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Important

→ All lectures are mandatory .

Check courseworks - - some lectures may
be held online via zoom

.



→ Work hard on understanding lecture Notes
,

Work hard on assignments

→ start early
,

-
- cannot cram / solve in

'

a

couple of days

→ come to office hrs !

- Homeworks must be written up independently.
You may discuss

with other students in class

but No outside people /Soares allowed .



COURSECNTROFoundat.msof mathematics invokes the

axiomatic method
- write down

axioms ( basic truths ) and prove
theorems

from axioms from purely logical reasoning



Examptel Euclidean geometry (300 BC ,
"Elements")

Axiomatic system where all theorems

are derivable from a small number

of simple axioms/postulates

postuW -

-

←
-
- -
=

-

The School of Athens
,

Rafael If sum of 2 tf is < 180 then

the 2 lines (blue & yellow) eventually
meet ( em same side as in

,
B angles)





Examptezgrouptheory {Cayley , 1854)

axiom 1 : ltxyz [ ✗ - ly - z) = ix. y) . z] (associativity)

axiom 2 : Fu

there exists an[ it ✗ [✗ - u
-

- U'✗ = u] ^

identity element
V. ✗ 3- y [ ✗ • y=y - ✗ =u]] and every element
tanners e

A group is a model for the axioms

( g. • )
a function from gxg →g



Exanptesofgroups

① g
= I Cthe integers) • = addition



Exanptesofgroups

① g
= I Cthe integers) • = addition

③ Rubik 's cube group

←
basic

g. = all possible moves moves

• = composition of moles



CourseOutl

we will study FIRST ORDER Logic (PREDICATE Logic)

I. Start with simpler PROPOSITIONAL Logic
( No quantifiers)

• Language of propositional logic (
"

syntax
")

• Meaning ( "semantics ")
• Two proof systems for prop. Logic :

Resolution
,
and PK

• We will prove SOUNDNESS & COMPLETENESS

for both



Courseoutine ( cont'd )

I. FIRST ORDER (PREDICATE) Logic

• Language ( " syntax
" )

• Meaning 1 "semantics
" )

• Proof system LK ( extends PK)
SOUNDNESS

* COMPLETENESS

MAJOR COROLLARIES OF

COMPLETENESS



E cont 'd)

III. Computability

II. Axioinatitabk Theories

Incompleteness Theorems

Interplay /connections between
computability & Logic



PROPOSITIONAL.bg#Vocabula-r.y:P.,Pz
,
Q
,
. .

Propositional variables

7
,
V
,
A
,
C
,
)

Examptes : ✗ ☒ rQ)vR )

( Pv - Q )



PROPOSITIONAL.bg#I-nducteDe-ntmo-aPwpostnaFormula
1
.
Atoms/Propositional variables : P

, , Pa , . .

are formulas

2
.

If A is a formula
,
then so is 7A

( AaB)
3
.

If A ,B are formulas ,
so is

4.
" " " "

" "

( Arb )



( A >B) is shorthand for GA v13)

(A←> B) is shorthand for GAVB) nGBvA)

A subformula of a formula is any substring
of A which itself is a formula

Uniquepeadabditythm says the

grammar for generating formulas
-

is

Not ambiguous



semantics true

A truth assignment T : {atoms] → ¥
,

ft
""e

Extending T to every formula :

(1) GA)
"

= T iff AT = F

4) (AnB)
T

= T cff AT =T r BT =T

(3) (A✓B)T=T iff either AT=T or BT -7

Examples



Definitions

T satisfies A iff AT =T

T satisfies a set of of formulas
'

iff

T satisfies A for all A c- §

is satisfiable
'

iff IT that satisfies §
otherwise OI is unsatisfiable

of f- A ( A is a logical consequence of OI )
-

Iff

*T [ T satisfies § ⇒ T satisfies A]

⇐ A LA is valid or A is
a tautology)

'

iff

ft CT satisfies A]



Example

1. (AaB ) f- (Av B)

2. F CA v7A)

3. {(Aub) ,4AvB )} 1--13

4
.

AVB 1--1 B



someeas-yfact.sc e-heck them)

1
.

If § KA and Éu{A} 1=13 then ☒ 1--13

2. ☒ f- A
-

Iff § UGA} is unsatisfiable

3
.

A is a tautology
'

Iff 7A is unsatisfiable



Equivalence

A and B are equivalent (written A-⇒ B)
Iff At B and B ⇐A

Example
.
(AaB) (B^D

2. GARB)
GBVA)



Resowtm : Proof system for Prop Logic

• Resolution is basis for most automated

theorem provers

• Proves that formulas are unsatisfiable

( recall F is a tautology iff TF is valid )

• Formulas hate to be in a special form : CNF

(xilxix-DXI.ve,) (1×-4)^4-1,4>3^14
T.EE a- ÷



convertingaformulatoCNF.co
briars method (deMorgan ) could result

in an exponential blowup in size

C-xamp-KCX.nl/z)vlXsnXy)vlXs-nXo)r--. ( )

• Better method : SAT THEOREM

There is an efficient method
to transform

any propositional
formula F into

a CNF formula g such that

F is satisfiable iff g is satisfiable



SAT-THEOREMi.proof by example

F : C Q ^ R) u - Q

F New variables

g: (PB ⇐> cQ^R)) ^ (if⇒ Ppl 'Q) ^ ( Pt )

(→☐
-Q) GP

,
u R) (nQu ' Rupp )


