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today
• Finish Resolution

• Another proof system for propositional logic : PK

soundness of PK

completeness of PK

• Propositional compactness
theorem

• Derivational soundness /Completeness of PK

Pages 9- 17 of lecture notes



Definitions ( From last class)

T satisfies A iff AT =T

T satisfies a set § of formulas
'

iff

T satisfies A for all A c- §

is satisfiable
'

iff IT that satisfies §
otherwise § is unsatisfiable

of f- A ( A is a logical consequence of OI )
-

Iff

*T [ T satisfies § ⇒ T satisfies A]

⇐ A LA is valid or A is
a tautology)

'

iff

ft CT satisfies A]



Resowtm : Proof system for Prop Logic

• Resolution is basis for most automated

theorem provers

• Proves that formulas are unsatisfiable

( recall F is a tautology iff TF is valid )

• Formulas hate to be in a special form : CNF

(xilxix-DXI.ve,) (1×-4)^4-1,4>3^14
T.EE a- ÷



convertingaformulatoCNF.co
briars method (deMorgan ) could result

in an exponential blowup in size

C-xamp-KCX.nl/z)vlXsnXy)vlXs-nXo)r--. ( )

• Better method : SAT THEOREM

There is an efficient method
to transform

any propositional
formula F into

a CNF formula g such that

F is satisfiable iff g is satisfiable



SAT-THEOREMi.proof by example

F : C Q ^ R) u - Q

F New variables

g: (PB ⇐> cQ^R)) ^ (if⇒ Ppl 'Q) ^ ( Pt )

(→☐
-Q) GP

,
u R) (nQu ' Rupp )



Demorgan's Rules to push Negations to leads ;

→ ( Av B) I >AMB
7
② - ( AaB ) = A- v13
11
⑨ ×

,

11
→ A = A

Xz ✗
3 In d- -2I ④ ( A B)nkvd)tEvF)
11 ④QQ

= (Ancre)vC )
② ×

,

→ ② Q
,^ ⑤¥I %

K X
,



Theorems Let f be a formula of size me (m leaves)

with n variables ×
,
. . - Xn .

Then there exists an equivalent
ZCNF formula g with

01m) variables and site 0am)

ExampK_

F : ① Yi
. g : (4) ^ CY ,)

11 CY
, Yiryz )^ ⇒ GY

,
-Yin,)GYirYDGYiY,)Yz@ ④ 43

11 / \ (42*44^45) ^ ('Yiryy)tYirYs)Gy.in/s-vya)"14 ④ ④ ① ① 46

If I / \
(45<>7×3^40 ) ^ •

47 ④ ✗
⑤\ ×

,
X
, Xy (Yy 4> ^ Xy) n

•

①/ I 4 I % (Ys←> -XzvXs)n
) ×
,

Xz (Yg Xirxy ) n i

X
, (Yz←> 'X,vX;) cnn.vn/irXs)lx.vyftXirY+)



RESOLUTIONS
tart with CNF formula F

= C
,

^ Czn . . .

^ Cm

view F as a set of clauses {C
,
,
Cz , . -

,
Cm}

ResoWtimRuLe_ :

(Avx ) ,
( Br E) derive (A ✓B)

A Resolution Refutation of F is a sequence

of clauses D
, ,
Dz, - - , Dq such that :

each D; is either a clause from F, or
follows

from 2 previous clauses by Resolution rule,
and final clause Dq =p (the empty clause)



RtimRftatm F=(avbvc> fave)(5) ( a- rd)(d-vb)

¥1
.

"

(avbvc) (are )
(ñvd ) ( Ivb)



a clause C is derived from a set 0 of
clauses if 7 a sequence of dallas D. , . .

, Dm

St - ① Each Dc. - is either c- 0 or

follows from 2 previous Dii Dc, , i
,

'd 's ;

clauses by the Res rule

② Dm is C

If o_0 (the empty clause) is deniable from 0
then 0 has a Res refutation



Resolvtionsoundness

Fact : If C
, , Cz

derive C
, by Resolution rule

,

then C
, , Cz ⇐ <3

From above Fact we can prove :

ResoLUTl0NS0UNDNEtE0REM
If a CNF formula F has a RES

refutation
,
then F is unsatisfiable



RESOLVTIONCOMPLETENESSTHMC-very.VNsatisfiable CNF formula F has a

RESOLUTION Refutation

Pwotdea
we describe a canonical procedure for

obtaining a RES refutation for F

The procedure exhaustively tries all
truth ass's - via a decision free

then we show that any such decision

tree can be viewed as a RES refutation



DEC.is/oNTREES- F=favbvc> Gave)(④Aa-rd)(d-vb)

a=o°a= /

A.
•

ad -9
-

b=µ= , b=0=l
Edo (5)

• ocivb • (5)

c , d- I

0
°

(avbvc) (are ) o
•

(ñvd ) ( Ivb)



RÉM F=(avbvc) fave)(5) ( a- rd)(d-vb)
a
• $

a)¥4"
YY

•a

garb
) • (5)

•

tavbµ
,

¥1:
Carby) (ALEX

•

( a-vd) (airts)



COMPLEXITY OF RESOLUTION REFUTATIONS

Let IT be a RES refutation of CNF F over ×
,
. . - Xn

Size = Number of clauses in 1T

IT is tree-like if directed acyclic graph (ignoring
initial clauses of F) is a tree

tfpnpeymbund : site (7) ← 2
"

why ?

Lonwernbounnnd : Are there vwsat formulas {Fn }n= ,

requiring exponential - sized
RES proofs ?


