
Lecture 22

· AWS due Sunday I am

& Review problems posted for Test 2

(on course webpage - Supplementary Materials (
Will post SOLNS SUNDAY Or MONDAY

· ReviewSession tentatively Mon Dec 1 6 pm



&

NP-completeness

Definition Language A is polynomial-time (mapping) reducible to-

B (written A =pB) if there is a polynomialtime computable
function f :* -&* such that WeSE)f(u)eB

f
· #

A B
⑧ E

Do

Definition
⑧ A language B = [0

,
13
*

is NP-hard if for every ACNP there

is a polynomial time reduction from
A to B (AEpB)

· Be40
,
13
*
is NP-complete if : (i) B is in NP and

(ii) B is NP-hard



NP-completeness

Look - Levin Theorem

SAT is NP-complete J Proof Today
VA = 30

, 13
*
in NP

50
,13
*

⑧Y -



Look-Levin Theorem : KSATIs NP-complete

1
.
KSATENP (already did)

2. To proveset is
mp-hard we have to prove :

For every language At NP , AEp KSAT

Let SENP and let N be a wondet
.
↑M accepting A in polynomial time, n ,

<0.

Aleaux for N on input wi

start configuration

n
-n-



↓ beaux for N on input Wi

HighLevel idea :
-

weA e) T accepting ncomputation path
of N on w

= I accepting tableaux
& f D

for N on w

- -

#) X such that X is legal tableaux of N on w

z und is acceptingdescription
of tableaux

=>) is satisfiabea



Look-Levin Theorem : KSATIs NP-complete

Let SENP and let N be a wondet
.
↑M accepting A in polynomial time, n ,

<0.

A tableaux for N on input Wim

start configuration

i
f D

A tableaux is accepting if for some ten' configuration at time -> is accepting
# the state at time + is an accept state

We want: We & -> eN + D
such that wet iff. f(w) satisfiable



Look-Levin Theorem : KSATIs NP-complete
We want - : w - o such that t is satisfiable if there

is an accepting
S

tableaux of N on input W .

-

cell(i
,
j)

SeQuM v4ft3T &has a

symbol

D

Variables of $ : Xi, i , ,
i

,
je El, ..,n3 ,

SEQURUE3 -states of N
R = tape alphabet

(Xi, j,
= 1 if cell (1) contains symbol s)

& = P cell vstartmove 1 Paccept
non u -



Look-Levin Theorem : KSATIs NP-complete

(Xi, j,
= 1 if cell (11) contains symbols)

variables of 1 : Xi ,
Yeah

,

sour& = P cell vstartmove
1 Paccept

&
cell

: states that every
cell contains exactly one

symbal seQuruSAS

& start :
start config is #90m. -. WD . -D#

↑ accept
: some cell contains an accept stateaccent

&more : each now (configuration at time +) follows from previous

row (config at time +-1) by a valid transitich according to N's transition function.



Look-Levin Theorem : KSATIs NP-complete -

-

C

(Xi, j,
= 1 if cell (11) contains symbols)

variables of 1 : Xi ,
Velvet

,sour& = P cell vstartmove
1 Paccept

&
cell

: states that every
cell contains exactly one

f

symbal SeQuMu(#3 cell (1jj) contains

=
En

= A [ C V ) (a Fis Fit)]
*
j, In

St - St=
kij =n S +t Xijjjt =0

Y - Ye=G

every
cell (iss) every cell (i ,)

contains a symbol contains at most

we symbol



Look-Levin Theorem : KSATIs NP-complete

(Xi, j,
= 1 if cell (11) contains symbols)

variables of 1 : Xi ,
Yeah

,

sour& = P cell vstartmove
1 Paccept

& start :
start config is #90m. -. WD . -D#

= Xi
,

1
,
#
vX
, 2,

90 VX ,3 ,

w
,

-X
,
+

,

w
=

"
...

- X
,n2,

w
e

" X
,ns,
Xv - --

- X
, n21, Xins#

un ~-m- ~

Starts with A
then Es then w

..
- -W blanks Last symbol

n



Look-Levin Theorem : KSATIs NP-complete

(Xi, j,
= 1 if cell (11) contains symbols)

variables of 1 : Xi ,
Yeah

,

sour& = P cell vstartmove
1 Paccept

↑ accept
: some cell contains an accept stateaccent

= v Xijj
, Eaccept

12
,
jan



Look-Levin Theorem : KSATIs NP-complete ·

Variables of $ : Xij
,
s ,

i
,
je El, ..,n ,

SEQURUESF(Xi, j,
= 1 if cell (11) contains symbols)

window

& = P cell vstartmove
1 Paccept

f D

Imove : N (the (i
,
j) window -s legal)

(1
,
j =n

that is
,
#(i

, j) the cell (j) is consistent with a legal transition
from the configuration at time i



-LevinTheorem : KSATIs NP-complete -

variables of 1 : Xi ,
Velvet

,saur(Xi, j,
= 1 if cell (11) contains symbols)

& = P cell vstartmove
1 Paccept

Imove : & (the (ii) window is legal)
121) an

key idea : we can check that entire tableaux is legal by locally checking every 2x3
window

-

A 2x3 window is legal ifIt doesn't violate N's transition function
.

/



Look-Levin Theorem : KSATIs NP-complete

variables of 1 : Xi ,
Velvet

,saur(Xi, j,
= 1 if cell (11) contains symbols)

& = P cell vstartmove
1 Paccept

↳move : A (he (ij) window is legal) f D

i = i
,j = na

example : Sca ,
a) = 339

,
6

,
R13 , S(9

,
b) = 339234

,
12

,
2
,13

↓ a arb a 9 ,
b a a q ,

=

&Zealwindows :
Some

# b a a 36 b

- egalWindows :

J 16
aaa 9

,
a a 9: [2

!
92aC

·
a 92 a a b aba a E

,
b b 9

,

b

# 3 a c b b

- 92

corresponds to:a # /b



·
specify not legal by :

(Fa~Taxasa Fabia 4
,Fea)



KiYn) P(X)

CNF underlying
vonables +.. - Yu

C
,
141 . - -- -

m

: (x
, vx rxy-)

-*



Look-Levin Theorem : KSATIs NP-complete

Variables of $ : Xij
,
s ,

i
,
je El, ..,n ,

SEQURUEST(Xi, j,
= 1 if cell (11) contains symbols)

& = P cell vstartmove
1 Paccept

↳move : A (he (ij) window is legal) f D

i = i
,j = na

cell (ij)

Prove = A (thelijth window is legal) ~
ki

,
j =4) (5j]th window

-M ~Wa, Xijan* ] ,
9 ~X j

,
aTiavX

,j ,a)(v
,
j =) a

, 42 --96 /

is a legul
window



so we're defined f:m -> P(X) &:are Peacmore-Paccept
such that:

P f(w) = d Building & is poytime

② O is satisfiable (there is an assignment to
variables xi,i , 3)

If) there is an accesting computation (tableams

o Non w if wet

↑
see proof in book



-Lastclass we showed

WestLanguagesNPComplealate:
8 CLique

e INDEDENDENT SET

i6 HITTING SET

Pineemp
OTHER~COMPLETE PROBLEMS ·

· COLORING
· SUBSET SUM

3 Proofs of NP-completeness
· HAMILTONIAN PATt

in book



LORING (OR gRAPA-COLOR)

Input : (g, K)

Accept if we can properly color g using colors 1
,
2, ..., K

N

No 2 adjacent
vertices have same color

I
Theorem COLORING IS NP-COMPLETE
-

(1) in Ni (did earlies)

(2) NP- hand

↑ &
3 colorable with this edge added

Need 4 colors



COLORING IS NP-HARD

We will show 35AT E coloring

f(d) -> (Gp , 3) where Go is a graph
SNars
mclauses
~

such that
m .n

& is satisfiable iff

gp is 3-colorable.

(X
,
vX2* X3) <- frees constraint

thata satisfying ass.
(vXy) X

,:1x50 can't have y, 0 xzo + Xy = 0



COLORING IS NP-HARD

We will show 35AT Em coloring

f(d) -> (Gp , 3) where Go is a graph
SNars
mclauses

Exyple $ : (x
,-XerYe) ~(x , rxz]e (* -xy)r( * VX3)

we want to simulate oll assignment to the valiables

using 3 colors



Exyple $ : (x
,-XerYe) ~(x , rxz]e (* -xy)r( * VX3)

TRUE
without loss of
generality the has

&

"gadget"
these 3 colors That forces

colors to correspond*
Fore

& to oll assignment

o -

-

X, Y. De Yo Xe Va Xy Yy
u-

8
&

exactly one is
and the other is



True

Next :
&

⑳

to force constraints

S on variables&
clause "gadgets"·gadget for

clause (X
,-XivXz)

X
,vXzXz



Next :
&

clause "gadgets"

S
to force constraints

on variables·d
↑

(- +z Xz]



Next :
&

clause "gadgets

S
to force constraints

on variables· LIcase :

X
sYi Xy all

X
,vXzXz



Next :
&

clause "gadgets
to force constraints

on variables· LIj tr

X
,, Y2 , Xy all

:. If all literals set to

d Call fulse)
,
Not

- forced to
3-colorable

Not colorable
X

,vXzXz



*

3 Literals is we

can properly 3- colorS This gadget-Example
Xe X3

X
,vXzXz



*

3 Literals is we

can properly 3- colorS This gadget·Exampa
-

,
vX

=-X
,

(X , vXz)



Use the same gadget trick for each clause

to buildGa

· can Build up from ↑ in polytime

· Can show G is 3- colorable iff

p has a satisfying assignment



setSum is NP COMPLETE

Input < S
,
t) where S is a set of

positive integers ,
t is a positive

integer.

Accept iff There is a subset of s that

sums to t

Example S = < 1
,

2
,
2

,
5
,
13
, 153 + = 17 V

tellX
35AT -> subsetsum



PATH = [19 ,
5

,t)/g is a directed graph containing a Hamilton path
(visits all vertices once) from s to 3

>
Example -DT tso

Do

Verifier V on input ((9. S, t), P) :

Check if p encodes a Hamiltonian path from st0t.
If

yes
-> accept ; otherwise -> reject



Theorem HAMPATH is NP-complete-

Proof--
1 .

HAMPATH in NP Calready did this

2. We will Show 35ATEPHOMPATH (and thus HAMPATH IS NP-hard)

Let p = (arb
,
vs)e(avbar) 1 ... (amubmV (n) each aisbi,

is a literal
.

f : a -> (9a, t)

Hampath = &(g, 5, t)) G is a directed graph
with a hamiltonia pate

Cvisits every vertex ina exactly ma)
from sto + 3



Let 0 :(x)um & n=#vars =

4

m= # clauses =3
f : a -> (9a, t)

8

Sp : ot
3 E

D ↳ P

⑤ *

*

*↳ [2

& &

*T
E3

**

T
t



Let 0 :Kr n=#vars =

4
&

m= # clauses =3
f : a -> (9a, t)

-

Sp :
S

-
-*
-

⑤·Le L T [2

**

E3
- *

-

t



Let 0 :Kr n= vars =

Y
&

m= # clauses =3
f : a -> (9a, t)

Sp :
S

-
-*
->

·-s
-

-
E3

t



Let 0 :K n=#vars =

4
&

f : a -> (9a, t) m= # clauses =3

Sp :
S

-
-*
-
X &--

-

Xvo&
⑤

**&- & [2
t TT -&&-*---*0⑤T --

*

t

#aim I is satisfiable Iff 9a has a Hamiltonian path from s to t

&: x
,

= 1 X = 0 X = 1 Xy = 0
-

C ↳


