LDW\PuTAB(LZw) An

—

T



Turing Machines

\ N2 - 915y

“on lompwtalole Numb{;rsr Wil an
' \

a'of\\cdqd‘m {o +the En+$cl'\etdum35‘0v6m
(936

Tu r;r\q Machines

M - <\Q1 i) r') 5; %\)B/ i‘()-,}\



Turm:_\, Maolr\ine_s N on Lomv)vt(-alolg Numb{;rsr withh an
a'of\\CaJc\m\/\ {o +the En+$CaL\Q'(CIUH;S‘0V6ULWL\\
(936

Church-Tu (n"ﬂ Thes)s

A funchdn/prrdicate 'is computalley/

FM(\E"\L \n ?"\74(’(0(( world =
s Lome‘\-al-/Q ‘oa o TM

\ N2 - 915y



Notation
ixy = ‘
3 ’furmj madune M such that
HM =
= x

\

_'/k—
purd by x

YAVE
1

A S

\\

%\Q Nn-ar .
(\Anc,én b‘-&

(Qou/\ ﬁer\mllic eanlien
so M takes

" mpu(s insYead J}, ’-l)



/roJaj
Wb\a% s gow\(u’tauﬂ aY\J w"\w(- '\5";1: ?
wWe wll moSEL( Cocws o\ ur\ara relations
or Lqr:jwnycs - L < EO,@*
R

\4“ Fnite (enj“n
S\'n\rjs over §°\|2

EQ'Z«) > all binow, shingg
({) {‘;\Z hanA

:és/o);}oqo', LTI - j>



Definkon Le€ M be « 7M> S = EO’ (3

L(M) £ To (3" s the set of all (finte-length)
strings ¢ & io,(]* such that
M(x) halts and Ou{'[;u"s 1

the Lavxjuqu aCcefkc( ba M



RQCU—I‘S\\‘/L /RE Seks

FQ((]JVIQ;ZLLL /S‘?“”‘.’CN‘AVL/Q
A \M\Q\/-a.ge, L= iol)g* IS r‘acurSL\)c.lv enumerable ’hc
thare exists o TM M such thet £(M)=L

So Vye o T"
xek = M on x halts and ow(-‘oul-s "
Xx&lbL M on X halts and doeS Na+ Ou_J‘W{_ 1

oc M Jdoes not halt an ¥



Recursive /RE Sefs

A \avxﬁv.a.ﬂe, L= 10.)3* IS (‘chrsu)e.lv enumerable ’hc
thare exists o TM M such thet £(M)=L

So Vye o T"
xek = M on x halts and ow(-‘oul-s "
Xx&lbL M on X halts and doeS N0+ ou_J‘W{_ 1

oc M Jdoes not halt an ¥

recursivel, enumerable (re) also cal(ed
Semi&ecidaucl ?aré\h( (cyv\evqlalole_



Recursive /RE Seks (
LONU_\‘AL’L(/AICIC{O(J&A

A \anﬁv.a.ae, L s iol)g* Is recurswe, f there
eests oo TM M sweh that L (M) = L
ond M a(WaYS ha L€

So Vye o T"
Xek = M on x halts and Oujc‘oul-s "
Xx&lbL M on X halts and doeS N0+ OL‘_J‘W{_ 1

( withart loss of jenu\dmh
&L = M(x) helts + o\A(u\'S “o“)



Recursl\'/e /RE Se€s

A \anﬁv.a.ae, L s iol)g* Is recurswe, f there
eests oo TM M sweh that L (M) = L
ond M a(WaYS ha L€

So Vye o T"
xek = M on x halts and ow(-‘oul-s "
Xx&lbL M on X halts and doeS Na+ Ou_J‘W{_ 1

(Wl‘\mj‘ losS of enenalt
genenally,
x&] L = M(x) halts « O\A(\A\'S 0)

recursive aolfo called Jem‘clolalﬁ/ Compuqulv’&



Recursive /RE Sefs

A functon 110005 @75 (or £ N" > W)
(Y ‘tO‘('a( (OW\(U\‘d\bLL -(G therf exists
T M such that Yxe fo "

M &) halks and outputs  £06<).

all L€l
all svbsets

byt




/cLo_suraE PROPERTIES

@ L recursive = L re,

@ Total coMfuu(aleL funcbions closed uvnder CoMPOSiHOV\:

'F:f{ (omeu&dbh\ =, ‘coz = {‘(3<x\) “Is (OMPVA“HQ



/cLo_suraE PROPERTIES

@ L recursive = L re,

(3 Totel computable functins closed under composition :

'F:f{ (omeu&dbh\ =, ¥°3 = {‘(3<x\) “Is (OMPVA“HQ

@ Closure of fecursive lar\ﬁuagu onder /\, U) T

L L recurs\u => L\ULL) Lc(‘L'z_) "1&‘ )"'Lz afe (e cursive

(W4 -



/cLo_suraE PROPERTIES

@ L recursive = L re,

@ Total coMfuuéabLL funcbions closed under comPOSiélon:

'F;f{ (omeu‘tdbhs == ,c,,ﬂ - {(3<x\) “Is (OmPV\s‘“bl<'

@ Closure of fecursive |anquages vnder ), U, 7

L L recurs\u => L\ULL) Lc(‘L'z_) "1&‘ )"'Lz afe (e cursive

(7 &

@ Closure of re. La/\juage; vnder n v
L,L, e = Lub, JLas, recur Ve

A\\\;;g Jo\le’(o\u\\‘r\j te for L=), .-
run M, for L sieps M, for ¢ Shops



/cLo_suraE PROPERTIES

@ L recursive = L re,

@ Total coMfuu(aleL funcbions closed uvnder CoMPOSiHOV\:

'F:f{ (omeu&dbh\ =, ‘coz = {‘(3<x\) “Is (OMPVA“HQ

@ Closure of fecursive lar\ﬂuagu onder /\, U) T

L L recurs\u => L\ULL) Lc(‘Lz) "1&‘ )"'Lz afe (e cursive

(7 &

@ Closure of re. La/\juage; vader ()) v
L, L, re. = LUlL, ,Las, recurave

A\\\;;g clo\le’(o\u\\‘r\j te for L=), .-
run M, for L sieps M, for ¢ Shops




\CLOSUIZE PROPERTIES cont'L
)

@ L ce. and L re. D L s recurswe

e

{x (rxLS

% Nole: Often L € 70,17 is a st of

e ncodivgs. E%amﬂq— L=3Fx (&3 q«:e()’rs u\(‘kL“u\“E
then we Uually NG of L as §x | IR Aok Nt accyh i}
ol thaug tedhmally

Zx( X is not a leqa( en Loan\vg oc ixl' daes No‘ra«q‘o}\ﬁ



_ ¥ §o,¢§x = sef 4y all shrngs sen o/
L - ZO\‘% %%{m\"k’. len[?’l«

zéloll)oq Ot’ o ., -

L o= lh;f‘wuf [ 4% L



\CLO_SUIZE PROPERTIES cont'L
p)

@ L ce and L re. L recursive

Prof: (D ov(l’a"('*;\3)
(et M, be o TM st fCMX "’L_' )
M?_ b o TM st J(M) - L

New TH M on x:
FG’( L= l) 7’\ 3)

Run M, on x for ¢ st¢pS
ept

-\Q M' dC(ka V3 V\‘H‘ - ACC



\(.LO_SUIZE PROPERTIES (ont'L
)

@ L ce. and L re. D L s recurswe

Proof: (Douil/a'((n;\gs
Let M, be o« TM st Z(MY=L
M, R o TM st (M) =L
New TM M on x!
For L—-l)l‘ B, =ee

Run M, o~ x for ¢ steps
-(G M. ac(qr(—g v V\AH <+ ACC.Q()'{-

Ran M, on x fa U stepS
W M, acepts x, halt F/‘%)Qc‘t
®M on X e\rm&\mlls’ halks ane x ac(((,(.qd 1¢7 tY«C"L, onc
ot M, My
exel =M dCC{(k x = M accepts X
e X&AL = M LLC(eB x = M halis ond (’Q("chs x



/\/\ana Lamca)wg,cs arent Recwtsrla,(f Enumeeble |

Tntudion

Gon TH A mops unigucly o« shnry 10 201 {"

3
fo\\l = ze)o, () Qo ol ) l\) QQO‘QQ\) RN — }

© He £ 6\“’()‘&5 ts cwr\{ob)Q,) and Hherefore
O o he nNQ LO((\?\Aa\]e_f L < io\‘gﬂé

0N fhe o l‘\«vu,‘J how larje s the cof of all languages
i, the set of all subxefs of Eq@x

Thu set 1« uncountable! (So Many more I.a;:tjuadfu
Han re. languages



Many Languases are Not re,

Proof . D.‘aﬂoy\a(fzd’lm

Main dea . There are many more Larjua.jes
(supsets of 20\l1* ) +pon fhere oare TMs

?(Do(: V&(d g.wﬁla/\ +o Caw&of\s arjurr\e/\{—

drowing That —“phere s MO |- Ma?cmj

com 3+ho\ Real numbers to the Not ora

numloers




Mony Languases are Not nre,

Proof . Dl‘dgo/\d”l“‘(”m

| TMs widt Zszo'@

s v on enumeration of al(

PR S, 18D, - -

wewite  (but Lounfabl ) feble

oS Lor <s‘)mJl Fo ¢33, ..

columns  wOres d to enumerafion KE
U\(_o&st 4\“ T\Lﬂ\/ﬁ machines %‘)\67_) v

° EM'J L)Yz O (f PR accepts X,

A 9theruwice

o MallR a Z’WGJ



M. %3
M, 3.3

153

Mony Languases are Not nre,

all e

;. X2 % X%y ¥y X(. ¥=l- /
0 \ [ o | | Q |1 O -

O| O [ ( Q| [ /

( | / l / Q| |

[ [ O | O Q Q /

OO |Oo | O] |I (

O f o | [ O |/ @)

v %a(

\J¢



M,
M.
M;
My
Mg

fa
- %
xxgy,og
)(‘X-L;/O’//
/
O 5 o
/|IOC‘);/(
[ . O
O
OOOJ/C)Z)
[
o

Di aqonel

Lan3v“]Q
<

' D

‘ % does wot acch\' ﬂ%

\ 2)(3 .

— X‘ 1

D =2%



Theore D 'is Not e

Vﬁf’i Bg constracfian - for al M M( /

T3 (’@;) = D<7‘L‘\ L EK(Mg)‘% D
. D wot ne



us.’y\j Reduckions fo show other

(mort NWW(‘A() L/,Af\jo«qyﬂ /Func(lw
are N6t Comp utable /recursik/re

Migh Level
@ 601 we ko L Not recursive
1o show) L, wot recursie | desisn o ™ M,

alweq 5 halts ¢ ’f(M,\:L' ,agum(r\j o
1M Mt H«a{' a(vvo«_fs ha s + ;i(M_L\: A’L

@ Swefese L, Nno€ (e
To show LLMd‘L re., (or\sh\l\c" /‘4‘ <t I(M‘}:L'

CLSS\LW\(Aj a T M, st _‘;(CMl)"("?_



The He H:rr\j Problem"is Not Recursive

k i ? X (TM ?XS ha\ts on l‘nfu‘é XZ

Yetlow languoe. = Gy [ TM Ui e accests ppud 7<§

UALT 5§ <xyy [ TM € halls on inpst v

claxm  HALT | K are both re

—

PEs SM\(\? cun (g o \/ Accc_p{' i+

sinwlabion halks.



The He H:rr\j Problem"is Not Recursive

d
K = ? X (TM fxi halfs on 1}-Pu‘6 )CZ

Theorem K s ot (R CAF SWA

(ek L =D . Wk krow L ‘s Not e,
\ |
g TREUrSWE | 4 (et Mz ofwovs ha b & ?((/43):[_2‘

Pwok
Assume L =K
Conshucfh‘m of TM M, for O on 'm(ut ¥

Kun M'L on X v i
s TE M, GLeepts X hein _
wun 7:-&3 on ¥ and ou’(\?nk\' 1 &€ ix.g (x') X1

- & M, halks & dogs not acceft ¢ then od«ru{- 1




The He H:rr\j Problem"is Not Recursive

K i ? X [TM %3 haits on 1}«?&&{ )CZ

Theoret K ¢ yot recursive

(ek L =D . Wk krow L ‘s Not e,
\ " ra(m({\\\le-' < (.Q+ M‘l a‘v\ﬂ)\{; M” ¢ #(Ma);l_z

Pwok
Assume L =K
Conshucfh‘m of TM M, for O on 'm(u& ¥

Kun M'L on X v e
s TE M, GLeepts X S '
wun 7:-&3 on ¥ and ou’(\?nk\' 1 &€ ix.g (x') X1

- & M, halks & dogs not acceft ¢ then od«ru{- 1

eM, halks on all x |
‘xeD = X321 = M =)
.)(&l)-:? xdx) = = M|<*)3<|



The He H:mj Problem"is Not Recursive

K i ? X (TM ?xS ha (s on l‘nfuf )CZ

Tleore K ¢ yot recursive

Theorem K 1s Vot Me.

K1 €te. )
l/< re. = K recursul

¢ ond
. proferty )

’ lz NO’& v.e.

[ 2



The He H:rr\j Problem"is Not Recursive

d
K = ? X (TM fxs I/\«%S on 1‘n€u‘6 )CZ

Theore K ¢ wot reCUrsive

Theorem K 1s Vot Me.

Theorem  WALT s Not 7 _eursve
GALT « K not rewrsive

o ;()ec(«\ case of
- WALT. AsSume M d(mv ha (4
N T

—» L' = K ; L

and oucc&("»‘ L,

—=l M 6 W‘: .
. M, on <X, X, Accept (€ M accepis



The He H:rr\j Problem"is Not Recursive

d
K = ? X (TM fxs I/\«%S on 1‘n€u‘6 )CZ

Theore K ¢ pot reCUrsive

Theorem K 1s Vot Me.

Theorem  WALT s Not 7 _eursve
GALT « K not rewrsive

o ;()ec(«\ case of
- WALT. AsSume M d(mv ha (4
N T

—» L' = K ; L

and oucc&("»‘ L,

—=l M 6 W‘: .
. M, on <X, X, Accept (€ M accepis



T E S

([} Trj olvious a(ﬁoh‘f?\m; to see f you +hnkc

‘ ‘ - Neither
Lay\j‘mja. IS r(curswe/ re o

/ ¢ helpgs
shod L not re. came hmu P

(2) To

to work wth L

(e. & L n&, ¢
L po‘t’ f.1_>

\ R \ %‘\OW-\
Lign N cofrect dirtc
@) ‘jﬂ—Jf rqu( M M wll qeore it own
{NV\‘1 rames COAS‘VUL(\’(A T | (3 (

\r\?wl:

L Not e wrswe then



SUMMARY SO FAR J

i, \A,Q. Saw D S zx |i¥251(¥> &oes Ué(’ QCCQ‘O{.i

1S NO't re. by d['dj ov]d/l% d‘(lm

2 us]yj reductimns we ProvaoL

K Halk are Not recursive
)



us.’y\j Reduckions fo show other

(mort NWW(‘A() L/,Af\jo«qyﬂ /Func(lw
are N6t Comp utable /recursik/re

Migh Level
@ 601 we ko L Not recursive
1o show) L, wot recursie | desisn o ™ M,

alweq 5 halts ¢ ’f(M,\:L' ,agum(r\j o
1M Mt H«a{' a(vvo«_fs ha s + ;i(M_L\: A’L

@ Swefese L, Nno€ (e
To show LLMd‘L re., (or\sh\l\c" /‘4‘ <t I(M‘}:L'

CLSS\LW\(Aj a T M, st _‘;(CMl)"("?_



The He H:rr\j Problem"is Not Recursive

d

k ? X (TM ?XS ha\ts on l‘nfu‘é )CZ

HALT 5§ <xyy [ TH 855 helts o inpet 3

—Theonrrm, HAL’[ )K are ('DO‘HA (‘.&,)

'Jq,ﬂ'her are. recursive



The He H:mj Problem"is Not Recursive

K i ? X (TM ?xS ha (s on l‘nfuf )CZ

Algorem K ¢ yot (RCAFSWE

If k recuariie then D also recursgg

Theovem Hatd Not vecursee

——— .

T Halt Lcursel +hen K recursivt



T E S

([} Trj olvious a(ﬁoh‘f?\m; to see f you +hnkc

‘ ‘ - Neither
Lay\j‘mja. IS r(curswe/ re o

/ ¢ helpgs
shod L not re. came hmu P

(2) To

to work wth L

(e. & L n&, ¢
L po‘t’ f.1_>

\ R \ %‘\OW-\
Lign N cofrect dirtc
@) ‘jﬂ—Jf rqu( M M wll qeore it own
{NV\‘1 rames COAS‘VUL(\’(A T | (3 (

\r\?wl:

L Not e wrswe then



L = ix } T x§ qccgffs ot (east one 'quu{-}

Cnvmnate all SMrLf Vi 30(\348

1€,0,(,00 0 ( =00 . I

1\ |

w' Wy ‘Ng
Qowetall Procedur ‘Gor L on wput &

Eo C=|,5% ;- .

For ) l,
Simalafe {xz an VJ foc L Sk‘os
If any ol the simulat @'\5 Gccq)*’ NALY ¢ a((?‘l'



L = ix } T x§ qccgffs ot (east one '\npu{-j

e | s ne. (Dovﬂl’dth'r\J)

o L-is wot recursive

L, o2 K2 ig | tyiy) holEs$
L,>L '« recursi + (et M, B2 TM Jﬂ(y\g;(_

and Mo al ways ha WS

M, on \v\eut‘ &
Cons truct 2'\(64"“3 2 ‘LTM 2y whert

f2]on tpak X1 Tyueres x ¥ FuNd &3
ond OL«((H' * 1§ 2\(13(\( ho\ks

Run M, on =2 and oxcc.g‘h" v M (%) «chrH
C_"&’\ {(M\»: IC and M, a/wau(; halts
HEK = TR ) hal s {g3 accqls alinpuls SN )2/ SM Q)
grIcD Bdlyl bt 725 accefls 1o npaf= M, )% [ HM ()3

Assumé



Completencss

A Lonsueg Acton]” g ne_ —complete i
0) A s ce.
U’) \JZQ?Q\’{Q, o B u re the Bém A

€ s Gryutlble

R redwes o A
0k A s recwrsid then B recariw

¥ N
e
L )




Comp(dentss

A set A=sN is re ——com//e{a NS

()\ A s -e.
Qz) Vee N, o B u e “hen Bfm A

2 computable funchom £ IN=>N swch fhat
Vx fde A < xeb

y @fﬁ<$@ }m




Wipert's (& Problem (1900)

p\ A.(-De"ld}’\&ly‘la Qi‘.M‘(ld‘V\ i $) 0‘(: +he goym P(Q);.O

where p v « Po\~(r\omi¢( otr varablRs ¥ .
W\% .m‘\'ejQJf coe€ Excients 15"

S 3 .3 0
by 3 4 Quy = ¥Xg =o

- € 72 | p has « sokim over IS

DioPH

T heortvn

s re. -c¢ le-te.
DIOYH oy



An Eguwalent Charactentahon of RE Sekts

/LO”DMQQQS

Lek £ INoONWN

Then (Zs s NvyiN
s the set of all Pdlr:s (xg"ﬂ_) such +hat {.’(y\;d

-){é"ndCOfe'W\ e (ombpwkabld_ 1 and OW(\.{' e R{-‘ S Ne




An Lquvalant dharatchenkcaban of RE Sets

Lekx $: NN

Then ({g s NyiN
s the set of all Palfjs (\‘)'ﬂ’) such 4)4“—( F(y\;d

o A comp utable £ and ow(Y' tf ﬂF S Nne.

Proof = : Swppse £ comlow("dua,
TM  for Rs on mpwt 6‘,‘3)2

Run ™™ com‘awb'ﬂj f on X
T<f & halts and owk puts v Then ac(l.‘oé (";‘:9

Othewrwie e ect Cx 4)



An Equvalent Chavactertzabion of RE Sehts

Lek F: NN

Then (lg s NN
s the set of all pa'ur_s (\(’,a,) such +hact {:(X\;d

¥ Theorem £ qom,owﬁablt £ and ow(‘.(' tf k‘_. s rNe.

Poof &« - Let R be re with TM M

OA LY Enumersde all NS Y., -
Por L=2) 27, ... ‘

F;r, )atl J=L, sSimula. M on ()()\/j) for ( .S~I-<‘OS

i‘( S\\W\M\&&Lof\ a((_gf»,'s (v(/ |11>

halk « oudvu& v

2



X Second CUnaracter(zabhon 0€ RE Soks

A 'C‘V\oMQa,Q_, L [ {q‘\?%

Y
K

cTheorave A celabisnn A= N s re.

® and onL( £ there “s o recursive R lation
RCursie  relehon  RE fo )]“
!

Kt cuch +hat qu,}*

Re N
Sef < 3y REY) Vie N

Nete we dofined A ts be ne. £k there s o TM M
such that X ¢ N" <~M(<\<>) q(CQf{‘S < ';ge A >



A language L s iq@* ‘«  re.
L e ok o @@ clahar R< %07 g
st. \xe Y
kel HEIZely Rixz)

N 7Y S C A C R &V A{TY')

Ex. Let L= Nult = 2<><,\/> / TM Cncode) L\,
X hodls o

“ RGW));&} :Z\l/a%{ ifn§Tg‘id9 zS‘iﬂmf W'\f ,%
H § Steps 0 ow



A Second CharrcRpratin. oF RE Sefs

% Theoret. A relation AsN® s re

€ and onL1 £ there s e recursive e lation

Kt cuch .H,,,(-&

Re N
SeA <> 3y R&y) Vie N

Proot sleetd
= et A be re , XCM) - A

K(i‘ﬂ: view \ as er\wolinj
for same meIN
62.‘/) ce R & MC\?\ ha(ls r M S+Qp$ and acce‘o-l-}
and T the MxXM tableanx

of an mxm tableaux

ot MR)



A SQco\/lJ C(AAVAC.#LY(Q&&\'JV\ Of REL Sets

o :
% Theorevt A relabion A<= I}\IK s e,

1€ ar\al oV\L,( gva there s o recaursive ({lcl‘('ldf/\

K cuch et

R= MW
STehA & 31 R(Xy) VXe N"

-Z(Da(' 3 ‘CQ/{'(}‘(—_

Q-_—' LQ:t RQ(M
Y eA = 3y K(i'(\l) )

on \r\'quﬁ X :
FW L‘:'Il)-Qf

Fre 3= to L
i\m& M on (% ¥5)
alt - ) <
aceept 16 M(*,\(Q QC(e'oJrS

'd
Lo recarswe cdahn such thot
« et M)=K



@ L ?% / TM encoded b(Lf x never moves head (.c6+ L
o\ a/ng (,n?ow.{ j

2. L,: i<?<,ca,>/ T™T™ x on M/u("Y wever Mot headl Le()%j

zm—; iéﬁt¢> I X oNn "YWL T VQTAYS) qu (_26{\

ot Sorl (OM‘} 5 \
' (o
D
@s’coﬂ@ o " P i 2 U<Z M
, hat TL (C@‘S - (
Wﬁolﬂs (ch /()
b) > &

&-W*“““ﬂ* .



w (6\) J\lud‘wS LL)
Cladt 4ransihon A=ble drnes hae Sem<
fansidve that mat heed &67(

ﬂ\a;}\,u/\L x . Assume sinla (b X ZoB 2T C"f
assuml wr\ﬁl“/dﬁﬁeo O«((lﬂgh@f‘ TSO“) &2

Lok 4< io‘lf(

y

i + BN ..




— L_" CLX, TM <V\wc9~l&‘¢d X halfs oo
N L S e LT0h 3

/DL\ s 9x | TM eAc.od.%cl f¢7 % hedis m Q?\cxd)f \h
P "‘/\&"‘5 A ig‘\\‘ S C,

LaiK'TM%V\o\\ho’Nﬁfl;nﬂﬁj o
G

Mdrg?

¢ L, L o bt ve Jhen polh ag o, - :
(M{“L&

So 14k L not ecmnig fen L Nl A



