
Lecture 18

· HW4 due Thurs at lam (only one late HW allowed!)

·See exercise solutions (posted !(



#4

For proofs of decidable/recognizable/undecidable :

Explam :

(1) If input 24 then accept

(2) If imput-L than doesn't accept

We need to see bath explanations



w4

Last class : we defined Tying reductions (Chap 6
.5)

⑪ A
+ m

=
+
B

Book first defines a more restricted type of reduction
called a maping reduction (section 5

. 3)
We will skip this (since turing reductions more general)



Sectionsto read in Book

can skip :
-

Chap 5 "Reductions vice computation Histores" pp . 220 - 226

chap s Undecidability & Posts corresp.
Problem pp 221-23

lead :

chap .

4 : Sespecially 4.

2)

215 - 228

Chop 5: S . 1
, pP

· 5
.
3 Mapping Reducibility (Useful but optional)

Chapter 6: 6 .
3 Turing Reducibility



Today Chapter 4.
2 + 5. 1

goal : Prove Theorem from Lecture 17

Theem Any is not decidable

Minidea There are way more languages than TMs

Aim
= [SM , w) / M is a TM that

accepts input was



countable vs Uncountable Sets

* T

Set of TMs are countable
Set of all languages
L 30

, 134 uncountable

Den A set S is countable if there exists an

inective map - from S to IN

come-to-one)
*yective : f(x) = f(y) =- X =

y

If Never maps2 different domain elements to same thing)
↑

Domain

Not
M -Many

e

injective
injective O



countable vs Uncountable Sets

* T

Set of TMs are countable
Set of all languages
L 30

, 134 uncountable

(1) All finite sets are countable

(2) E = E ..
2, 1

,
0

,
1
, 3 3-- 3 is countable

f(x) =
2x If X 30

-2x -1 1fx < 0

(3) Nx N is countable

↳10,0)
,
191)

,
(1,

8)
, <92), (

, 1) ,
2

,0) - - -

I i
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countable vs Uncountable Sets

* T

Set of TMs are countable
Set of all languages
L 30

, 134 uncountable

(4) The set of all ths nen E-Eg1 is countable

We saw how to represent any M by a unique
string <M) = 90

, 13
*

'We can order all M in Lexicographic order

<M
,
>

,
(M2]

, (b). . . . -

I ...

↑
so the set of all recognizable languages our Rais is

countable.



countable vs Uncountable Sets

Uncountable Sets :

-proved by
(1) M (the set of real numbers) Cantor

, by diagonalization

(2) The set& all Languages 150, 13 1834

↑ we'll prae this by diagonalization

Gen real #'s in So
, 1)

o.... -



Languagesare not re . (recognizable) !

Proof Elea Let 2 = 30
, 13

-

· Every TM over E = 10
, 13 is encoded by a unique string <M>

*

· Thus every Turing recognizable Language
over 30

, 13 can be described/encoded

by a string [M]e &* (the M that accepts 4)

· Thus the set of l Turing recognizable Languages
is countable

· But on the other hand the
set of all languages over 90

,
13 is

uncountable
-

· Thus most Languages
= are wood recognizable



Theorem There exists on Language L = 10
, 13

*

that is Not re
. (recognizable)

I (diagonalization)
Fix an enumeration of all TMs over 30

, 13 using our encoding of TMs

M
,,
M2

,
My
,

- -

order lexicographically by their encodings
(0 <M

,) < <Mr] < ... (

We called

Define D = & <M> / <M3 encodes +M M
,
and M on input <M) /the

- does not accept <M73 Diagonal
Language

SM) <MTED Iff M does

not accept w = (M)



<M
, ) <M2) <M3> <My]. -

M
, 0 1000 -

M2 I

Ms 01

8

·My 0 l

Ms
&

entry MisMRD: MDM)
Whales and accepts

⑧ If M (MD)does not accept



Define D = & <M> / <M3 encodes +M M
,
and M on input <M)

does not halt and accept 3

<12) <M3] <My].

M
, ⑧1000--
-

-10..

· 08-01111
~10 15. . (M XD

Ms 00 107%
(Ms)D

&

⑧

D is the "opposite of what is on diagonal
that is : D(M :)) = 0 if M<Mi) halts and acceptsE1 otherwise

D : 110 0 I
----

-

-



Real It's in 60
,
17 not countable (in book

......O

XI · 000 .. ---

I 7

Y
O

-

%
05 eve -

--

↑
alleged ut : 116313 ...enumeration

ofalldeals in 10
, 17



Theorem There exists on Language 10 , 13
*

that is Not re
. (recognizable

I (diagonalization)
Fix an enumeration of all TM over 30

, 13 using our encoding of TMs

M
,,
M2

,
My
, - -

order lexicographically by their encodings (0 <M
,) < <Mr] < ... (

called

Define D = & <M> / <M3 encodes +M M
,

and M on input <M) <the
does not halt and accept 3 Diagonal

Language
Claim D is not re

. (recognizable)
Pf By construction ,

for all TMs M:
over E,

2(M: ) * D since <MiJED if and only if <Mid * ](Mi)



Define D = & <M> / <M3 encodes +M M
,
and M on input <M)

does not halt and accept 3

<M
, > <M2) <M3> <My].
-

1 000. --

=>
0 1 1 077

(MsLeD
&

⑧

Claim D is not re
. (recognizable)

Pf By construction ,

for all TMs M
:

over E,

2(M: ) * D since <MiJCD if and only if <MibE](Mi)



↑

DefineJ = & <M> / <M) encodes +M M
,
and M on input <M) accepts]

<M
, > <M2) <M3> <My].

M
, 01000-

I

-se
Ms 0011 0 /Ms * 5

8

I is what is on the diagonal
-

That is 5$M:) =

(
if Mi (M) accepts

O otherwise



Claim
-

I is recognizable

P : TM for I on input <My

·Check to see if input is legal encoding of a TM

if not , reject

· otherwise run M on <M) :

It simulation halts and accepts -> halt o accept



Muwe have shown :

I is recognizable

D is not recognizable

&tion : Is I decidable ?

By closure properly ,
I not decidable

-

↑

Conclusion :

D Not recognizable (so also not decidable)

S5 is recognizable ,

but not decidable



Backto Arm : (we want to show Arm not decidable)

Lama =+ ATM

4: Assume N be a decided for Aym
Then we build a deider N for I :

N : on Input <M) :

Run Non ( <M3
,

<M3)
If N accepts -> accept (M)
Otherwise If N rejects -> Wall a reject <M)

⑤



Thm Aym is not deudable

& Assume for sake of contradiction

Arm is decidable
,

and let in be a

deciden for ApM
.

Then using N ,
we can construct o PseudocodeforNI

Y
decide

,
N' for I - NEthis shows -So If Arm is decidable

then so is J,

But i not decidable ! Contendiction



Thorgem Arm Not decidable

Proof :
-

By Lemma if Are decidable
then T decidable

But INot decidable .

: Arm Not decidable

#[CM) /M on input (M) does not accepts
is not recognisable (by "diagonalization")

2.
I is recognizable
I Not decidable (by closure property)

3
. Arm not decidable (by reduction i =

+
A

+u)



Summary

↓ Diagonal Language
① D = [ML/M(M3) does not accept is not recognizable

Proof by diagonalization

② 5 = 5[M)/M(M)) halts and accepts?

is recognizable but not decidable

③ Am = 3 <M
,
w) / Maccepts w3

is recognizable but not decidable


