
announcements

• HWI DUE OCT 6 ( 8pm)

• Office hours : today 4- 5pm (zoom)

Wednesday 1:30 -2:30 ¢5 lounge)



TODI

• First Order Logic

Language /Syntax
Semantics : Models

(pages 18 -27 of course notes)



FlRSTORDERL0

Underlying language L specified by :
① ✓NEIN a set of n-ary function

symbols ( ie
,

: f
, g , h, + ,

• )

o - any function symbols are called
constants

② Un c- IN a set of n-ary predicate
symbols ( i.e . P

,
Q
,
R
,

<
,
← )

P"÷variables : ×
, y ,

2-
, . . . a. b , c, . .}Built

in

symbols
• ^

,
V
,
N
,
F
,
't

• parenthesis C
,
)



Exampte LA (Language of arithmetic)
"

it ¥7 Fry
La -

- { 0,5T >

•

; }
-

function relation

symbols symbols

0 constant co - ary function symbol )
s unary function symbol
t
,

• binary function symbols
= binary predicate symbol



trms_overL_

(1) Every variable is a term

(2) If f is an n-ary function symbol,
and t

, , .> tn terms
,
then f -4 . .tn

is a term



trms_overL_

(1) Every variable is a term

(2) If f is an n-ary function symbol,
and t

, , .> tn terms
,
then f -4 . .tn

is a term

s ,f ,
1-
,

• )fxamplesofterms-g.iq ←If
0- any unary binary '

f- ossso
,
1- ✗ f- yz ,

• tab SSO
P p q

f- (QSSSO) ✗ + fly, -2) @tb) • SSO



FIRSTORDERFORMUL.tt#ERL

(1) Pt, ..tn
-

is an atomic L- formula
,
where

P is an n-ary predicate in L,
and

4. - ten are terms over L

(2) If A,B are L
- formulas

,

so are

- A
,
(Anb)

,
( AUB)

,

txt
,
3- ✗A



Example : Propositional formulas are 1=0 Formulas

Lprop : ① No function symbols

③ 0 -

ary predicate symbols
P
, , Pz , . . -

- -

( are propositional atoms )

Pius n
,
v
,
^

,
)
,
(

since there are No function symbols , and all

predicate symbols have 0 - arity ,
propositional formulas have

No variables , terms
,
or V

,
F



Giampa:FÉLA
① Existence of infinitely many primes

✓✗ 7-
y ( y > ✗ and y is prime)



Giampa:FÉLA
① Existence of infinitely many primes

want to say : ✓✗ 7.
y ( y > ✗ and y is prime)

YÉ : Yz
,
2-1 ( z

,
z
'
=z ⇒ 2- • 2-

'

=\ y )



Giampa:tÉLA
① Existence of infinitely many primes

want to say : ✓✗ ay ( yY¥ and y*¥ine)
Lipke : Yz

,
2-1 ( z

,
z
'
z z ⇒ 2- • 2-

'

=\ y )

(*) µz-VÉ ( ( - (2--0) r - (7--50)^-12-1=0) n - Cz
'
-

- so) )
→ - (2--2-1--7) )



Giampa:tÉLA
① Existence of infinitely many primes

want to say : ✓✗ ⇒
y ( y*Éi and y÷Éñe)

Lipke : Yz
,
2-1 ( z

,
z
'
z z ⇒ 2- • 2-

'

=\ y )

zlfz
' ( ( - (2--0) r - (7--50)^7 (2-1--0) n - Cz' -- so) )* I → - (2--2-1--7) )

(**) / II : → (✗ =y) n
7W ( ✗ twsy)



Giampa:tÉLA
① Existence of infinitely many primes

want to say : ✓✗ 7.
y ( y > ✗ and y is prime)

Lipke : Yz
,
2-1 ( z

,
z
'
=z ⇒ 2- • 2-

'

=\ y )
↳zlfz' ( ( - (2--0) r - (7--50)^7 (2-1--0) n - Cz' -- so) )* I → - (2--2-1--7) )

(**) / II : → (✗ =y) n
7W ( ✗ twsy)

whole thing : V- ✗ 2- y #
^ ( **)



Giampa:tÉLA
② Twin Prime Conjecture

There exists infinitely many pairs of
numbers

,
CX
,
×
' ) such that ✗

'
= ✗ 1- 2

and both × and ×
'
are prime



C-xa-te.to#asLA

⑤ Fermat 's Last theorem

ten> 3 Va
,
Kc In >2 → an tb

"

=\ d)



E-Yi.F-nmuas.info

③ Fermat 's Last Theorem

Ancient

Un> 3 V-a.br In >2 → an tb
"

=\ d) greek text
,

3rd century AD



C-Élan

⑤ Fermat 's Last theorem

ten> 3 Va
,
Kc In >2 → antb

"

=\ d)

^
conjectured by

Fermat 1637

in margin
of his copy

of

Arithmetica



C-xaI.t-FE.LA

③ Fermat 's Last theorem

-

n
Finally proven
by Andrew
Wiles



'

e:FÉaLA

③ Fermat 's Last theorem (actually Andrew
Wiles theorem )

Un> 3 (ta
,
b
,
a ant bn =\ d)

PYM : How to say an ?

( we'll see later how to do this !)



FREEIBOUNDVARIABLES-ooh.no
occurrence of × in A is bound '

it

✗ is in a sub formula of A of the form

V-xB
,
or 3×13 ( otherwise ✗

-

is free in A)
Examples Zyl ✗ = yty)

Px ^ Vx C- (✗ + sx = x))
• A formula/term

-

is closed if it contains no free variables

• A closed formula
-

is called a sentence



SEMANTKSOFFOLOgicn.NL- structure M for model ) consists of :

① A Nonempty set M called the universe

trainable range over M )

② For every n-ary
function symbol f in L

,

an associated function FM : Mn→M

③ For each n-ary relation symbol
P in y

,

an associated relation pMsµn

* Equality predicate = is always true equality
relation on M

. MAN $ =
"

:{ a;D tie-IN}



Exampk.LA= {0
,

-1
,
:S ; = }

④ -1N : standard model of LA
M = IN
0 = 0 C- IN

+ ,
•

, s
are usual plus, times , successor functions

Jumping ahead a bit : Evaluation
of a formula in III.

lfx Vz ( Iz' C - Cz
'
-
- o) ^ -2T 2-

'
= ✗ ) →

3- z
"

( s 2- t 2-
"
= x) )

Kitts if ✗ >z then ✗ can be written as ztl +(some other HumberMN)



Exampled
,
:{0,5 ,t,•;= }

①M= ,

0 = 0 EIN

s : successor
.

Ie .
s(2) =3
,

- -
.

1- : plus . ie
,

+10,i)=i
,

1-12,31=5
,

etc

• : times

③ M={ Be >•A } 0=8

s( B) =•
" •*i.IE#.:H::.F:t:.-:sl&)--

$



How to evaluate formulas that contain
free variables ?

Defy An object assignment 6 for a model M
is a mapping from variables to M



Dtm; Evaluation of terms/formulas our Mp
Let Me be an L - structure ,

• an object assignment for M

Evaluation of terms over Me
#

(a) XMCG] is scx) for all variables ✗

(b) (ft, . .tn)M[6] = fM( t.MG]
,
. . . ,tnM[6 ])

Example 66 : 4 -35 ☒→ 7

Sfx
,

# Xz) [ 6] = 13



C-valuatio-nofformulasovermle.LAbe an L- formula. . MK AG]
(M satisfies A under g) Iff

c) M f- Pt, ..tn[6] iff < t.MG?....tnMC6] ) c- PM

(b) MK ( s =t)[6]
'

Iff SM [6] = ÉM[6]

(c) M f- 7 A [6]
-

Iff Not Mt Ace ]

(d) Mt (A ✓B) [6] iff .Mt- ACG ] or MK Bcs]

(e) Mt (AnB) Is] Iff Mt-A[6]
and MK Bls)

(f) M f- V-✗ A [6] iff time M ME A [617×1]

(g) Mt Fx A [6) Iff 7-mom MEA @ (%)]



Examples L = { ; B. =3

M= / IN , ⇐ =)
RMCM,n) eff men

satisfiable
then M ✓✗ ay Rex,y )

/ by M

M Fyke Rlx, y)
← but

7yV-xRkqy)
is also satisfiable

1



IMPORTANTDEFINITIONS-t.ec A be a f.
0
.

formula
our L

.

① A is satisfiable
.

iff there exists a model
-
-

M and an object assignment 6

such that M f- Acs]

③ A set of formulas § is satisfiable
Iff FM

,

•

such that M/=§[o] [iMt_ Alo ] forall A- c- § ]
③ § f- A (A is a logical consequence of ☒ )

iff UM _V6 if Mt ☒ [G) then MEA[6]

f- A ( A is valid) iff UM,
6 ME ACG]



④ A-⇐ B ( A and B are logically equivalent)
iff-VM-v.com/--AL6JiffMl--BL6]

A -1-13 and BKA



Examptes

① Ctrxpxvtx .Qx)ÉvxCPxvQx)

③ -V×(AxvBx)t-?_VxAxv V-xB×

L - Z ; P, Q ,A , B) .



Example
Earlier formula A :

Hiltz ( Iz' f - (-21--0)^2-+21 :X) >

1- 2-
"

( sz tz
"

=
×) )

says for every ✗it if ✗ 7-2 then

we can write ✗ as (2-+1)+2
"
for some z

"

• true when M= ☒ so A- is satisfiable

• false when 9th = ( M={ 0,1 ,z} so :L 01-2=-2

)51=2

52=0
all others

✗ = 2 7=0 3
's 2

✗ ty :O



C-xampte-V-V-yffx.FM/-?-x--y
No

Let Me { 0
,
I ]

Me : f- (o) =o

* 47=0

then Mek _VxV-y(fx=fy)
but M☒×=y (since 0=11 )


