
Announcements

* NEW DATES *

• Problem set 2 : Due MON NOV 15

• Test 2 : MON NOV 22

• Problem set 3 : Due MON Dec 13



TODI:

• Corollaries of completeness

• Dealing with Equality

• Theories of Arithmetic



corollariesofc.com#-eness

④ Lowenheiiniskolemtheorem .

Let L be countable
,

☒ a set of sentences over L
.

☒ satisfiable ⇒ É is satisfiable in a countable universe .

Prof Follows from completeness proof . Let ☒ be satisfiable

Let A. = → ( empty sequent is unsatisfiable)

then ⑤ ☒ A
,
so proof of completeness

constructs

a countable model where
is satisfiable

. •



loftily

Be§



Algorithm for finding a 10 -LK PM of → A

Enumerated all ¥④t2 B a formula
t is a term

our L

st . ally B
,
t occur infinitely often

styiuseLB.tt# :

1
.

If Bed then add B to LHS 4 all segments

2
.

If B Not atomic
,
then:

Frehley active segment containing B,
gphtheark.PE?nreoese .

Use t if Bstfxscx) & occurs on Rt

Use t if B : ✗ Ate) & 09ms on left
1



corollariesofc.com#-eness

③ T-irstordercompactne-s-heorem.hninfinite set of first order sentences § is

unsatisfiable it and only if some finite subset of OI
is unsatisfiable

Boot Let A bethe empty
sequent (or any unsatisfiable

formula)
Io unsatisfiable means § KA .

Thus Cby completeness
) there is a QT

- LK proof of A

proof . Thus there
-

is a finite subset §
' of §

such that there is a §
'
- LK proof of A

i. §
'

-

is unsatisfiable .

(other direction -is easy)



1. the sequent → A is invalid
,

☒ = empty



Dealingwithequality
So far we have treated equality predicate as
true equality .

We want to show that a finite

number of equality axioms essentially characterizes
true equality



Dealingwithequality
So far we have treated equality predicate as
true equality .

We want to show that a finite

number of equality axioms essentially characterizes
true equality

Definition A weak L -structure is an L - structure

where = can be any binary predicate

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )



Dealingwithequality

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )

No ! Let M '
= M u { mFNew element

an
'

Fix some meM ,
and let m = me

and otherwise Ml on m' behaves like Mon M



Dealingwithcquality

Question : Can we define a
finite set of sentences E

that defines equality ? (that
-

is
,

a proper structure

satisfies E and any weak structure

satisfying E must hate = be true equality ? )

But this is the only counterexample.
There is a natural

,
finite set of axioms that

characterizes true equality Cup to isomorphism)
I.⇒I m

'

n :÷



Dealingwithcquality
EqualityAxiomsforL(E
= is c-1

.

V-xCx=x)
an { c-2 . YxYyCx=y > y=x)est" E3

. ✗ try _✓z((×=y ^ 4=2-7 7 ✗=-2 )reln

E4
.
V4 . -thnty , . .tk/nCxi-y,r--nXn--Yn)7fXi--Xn=fYi--Yn

for all n-ary
function symbols

,
and for all my0%5

.
Vx

,
. . V-xn-VY.it/yn4xi-Yf-.nXn=Yn) >

( Rt. . -Xn - PY, - - Yn))

equivalence relation

preserved by functions and
predicates



Equalitytheorem
theorem Let § be a set of L- sentences

§ -

is satisfiable iff § u Ey is satisfied

by some weak L - structure
.

Proof straightforward (see Lecture Notes)



Lkwithcquacity
Add these axioms for all terms u,t, u, . . ,t, . . .

4 →
t=t

oh E-u →
u=t

↳ Esu
,
u=v →

Esv

24 -4=4 , . . ,tn=Un→ ft
,
. .tn -_ fu

,
-
- un

Ls 4=4 , . ;tn=Un, Pt, ..tn-7 Pu, . -un
-

Now an LK- OI proof of → A means an

LK proof of A from § and from above axioms



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for LA :MM
= IN
,

O
,
S
,

T
,
• have usual meanings

IÉ.A : the set of all
sentences of La

that are true in
IN



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for Lp :

Ms IN
,

O
,
S
,

T
,
• have usual meanings

É : the set of all
sentences of La

that are true in
IN

Anonstandardmodelottn : any
model of LA

that is not isomorphic to the standard
model



Recall L
,

= { as,t , • ; = } Language of arithmetic

the standard model for LA :MM
= IN
,

O
,
S
,

T
,
• have usual meanings

IÉs : the set of all
sentences of La

that are true in
IN

Detn_ A set § of sentences
'

is decidable if there

is an algorithm (that always halts) that given
a sentence B, outputs

1 if B is in § and otherwise

outputs 0



We will soon see that TA is Not decidable
.

on the other
hand

,
restricted systems of TA

art decidable ( Ls , L+ )



Theories
Note : JN Lecture Notes this is not defined until p. 7,5
-

but it is important enough that we introduce it Now .



Theories
Note : JN Lecture Notes this is not defined until p. 7,5
-

but it is important enough that we introduce it Now .

Definition A theory lover L) is
a set E of sentences

closed under logical consequence .

(EEA then A c- E)
We can specify a theory by a finite or

countable

set of sentences µ - - the theory corresponding
to Q -

is { A 1 4 ⇐ A}

Notation E a theory ETA means A c-E

Definition For a Language L
,
§? -

is the set of

ad sentences over L



Theories

Definition E is consistent if and only if E =\ ¥

(
If E = §

,

then E contains A + NA

conieesely tf E contains A & in then)
§ contains all of OIO



Theories

Definition E is consistent if and only if E =\ ④
☐

(Negation)
E is complete Iff E is consistent and

for all sentences A ,
either ETA or EMA



Theories

Definition E is consistent if and only if E =\ ④
o

E is complete Iff E is consistent and
for all sentences A ,

either ETA or EMA

Exampk_ La = { as,t , • ; = }

TA = all sentences over La that are true
in

is •
consistent and complete

HPa),Ñad→a)
Rla) ⇒ Yu Qiu]



Theories

Definition E is consistent if and only if E =\ ④
o

E is complete Iff E is consistent and
for all sentences A ,

either ETA or EMA

Definition A theory E over La is
sound lwrt IN)

iff E ETA



←¥:
Weird

""
'
Mscs
,q,coplefe

consistentCoyne

Ym¥x.
'

Bpoe

1711

%:*;÷&¥¥e



subsystemsof-reerhmet.co
Theory of successor

( 0, s ; =)

• Pressburger Arithmetic 10, S, t ; =)
• Peano Arithmetic (0,5,t,• ; =)

Language of successorD_efn Ls = { Qs ; =]

the standardmodel for Ls , Ms :

M = IN
,

0 and s have usual meaning (six)=xti)

Let Thcs) (theory of successor) be the
set of all

sentences of L
,

that are true in Nf



The LK completeness theorem stated :

Lef VALIDE = set of all sentences
that are true in easy model

talkers:
every AEVAUD has an LK proof

LK-soundnlk.NO A☒VAUD has an ck

sncmpktenessfPA(peanoanhmehD°b&



Thts) : there is a simple ( infinite but countable)

complete set of axioms for ths ) ; 4s

Us :(
Si) Vx (5×+0)
a) thirty ( sx=sy

- ✗ =-D

Cs) ✗( ✗ = or 374=57) g a b
,

⇐4) tx Csx ☒ x) °→←?*,•d
45) × ( Ssx *x)

✗6) Vx Csss xxx)

c.f) %-) -•→→→ •→
.

.

.
.

.

I _..→•→o→•→⇒⇒



: A model for 4
,

-

is a

model /structure over L, that
satisfies all formulas

in 4s
←

isomorphic
① •→•→•→• - - -

-
. to IN

o so Sso

up
to
renaming

③ •→•→→→
o so Sso ← IN plus

plus a copy of
integers

- . → •→•→•→ • -
- . g-



③ generalizing ② ,

models contain

one copy of 1N
,
plus any

number of

copies isomorphic to) the integers



Note without all axioms 54,55, so, , -

we could hail
additional models with loops

o•→so→ssj→•
- -

plus p•→y
.

any
number

of cycles
←←



Theorems Us is complete and consistent

¢ proof omitted)

Therefore although 4s has both the .

standard model as well as Nonstandard models
,

all models ell of 4g have the scene
set of

true sentences .



Theorems Us is complete and consistent

k proof omitted)

Therefore although 4s has both the .

standard model as well as Nonstandard models
,

all models ell of 4g have the scene
set of

true sentences .

We'll see later that when a set of sentences (such as Thes))
has a nice (enumerable ) axiomatization , then

this ) -

is decidable .



Defy L
,

= { 0,5 , + ; =} Language of Presburger
arithmetic

the standard model for L
, ,

:

M = IN
,

O
,
S
,
t have usual meaning

tht) : ( theory of Presburger arithmetic , or
standard

model for L+ ) : all sentences of Lt that are

true in 11¥

Pres burger (1-928)
showed that Thct)

-

is also

characterised by a
countable set of axioms

like the theory of
successor)

so it is also consistent and complete



pean-mnetiiifs-fo.si, • i. = }
- Has a countable set of axioms

-
we think it is consistent

- Has standard model IN

also has not tame nonstandard models

Aton (0×111×1 → Acsx)) > b-✗ Atx)



BACKT0TACTRUEARlTHME

the standard model for LA
,
111 :

Ms IN
,

O
,
S
,

ok
,
• have usual meaning

thlA)orTA_ : (theory of True Arithmetic) : set of

all L
,
sentences that are true in standard

model

theorem TA has a nonstandard model



theorem TA has a nonstandard model

Proof Let c be a constant symbol (Not in Lp )
y = { c -40 ,

C =\ so
,
CASSO , CF

ssso
,
. . - - }

• every
finite subset of Y is satisfiable

• so by compactness,
TA v4 has a model UM,

• M is Not
- isomorphic to

(standard model ) since
c cannot be any

element of 1N


