
Lecturezo

Announcements :

HWY returned later today
Noe : regrade requests could raise or lower

your score

HWS + out today (Due Dae Now Now 30 lam)



The Class NP

Per NP = 3 L1 L is a language decided by a Nudeterministic
TM running in poynomial time 3

Runtime of a wondeterministic TM M on input we

> Max. runtime over all wondeterministic
-

computation paths on input W.

#(n) runtime :we 30 , 13 " runtime of TM on

on w is < ((n)

polynomial time = poly(n) (on't for some 1130)



Theclass NP

DefuI NP = 3 L1 L is a language decided by a No deterministic
-

TM running in poynomial time 3

Equivalent Defn of NP

la determinisA verifier for Language L * 30,
13* is an algorithm -+

L = EW / V(W
,
c) accepts 3 where c is an additional alsontum)

string that we call a certificate or proof

A verifier is polynomial time if it runs in time

polynomial in IW1 .

* Note that if A is a polytime Verifier then 191 must

also be polynomial in IW) .

Yefnz NP = EL/ L has a polytime verifiers



A verifierw,c acceplanguage L
det . TM runs

in time poly Clrl

if : XWeL : Ec St . V(w
, c) accepts

VWAL : VC VW
,
c) halts + rejects



Equivalence Between Defis 1 and 2

2
,

= 3 L1 L is accepted by a rondeterministic polytime algorithm

I = EL/ L has a polytime verifiers

① Le2Le2 :
2 3

Let Algorithm V be verifier for I running
in time "

Nondet TM N : on Input w,Win

Nondeterministically select ce10 , 13nk
Run V on (w

,
c)

E Vaccepts (w, c) , accept , otherwise reject

A(w
, c)



Equivalence Between DefNs 1 andI

2
,

= 3 L1 L is accepted by a rondeterministic polytime algorithm

I = EL/ L has a polytime verifiers

② Le, LE2 :
2

Let N be a Nondeterministic TM accepting Land running
in time nK

-
Verifier A on(WC) : C is

Simulate N on w
,

where c is a description of the choices

Nondeterministic choices to make at each step for wondet.
moves

# this computation path (described by c) accepts
then accept (W, c) ; otherwise reject



Example

: Input is a CNE formula f = 4
, 11 ... ndm

over Boolean variables X...., Xn

Each C
:
is a disjunction of 3 literals
&

f 35AT iff of is isfiable .
Y =0X=0 Xz= /i

(Xv

Example =Korea) (xXy* ~x)-~
2

<

f is satisfiable iff there exists an assignment

230
, 13 " to X

,
. .

.. Xn such that f(c) = 1



Example =

Kn))
<

2 : 0011

↑ 449
f (a) = (0voui) +(on ,)n(o -1 i) -(ou)

X
, X2XX = (0)r(1)n(z) v()

=

O

X = 1101 +(x) = 1

-Xi = Y

3Same as SAT but Now all clauses

have size (= A literals in clause) < 3



Encoding SAT/ISAT :

3SAT encoding :

The total& distinct causes of size3

is poly(n)

M = (* ) + (i)2 +(4 + (5) = pyAs
zu

Size z

vector of length M plus n

E11I↑ ↑
m this clause clause is present in f
unanystring Not in f
of length m



3sat encoding . Say n = 3 X
, X2 4

all possible 5-clause-
clause of siz 3

,,,),) ,
4),x]

,

(x
,
v)
, (v)

↑ As-X ,
-

X-VX)
-

1 + 6 + 12+ 8 =

- 27

My/01/001000---
↑

6) is a clause in f
() 1 i 111

[x, vxz)



Encoding SAT : f = < ---- -Om m classes
&

No resuction on size of the clauces.

List of clauses
f = (x

,
-x=Yy) v(+y-xy) -...

Klause 3 : In # bits do describe

the lawn
Miteral

EX X,z Xy
Not in - c

,
F(x

, -Ye *y)--11classe I
x

,
xe%% -

- Ymod,
this literal

X
, Xy5uYX]YYy

is in theclause

m classes -> 0 (m . n) Length of encoding



35AT = 3 (f7/ <f) encodes a soityable
3NT - 3

SAT = 3 <f) /(t) encodes a satisfiable CNF, +3
-

Brute force alg :

try all z" possible Booken assignments
to underlying variables Y

... -
. Yo

↓ <-C is aBodean ass . L < 20
, 13v(s +)

, c)



#BATin NP

Delt NTM N for 35AT :

On inputf
= 41 --1m :

guess an assignment a to the underlying] Wonderminusavariables

Evaluate f(x)
If f(a) = 1 half a accept
Else halfa reject

N runs intime : poly(t)) + poly (n,m)
f = 41 - 14

(f) : m (Blogn) -n O(ri · blogn)
= poly(n)



inNcor bot :

On inputf
= 41 --1m :

guess an assignment a to the underlying] Wonderminusavariables

Evaluate f(x)
If f(a) = 1 half a accept
Else halfa reject

If feeSet : there is an assignment s
. t - f() = /

: On this wonder Chance
,
N accepts

-

If fxJSAT : V(((0
,1) f() = 0

↑

thereforeo will never accept on anycomputation path



AtIn NP

Deynz

v d

·See if(f) is a legal encoding & a scrF
formula. &

= not - half a reject

· # so, Let n
= # underlying variables

·check if 190
, 12". It not half a red

Check if c satisfies f

if yes -> half - accept
-

i no -> half r reject



Cortness

4) V (2
,
c) runs in time pay)

pry(n)

show

(2) If(f)E3SAT then EC st
. V(f)

, c) accepts
E-)(t)E33AT by defi San assignment (So , 13

"

such that (c) I

: on this C
,
V(t)

,
c) halfs o accepts.

(3) Show if (f) A SAT then Ec
,
V(E

, c) halts r rejects
By def <) ASAT => Xce20

, 1]" +(c) = 0 .
% venities will never accept .



Examples of Languages in NP #y

-
① Any LeP is also in NP

Ventier V on input (W, c) : Ignore < and just
run polytime alg for L on inpret W. ↑

&

Yo & 2&E

② CLIQUE (g , 17) . g : (VE) IVER
soDosVerifier V on input (W = (g, K) , c) : 60

· check that a encodes a subset VIEV of ↑
17 vertices (g, 173)

· For all pairs of vertices ijev'check if
n = 6

(i
,j) is an edge

in E (i . e
, (ij) (E)

123456

:010 /10



Examples of Languages in NP

① Any LeP is also in NP

Ventier V on input (W, c) : Ignore < and just
run polytime alg for L on inpret W.

② CLique = 2 (g , k) / gis an
undirected graph containing a size -k cliques

CriterV on Input (19, K) , 5) :

e check that S encodes a subset S-V of

17 vertices

· For all pairs of vertices ijev'check if

(i
,j) is an edge

in E (i . e
, (ii) < E)

③I SAT



Examples of Languages in NP

⑤ K. sat = 2014 is a satifiable KCNF formula 3

Input is a
Boolean formula over X

... -- Xn in KINF form.

K-CNF form : C
,
11 ... 1 Cm

where each C
,
is an or of <K literals

-

Example : 0 = (x
,
vXzvxz) - (xy v Xy) - (Xzvy, ) - (xzvXz)

P is satisfiable if there is a 0/1 assignment &30 , 13

the variables of $ such that (a) = 1

X,
0 x50 Xo

= /
xyt0 satisfies o



Examples of Languages in NP

⑤ K. sat = 2014 is a satifiable KCNF formula 3

Input is a
Boolean formula over X

....
- Xn in KINF form.

KNF form : C
,

1 < 1 ... 1 Cm

Example : 4 = (x
,
vXzvXz) - (xy v Xy) - (Xzvy, ) - (xzvXz)

D is satisfiable if there is a 0/1 assignment &30 , 13

to the variables of P such that ↑(a)
= 1

Let d = X, 1
, Xz = 0, 45: , X % 1. O is satisfiable since P() = /

~ ~ -

Examplez & (x ,
uxe)(X ,vX))(x)(F -z)4 4X o G

-1
This is unsatisfiable .

(check all 24 assignments)

↓51 Tzl +y 0



Examples of Languages in NP

③ K-SAT=2014 is a satifiable KCNF formula 3

Input is a
Boolean formula over X

....
- Xn in KINF form.

KNF form : C
,

1 < 1 ... 1 Cm

Example : 4 = (x
,
vXzvXz) - (xy v Xy) - (Xzvy, ) - (xzvXz)

Verifier on input 10
,
09 :

check thatI is a Boolean satisfying assignment
for $ . If yes - accept , otherwise- reject



Examples of Languages in NP

① HAMPATH = [19 ,
5
,t)/g is a directed graph containing a Hamilton path

(visits all vertices once) from s to 3

C
a

>9

Example
⑳ -

↳ p : sa < bdt
T

⑧zso
p : sbacat② Do

b d

Verifier V on input ((9. S, t), P) :

Check if p encodes a Hamiltonian path from st0t.
If

yes
-> accept ; otherwise -> reject



The Ubiquity of NP

-> It turns out there are thousands of problems in NP !

-> Many NP problems are fundamental in their respective
areas of study

- BIg QUESTION : PENP









NP-completeness
Cook (my advisor) and independently Levin established

in 1970's that certain problems in NP (called NP-complete languages) whose

individual complexity as the entire class of all NP problems!

For Example 3SAT is NP-complete which implies that
if there

is a polytime algorithm for 3-sAT then all languages in NP are
in P.

To formalize NP-completeness we need the motion of a

polynomial-time reduction. This is just like the reductions we
defined

in previous section on computability , but Now the require that the
reduction is polynomial-time computable.

NP completeness idea: There are natural languages
-

in NP (like SAT
+ 3 SAT) such that solving this

language in polytime implies al NP Languages solvable in polytime.



&

NP-completeness

Definition Language A is polynomial-time (mapping) reducible to-

B (written A =pB) if there is a polynomialtime computable
function f :* -&* such that WeSE)f(u)eB

f
· #

A B
⑧ E

Do

DefinitioneB is NP-hard if for every ANP
there

is a polynomial time reduction from
A to B (AEpB)

ApB



&

NP-completeness

Definition Language A is polynomial-time (mapping) reducible to-

B (written A =pB) if there is a polynomialtime computable
function f :* -&* such that WeSE)f(u)eB

f
· #

A B
⑧ E

Do

Definition
⑧ A language B = [0

,
13
*

is NP-hard if for every ACNP there

is a polynomial time reduction from
A to B (AEpB)

· Be40
,
13
*
is NP-complete if : (i) B is in NP and

(ii) B is NP-hard



· We will prove Look-Levin Theorem Next week.

· We currently cannot show PAND
,

and therefore we

don't know if 3-SAT is in P or Not.

· Best evidence that
a problem in NP is computationally

infeasible (Not in P) is by showing it is NP-complete.

· Next : Prove other Languages are NP-complete via reductions·-

(Analogous to : Proving otherLanguages
Not decidable

S

once we have one undecidable language)


