
Lecture 17

HW4 is out : due Nov 13

come to outs for help !
Look at Chapters 4t5 for more examples + TODAY

TIP : Do exercisesa lots of practice
1 C

proofs are always the
same

It just takes time/intuition building

Last week : TMs
, decidable/recognizable languages

Atm : [ <M,x) / Maccepts x] <- recognizable



-

CLOSURE PROPERTIES

① L decidable => L recognizable

② closure of didable languages under 1 , 0 . 2 :

↳
,
he decidable => 40h , 4142 ,

74, decidable

③ closure of recognizable Languages under 1 ,U * Recognizable
languages

↳ , he => 40%, 414 are
Not closed

recognizable recognizable under

complement
# L

,

I are recognizable =>> L is decidable

We'll sketch proof of $ ; rest are left as exercises



CLOSURE PROPERTIES

④ L
,

I recognizable => L is decidable

<Dovetailing)
↑o Skech. TM st((M) = 1 and let M2bea +Ms ((M) =E

NumMon imptx -
M
,
6 M2 mayNot

always halt .
For i = 1

,
2
,
3, We want to design

Run M ,
on x for i steps M that always halts

I -

- *if M accepts X , halt
a accept und such that I(M)= L

Run M2 m x for i steps

If M2 accepts X , halt and reject
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halts~all
T Mz halts

M
,
accepts

- accepts all
of these sneip

of these shin



CLOSURE PROPERTIES

⑨ L
,

I recognizable => L is decidable

4skeh:Dortailing) = 1 and let M2 bea +Ms ((m) =5

New TM M on x : -
M
,
6 M2 mayNot

~= +
,
2
,
3, ... always halt .

We want to design
Run M on x for i steps M that always halts&

Run M
2
m X for i steps
*i if M, accepts X , halt

a accept
und such that I(M)= L

t X
,
halt and rejectif M2 accep

Claim : M always hults and I(M) =1 :
-

Xx exactly one of M ,
(x) and M2(x) hults and accepts .

· OX there is some time step : St . either (i)M ,
(x) halts and accepts

or (ii) M2(x) halts and accepts
# (i) then XeL and MX) halfs a accepts /line 3)
# (ii) then*L and M(x) halts a rejects [line 5)



Ext: Proving some languages No recognizable/Not decidable

Recall from Last week :

Arm
= &(M,
x)/M is a +M and Maccepts x]

We saw that Apm is recognizable
-

Theorem Au is not decidable => Proof Next Week

Corollary : Ay is Not recognizable

Proof By closure property : Swil,-

A m Au recognizable Atm decidable



Small Note :

Technicallynna
Apu also contains all strings w

such that w isn't a legal encoding
of a pair(MW)

We'll assume Am = My Since

A decidable if My decidable
TM



Example: Am= [M,x) / input is a legal
encoding of a Tr

M

and input x
and M accepts x3

Fim"(W) either D w is not a legal
encoding of a pair M,X

or ② M doesn't accept x3

we wantfo View

Fin = ( <M, x7 / M doesn't accept x]



Showing Languages Not decidable by
Turing Reductions

Defn Language A is Turing-reducible to Language 13

Written A
,
B if a decider for B

implies a decided for A.

* If A =
,
B and i is decidable =>> A decidable

* It AB and A is undecidable => B undecidable
T



Example HALT = 3 <M, x) / M is a TM and M haltson input v )
&mmas! HALT is recognisable (exercise (

Lemma2 HALT is Not decidable->
Pf by contradiction .

Assume HALT is

: Let's show Am * HALT: decidable
,r let

-

N be a decider

Assume there is a decder
,
N for HALT forit.Ther we

Build a decide D for Ap using N
will geta contradiction

D : Con input <M , w] : Tec-

Run N on <M
,
w] from

# N rejects -> half a reject AHA# Naccepts :
Run Mon w (Now he know M haIts on w) S# M accepts-> hall accept
# M rejects -> halt + reject



: Let's show Am * HALT:
-

Assume there is a decider
,
N for HALT

Build a decide D for Ap using N

on input <M
,
w] :

D : I

↑Run Non <M
,
w]

&

2 # N rejects -> half a reject
3 # Naccepts :

Run Mon w (Now we know M halts on w)
Y # M accepts-> hall accept
C # M rejects -> halt + reject

Correctness :

1. If M accepts w => N accepts (M, W) ,
so when we run Mon w it accepts , so Daccepts (live 5)

↑

2. If M halfs r rejects WEN accepts (W)
,
so when we run Man w it accepts

so D houtsr rejects (line 6)
3. If M

never halts EN rejects, so D halts + rejects (line 2)



Example Ein= [ (M) /M is a TM and 2(M) = $3

E = ((M)/Mca +M und [(m) *03
TM

① Eig is recognizable (proof uses dovetailing (

~



Ein= [ (M) /M is a TM and 2(M) = $3

② Eym's not
decidable

.

Show Atm + Fir

(then since Ape Not decidableE for Not decidable)

Let N be a decided for Em ·

We build a decide D for Am :

D : on input <M,X) :

Let M' be a TM that on input w , M

inores its input and simulates M on X.

I then M halts and accepts-> M haltsmX

Run N on <M'S

If N rejects <M's -> halt and accept
Otherwise - halt and reject

* M' depends on M, X



Ein= [ (M) /M is a TM and 2(M) = $3

② E Not decidable · We'll show Am ***M
Let N be a decider for Eim

D : on input <M,X) : accepts all stringsM

Let M' be a TM that on input w , M 3 if M accepts x
inores its input and simulates M on X. M' acceptsNo strings* M accepts x then M halts and accepts If M does not acceptX

Run N on <M'S

& 32') wonempty
if

If N rejects<M's -> halt and accept Maccepts X
otherwise - halt and reject

# Maccepts X : Th 2(m) = all strip so <M] * Em so N rejects <My
E M doesn't accept :t =P so (M) fr so N accepts (M)



->xymple E : 3 <M)/MraTM und 2 (M) **3

① Eig is recognizable (proof uses dovetailing (

Recognizer for Em : On input 2)

For i = 1
,
2
,
3, ...

~

for i stepsunmon
all strings w withinis

Accept of M accepts any of
these strings

O



Alternative :

zet wows M ... beanenumerata
201000

For i = 0, 1,. --

Run M on inputs wo ... My
for i steps&any
halt accept - Hot ate

O



So far we showed

① Em not decidable

② Ey is recognizable

③ Ein decidable ? -> No since decidable

Languages closed under
negation

⑨ Eye recognizable ? -> No
.
Since

↳, I are both recog
-> L is

decidable

#recognizably no decienceGym : Not decidable, not recognizable.


