
Announcements

• -WI grades released . Excellent work !

• AWZ will be handed out later this week

(Due Nov 15)

last 2-3 questions on computability
which we will cover this week

lecture Notes : Skipping to Resolution (supplementary Notes)

skipping Herbrand than Cpp 39 - 42)



COMPUTABILITY
-

( Lecture Notes : : PP 54-65)



Turingrlachines " on computable Numbers , with an

application to the Entsuheidungsproblem
"

1936

- Concept of 1st generally convincing
general model of computation .

- Proved there is no algorithm for deciding
truth in mathematics

- codebreaking of
Nazi ciphers WWI

- also worked in
mathematical biology

- prosecuted in '52 for homosexuality
1912 - 1954



Turingmachines

M = { Q
,
E
,

M
,
S
, % ,

B
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Q :{ q , , . . ,q,,} states
,
1<>-2

{ = finite input alphabet , including 0,1
&

r = finite tape alphabet ,
EEP

,
includes B
(blank symbol)

E
,

: start state

of, : halt state

S : Q ✗ n → Q ✗ M ✗ { Lx R }



Ex . Parity :

given ✗ c- Eo
,
/3¥ want M St

.

Mlx) ⑤utputs 1 if # I 's in ✗ Is odd
0 "

" " "
" even

start in state go Fo1yi1
9 $

fqo , 1) → of, ,1&R)
go : current parity

iso

(go.co ) →Cfo ,# R )
qz: current point

is I

(8×0) → Cq
, ,
# R)

Cq, , 1)
→ (go ,# R )

Ego ,$) → (Bois ,



TuringmachinesGo

t
0ÉbÉ

some finite alphabet
E. = { 0,42$ #3 finite set of states ={go , q, ,9z}

ex -

• Initially M is in start state q , input
in 1st cells

,
then B 's

• at any point
in time

, tape head points
to some tape

• every cell
contains an element of M

value at

S ( head - location, current state)→ (New state
Narew L orR)1 symbol ,

1ÉTE



Turingmachines Input ✗ = 011011

lÉ3ÉBBBBÉBB
q
④
• Initially M

-

is in start state q , input
in 1st cells

,
then B 's

• at any point
in time

, tape head points
to some tape

initially head points to left most cell



Turingmachines Input ✗ = 011011

lliBBBBBÉÉBB
p
④
• Initially M

-

is in start state q , input
in 1st cells

,
then B 's

• at any point
in time

, tape head points
to some tape

initially head points to left most cell

• at every
time step

,

M makes me transition according
to S



Turingmachines Input ✗ = 011011

ÉBBBÉÉBB
q
④ M:{ Q, E ,

M
, 8,9 , , B , 1929 }

Q= { 9
, , 92,93} ,

2=10,13
, ,

P :{0,1 , B }

S : (o
, q ,
) → 10,9 , ,

R )
( 1
, 9 ,) → ( 1

,
G, , R)

113,9 , ) → 113,8 , , R )
(0,8, ) → ( 0,9$ ,R)
( 1,9,) → ( 1

, qz ,
R)

( B
, q] ) → CB

, 83 , R)
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Turingmachines Input ✗ = 011011
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, 9 ,) → ( 1

,
G, , R)

( B
, q , ) → 113,8 , , R )
(0

, 9, ) → ( o
, q, ,
R)

( 1,9,) → ( 1
, qz ,
R)

( B
, q] ) → CB

, 83 , R)



Turingmachines

Turing Machines compute n-ary partial (or total)
functions from 1N

"

→ IN by encoding input/output
as strings over E

Encoding of la , , . . - , an ) c- IN
"

example

( 3
, 10,8 ) : 11 2 1010 2100Wme in

a
,
in
°

are
☒

as in binarybinary in binary"
separated by

"

2
"

Let < ay.ee , an> be the encoding of Ca, , > an)



Turingmachines

Turing Machines compute n-ary partial (or total)
functions from 1N

"

→ IN by encoding input/output
as strings over E

TM M on input ✗ halts when it enters

halt state Cqz)

If M halts on X
,
the output y is the

shNte@ststiring.on tape yithNoBs_ymbd
longest containing just 0's t 1 's



Turingmachines

Let f- : IN
^

→ 1N be a total function

µ coyotes f- if for every n- tuple
Ca
,
. - an)ÉcNn

M on input < 9 , - , an> outputs ffq . - an )
( in binary )

If there is a TM M that computes f
,

then f is a total table function



Turingmachines

Let f- : ( Nv {•3)
^
→ IN v63 be a partial function

( so f- 19 .
. - Cn) = - if any g. = - )

M computes f if for all 19 . - an) in domain off
M on input <a, . - an> outputs Fca

, - - an)

☒ M may Not halt on inputs Not in domain off

If f (a partial function) is computed by some M
then f is a mutable partial function



f- each input ✗C-5, where

d-
any partial fxn maps

^

sa-NHNgx.ir/N-
to IN

If M computes partial fxwf with domains then

• xes ⇒ M( <xD = binary encoding of fcx)

• ✗as ⇒ Max>) either halts + outputs something
or doesnt halt on ✗



Tu-ringma-h.ae configurations

- A configuration describes entire state of a TM at some
point in time

127456¥

Bl$l1ltBÉ
p ¥7
④

configuration : 0,1 , 2,13, (9*+58) , 1,0, I



Turing Machine configurations
- -

• A tab-ka.ae is a sequence of configurations
describing running M on some input ✗



turing Machine configurations
• A tab-ka.ae is a sequence of configurations
describing running M on some input ✗ 00

, g)→qq.gr)

to

e- IÉ

1- =3 2 2 2÷:⇐
-1=6ÉqB



turing Machine configurations Att,meM
• A tab-ka.ae is a sequence of configurations t=m

,

mxm

*:÷÷:÷:÷E::to

2 B .
- .

t=2111÷.is:1#:...-::::t-.yIzE3-t--
6ÉqB



Encodingturingmach.me#M--(E,Q,r,S$q,,B,Eqz3)
Let E = { 0,1 , 2}

Q = { 9 , , qz , - - - Gn }
r = { ×, , Xz, . . . XK } where 4=0 5=1×5-2 Xy

-

- B

D
,
= left Dz= right

we represent transition Sofi ,X;) → (guile , Dm) by
01010" 10h10m

Code for M : 111 code, 11 codez
11

-
. .
11 coder 111

Where code, , .→ , coder
are the codes for

transition function



Encodingturingilachines

Exainpk . Q " { of , 92933
,

E :{0,1 }
,
r :{0,1 , B }

scq , , 1) = (q, , O, R) 0110210310' 102 ← c
,

8cg, , O) = ( of , , 1
,
R ) -0310 I 01104012 ← Ca

8 ( of]
,
1) = 192,0 ,

R ) 0>101 0h10 ' 102 ← ↳

8 ( of ] , B) = ( qs, 1
,
L ) 031 03 1 03 1021 O ' ← Cy

M = 111 C
,
11 Cz 11 ↳ 11 Cy 111

cm
,
110110) encoded as "¥,Ñ×T

* uniquely decidable



Universalturingmachine.SU
:Tokes as input ☒ CMH and outputs y if

M on ✗ halts and outputs y
If it does not halt on ×

,
U does not halt on #CM

, x)



Universalturingmachine.SU
:Tokes as input # CMH and outputs y if

M on ✗ halts and outputs y
If it does not halt on ×

,
U does not halt on #CM

, x)

we describe a 3- tape TM (at a high level ) for U .

( 3- tapes can be simulated by one tape)

tape 1

tape 2#

tape 3



Universalturingmachin.es
① initial state

tape 11#

tape 2

tape 3

check that contents of tape to is

legal encoding of M
, ✗



Universalturingmachin.es
③

of M
tape 1 #de,zzcodezÉ

encoding

←
contentstape 2
of M's

tape at
starttape 3

initial
Initialize tapes 1 & 2 as above

state of

and tape 3 to contain $0

,
M

of, in binary



Universalturingrlachiñes
③

tape 1 /Étude

tape 2L$

tape 3

troop
If tape 3 contains

$00 ( halt state) halt and output
contents if tape 2 (to 1st "B

"

ow simulate Next state :
store contents of tape 2

head and current state of M

in U's state . Scan tape 1
to find corresponding code ,

Modify tapes 2,3 accordingly



Universalturingrlachines
③

tape 1¥É
tape 2 L$←É3B

tape 3¥3

say 8 (qz , 1) → ( of 3,0 , R)



Universalturingrlachiñes
③

tape 1¥ÉÉ
tape 2 L$ooi20•QlBB

tape 3

say 8 (qz , 1) → ( of 3,0 , R)



Notation

{ × } = Turing machine M such that #M = ✗

Ex}
,

= the unary function computed by ✗

Ex}n = the n-ary
function computed by ✗

( can generalize earlier so M takes

n inputs instead of 1)

A set is a subset of 1N
"
( usually n= 1)

a set/relation / 0-1
valued total function :

A a- IN then A- (x) =
1 if ✗ c- A

0 If ✗☒A


