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NP-completeness

Definition Language A is polynomial-time (mapping) reducible to-

B (written A =pB) if there is a polynomialtime computable
function f :* -&* such that WeSE)f(u)eB

#
·

** ⑧ S
D

=>-
f(x)

Definition
⑳ A language B = 50

,
13
*

is NP-hard if for every ACNP there

is a polynomial time reduction from
A to B (AEpB)
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NP-completeness

Definition Language A is polynomial-time (mapping) reducible to-

B (written A =pB) if there is a polynomialtime computable
function f :* -&* such that WeSE)f(u)eB

f
· #

A B
⑧ E

Do

Definition
⑧ A language B = [0

,
13
*

is NP-hard if for every ACNP there

is a polynomial time reduction from
A to B (AEpB)

· Be40
,
13
*
is NP-complete if : (i) B is in NP and

(ii) B is NP-hard



NP-completeness

Look - Levin Theorem

SAT and 3SAT are NP-complete (Proof Next week)

1 . SAT ,
ISAT In Np

2. SAT
,
35AT are NP-hard : meaning for every

A

Language LENP, we can solve Lin polytime (LEP)
ift SAT (3SAT) P !

⑧⑮
To solve L : on X

, compute f(x) ; Run sat on input f(x)



NP-completeness

Look - Levin Theorem

For every 1733 ESAT is NP-complete

(Proof Next week)

W
To show another languay is rup complete
we just need to show :

(1) Le NP

(2) Show JSAT Ep L



NP-completeness

Today : Assume SAT
,
35AT are NP-complete .

Leverage this to showother Languages in NP
are also NP-complete

Say we want to proc CLIQUE NP-complete

1
. Clique Emp

2
. 35AT [p clique

-⑳⑧

-
9



NP-completeness via Reductions
Clique :

① Clique Input : (g = YE)
,
K

accept ifa contains

Theorem CLIQUE is NP-complete a clique of size 12

Clique is a fully
Pryot (2 steps) connected subgrach of
(i) CLIQUE IS In NO (we already showed this gysizek)

&

(ii) CLIQUE Is NP-HARD : Need to show 35ATE
,
CLIQUE

&

-
①

35AT CLQUE

f
-



Example Y m clausesLeta here m =

4
<

4
f = 4 -> (9a

,

k = m)

9p : (v) = (1 + (2H ...

+ ku)
,
Edges · edge between 2

X
,

=0

vertices if they
↓ C are in different

o 111
- clause groupsX

, Yz

↓ · ⑧ and if their
↓ + J - associated Literals

· X
, ↑- are consistentEy, Call edyes present

CSexcept edgMisib
↳ labelled

↓ No edges within a clause group



-SATEp CLIQUE

Example
Let 9 = (x

,
vxz)r(XvYzvXy)v(X

, vYyvxy)n(X, vYy)

X
, Yz edge between 2
·

-
vertices if they

↑, · X
,

are in different- clause groups
*

· To
and if their

associated Literals

are consistent
Y ·

Xy

-

&: X, , Xz = 0, X=
= 0
, Xy

= 0 satisfies &

corresponding 4-cliqueIn red



Correctness
-

1.now : if I has a satisfying assignment de50, 1)
N

then Gp has a clique of size m.

Let < be a sat , designment.

Let to be the literal in C that is set to drive by ↓

than therentices corresponding to ..., Im

form a clique of size in since I
,

1
,
are

consistent



2
.

Show if 9a
has a size in clique

thenI has a satisfying assignment.

sypose go has a sizem clique ,

Since no edges are present in a clause group,
we must have exactly one vatex from each
clause group in the alique
Let the vertices be labelled 1. .... Im .

then 1. ... Im corresponds to a <partial) assignment
& vairables (since no llj) are inconsistent)
:

. This (panful) assignment satisfies all clauses.



② IndependentSet

Input (g, 1) . gundirected graph
accept iff g

contains an indep ,

set of size K

E

has indep set of size 4

--- &

- doesNot have size indep . Set·-- ...
8



⑨
② IndependentSet X6 &

-
⑧&⑧

1. Indep Set E NP

2. And set is NP-hard

# Show Clique -
,
End-Set (sincecieeurd)

f : (g = (E)
, k) - (g), k) g =(

, z)

g : same vertices as g
edge(i ,j) El iff (j) E



⑨
② IndependentSet X6 &

-
⑧&⑧

1. Indep Set E NP

every similar to Clique (NP)

2. And set is NP-hard

# Show Clique -
,
End-Set (sincecieeurd)

f : (g =(
,
E)
, k) - (g), n -k) g =(

, z)

g : same vertices as g
edge (i ,j) +El iff (i

,j)X)z



· *
G , K g, k

Cham I has a clique on C I' has an indep
Sev set m Sev



③ Hitting Set U is universe

Y
#put : a set System 5 : 25

...... Sm3
,

Si-U

and K

accept ifs has a hitting set of size < K

S = 45
,

: 23
,

0
, 53

S2 = [1 , 8, 33 ,
S = 31

,
20

, 7)
,

Here·
k =3

Sy = 15
, 03 ,

u = 31
,
2
, ..,7) Ss = 38 , 733



S
,

= 23
,
4
, 53

S2 = [1 , 2 , 33
Sy = (1 ,

26
, 7)

② Hittingset Sy = 15
, 63

Ss = 24
, 73

Hitting Set in NP :

guess
set Hen] , IHEk

check if Sts
,

ExeHstx + S
,



③ Hitting Set S2 = [1 , 2 , 33 ,
Sy = (1 ,

26
, 7)&

S,

S

Sy = 15
, 63

Ss = 24
, 733

Hitting Set NP-hand :

We will show 35At Ep Hitting set

given input 41..C t35A an + .. Xn

Create in stance of Hitting Set



imprH .
S-

③ Hitting Set : Universe U (set of vertices

S = 35
...., Smb

,
Sizce ,

and K
-

Ex
. 0 ) &- -

#set instance
: Hp : (4) a U = Ex . . . . .n, - - *n]

sets : 3 <xi,3 Vis , . . .,n} n = #vars in I
&

&

plus
m = # clauses in &

[Set(?) Vi = 1, . - -, m3

Set (i) = set of Literals in



& -
n = 4

③ Hitting Set (x,-Xz -x)) ~x]~~um

4
&

X *Y #of underlying54& - elements in.·..-7 S set system
Si - isIn

Sz Set(C) : Ex, X2
,
x]

"Set (2
+
3 = 3x2

,
Xs) size of hitting set:

k = n =

4
53

A sets = n+ m
Sy m= #clauses

inf

↑ [S= 25x* ],x*]3
,
(xx*]] vSset(i) lici .. mb

,
1 = n)um

input to toHitting-set3SAT



f =
n = 4

③ Hitting Set (4xe)um

4
&

X, X2 Y * * Xy Fy
⑳ funderlyis

&
set system
isIn

size of hitting set:
Let X

,
= 1
x=0xj +x

,
=)

k = n =

4
& A sets = n+ m

Set ( ? ) = EX ,, Xy , xz] ...
↑

m= #clauses
set G) = Ex

, xz] inf

see() = EX)
= 22433
--- V



Our: ->set fo, ....
m

vans X
.... Yn

Unise ·or H .
S.: U = 1 1, . . .. 2n]

-Ex , YXe- - - xn #n]

5 = 324*3
,
(x2,3
..

--

,
(xn

,Yn]
,

- n

VE
:
Set (i) = &set flituals in 233X

m

# of sets in s = n+m

-

pick k = n



Other good NP-compute examples
⑪ Vertex Cover

③ Subset Sum (hade)

⑥ graph 3-colorability

⑰ Variations of all problems 25AT EP

=eexercise #SAT Ep
-> Lots of SAT varcands

Find a sat. assignment
such that classe has
so contains exact o
satis ped Literal ,



Ex -

Exact3SAT :

input f = 41 ...1) CNF formula
now every

cause has size exactly 3

accepf iff f is satipable


