable structure.



(10] 3. Give an LK proof of the sequent
Vz(z +0 =) = VaVy(z + (y +0) =z + y)

You do not need to put in weakenings or exchanges.
Here are the LK equality axioms:

ELl: »t=t

El2: t=u—=u=1t

El3: t=u,u=v—=>t=v

EL4: t; = U1, ..., tn = Up = ft1...tn = fui...un, for each f in £, where f is an n-ary function symbol.
EL5: t; = Uy, ..., tn = Un, Pty...t, — Puy...up, for each P in £, where P is an n-ary predicate symbol.



[10] 4. Recall that TA (True Arithmetic) is the set of all sentences A in the language L4 = [0,5,+,; =] of
arithmetic such that A is true in the standard model N. Suppose that A(z) is a formula of £4 whose
only free variable is x, such that A(s"0) is in TA for arbitrarily large n € N. Show that the infinite

set of sentences
TA U {A(c),c # 0,c # s0,c # ss0,---}

is satisfiable, where c is a new constant.



[10] 5. Suppose that A = range(f) for some computable unary function f. Give a primitive recursive

relation R(z,y) such that
A={z|3yR(z,y)}

8] 6. Let fi1, f1, f2,... be a list of all total computable functions f : N — N. Define F(z,y) = fz(y). Prove
that F is not computable.



8] 7. Recall that there is a theorem in the Notes that states that every Ag sentence in TA is in RA. Use
this to prove that every 34 sentence in TA is in RA.



8. Suppose that A(z) is an 3Ag formula which represents the r.e. set K in PA.
(2] (a) State what it means for A(z) to represent K in PA.

[10] (b) Show that there is a consistent extension of & of PA such that A(z) does not represent K in L.
(Hint: Form X by adding a false axiom to PA.) '



(18] 9. We say that a function f: N — N is non-decreasing if f(z) < f(z + 1) for all zx € N. Let

A = {z | {z}1 is nondecreasing}

Is Ar.e? Is A°r.e.? Justify your answer. (Do not use Rice’s Theorem).



