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Announcements

• Office hours start next week :

Monday 4-5 (Toni)

Wednesday 1:30 - 2:30 Collier)

Likely by Zoom

• Assignment I will be posted this week !



today

• Another proof system for propositional logic : PK

soundness of PK

completeness of PK

• Propositional compactness
theorem

• Derivational soundness /Completeness of PK

Pages 9- 17 of lecture notes



tHECPROPOSITIONADSEQUENTALU.US

- A second sound
& complete system for

propositional logic

- More Natural for proving theorems

(but more difficult as basis for

automated theorem proving / SAT solving )



Why I ④@ the sequent calculus

• Rules are very Natural
- 2 for each boolean

connective

• Cut Rule (Modus Porters) Not needed for

completeness . this formulation requires meta- symbol
"-5)

This greatly simplifies /clarifies completeness
pwofTÉr propositional and first order logic



Sequent calculus goes viral on Twitter







gentzenlspkpwofsyslem

Lines in a PK proof are sequences
A
, ,

. -

, Ak → Bi,..,Br_
-

antecedent succulent

Ai
, - , AK, B, >→ By are propositional formulas
→

-

is a Ned symbol ( NOT part of language
of propositional logic)



gentzenlspkproofsyslem

Lines in a PK proof are sequents
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° B
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v.. u Br

the conjunction of the Ais implies
the disjunction of the Bi 's



gentzenlspkpwofsyslem

Lines in a PK proof are sequents
d

A
, ,

. -

, Ak → Bi
, . . , Br = S

semantics .

-
^ d

= AA. ^ Az ^ . - ^Ak
° B

,
V . --

u Br s

the conjunction of the Ais implies
the disjunction of the Bi 's



S D= A
, ,

- → Ak → B
, ,

. .
-

,
B
;

As : > ftp..at,) ✓(B.v. . ✓ Bj )



gentzenlspkpwofsyslem

Lines in a PK proof are sequences
S ! An . - , Ak → q

← As :-(An .nA,)

0 or False

a → B
, , , Bq

torture

convention Empty conjunction (antecedent empty) -71
Empty disjunction (succulent empty)

→ o



Pkpiules

Intuitively : Structural Rules ( cedents are
sets )

Logical Rules ( define the boolean
connection ,Y^ )

cut Rule



(sina.TURALRUL.ES#

"*"*""
r→a_ FIFI
A. r →a

Exchange r.fi?gBgYJ--ar-dnhB.kr-d,,B,A,dz
contraction ;;I



LOGICAKRULESRig.tnt
- Intro r→d,A

a

a

CANDY→ a
^→%A→gÑ
r→d,A,B-nano %÷,¥ r → d

,
(AvB)



So we can think of

A
, , .,Aµ→B, , -

-
- Bj

as → -Air - Azv -Air .- u -ANB,v . - vBj



CUT RULE

r→↳q→q

Axiom

A →A ± ¥!¥e*µµd imdde



Example-e.tt Pk proof of a formula A is
a PK proof of → A

weakening
-

-

=
- -

-
-

> Tea - -P→Q,P

⇒
PQ→ q,p

7- Left

(PvQ),7p,>
OR LEFT

AND - Left

(PrQ),-ÉQ→
KP^^QprQ)

7 Right



PK SOUNDNESS : Every sequent provable in
- PK is VALID

As in the propositional case , we first verify
the soundness of all rules + then prove

PK soundness by induction

Lemmy (
soundness of Rules)

For every
rule of PK

,
if all top sequent are

valid
,
then the bottom sequent

-

is valid

.

also the axiom is valid

Pksoundiess If S has a PK proof
,
then As is valid



Exempt

r→±pA→,µ?;§B_ Am-rtmk
Let P :C

, ,
-
-get

As D
, ,

-
- jDe

shouldT be any
- truth cess to atoms in M

, Giv B)

If T satisfies -Ki . - n.ca)v(Dinard,)vA ] Form
""

corresponding
to n→4Aand T satisfies

ncqn.ec,e)v(Dir . .vDe) ✓B) formula
for N→4B[ yn.nyw.gg , yg.gg, , , ,y, ,yy,µ,



PKCOMPLETE-NESS.severy valid propositional sequent
has a PK proof

t.n-ainid.ae : again we will give an algorithm
that will produce a PK proof for any

valid sequent

AGhm : write sequent at bottom of proof)

① Repeatedly : pick an outermost connective
in a formula in

La leaf segment of
current proof + apply the rule for that
connective Cin reverse)

② continue until all leaf segments consist
of just atoms



Shine : If we run algorithm on a valid

sequent on →d
,
then at end

,
all leaf

sequents must contain an atom occurring
both on left & right - ie A

,
B
,
C→ A

,
D

Then can finish proof by applying
weakening Cin reversed

ie
. A.B.FI?p-



IEDs (cont 'd)

key Property is the INVERSION PRINCIPLE :

each PK rule except weakening has
the property that V- truth assignments
T

,
if T satisfies bottom sequent , then

T satisfies both upper sequent

* called inversion since it is the reuse

direction of what he needed to prove
soundness : IT - if + satisfies both

upper segments, then T satisfies Cover sequent



pkcompleteness.no
If r → d is valid

, by
Inversion Property

,

all leaf segments generated in step⑤
of Algorithm are VALID

,

and have one

less connect've than sequent below

• Thus eventually step③ halts
,

where each

leaf sequent invokes only atoms and
each leaf sequent

-is valid

i. each leaf sequent looks like A
,
R -2A

,
d

ie has an atomA on both

Left & Rt sides



Pkcompheteness

If Not : Say A
,
B → C

,
D
,
E is a

leaf . then this sequent is not valid!



cut-C-liminafiintheoremforpt.CIf r →d has a PK proof , then

it has a proof with no use of

the cut rule .


