
* Class Next week !
-

Manditory to come to class for

presentations.
Ask questions a be an active participant.

* Homework will be posted by Next week.



Today:plications of CC Lower Bounds

We'll use the following <CLBs :

(1) Bpp (DIS5n) =-(n)

also same LB for UDISJn (unique DISJOINTNESS)

(2) There is a constant sized gadgeta sit for every Deterministic

Ni search problem [Sn3
,
p (Sog") = 1 (n)

-

Lifting
Thm

(3) There is a gadget o : 10
, 130llogn) - 30;1301seS0

, 1) S
.

t

. Randomised
VESn3

,
BPp (Snog") =(n) Lifting

Tum



#APPLICATIONS
·Property testing
· game theory
· Streaming ↓B by reduction

e.g .

· TIME/SPACE Turing Machine LBs ] 1 Diss- > Streaming)

· Proof complexity
· circuit complexity ↓

LB via Lifting

· Extension Complexity
· clique/coclique, graphTheory ,

Learning Partial Functions
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STREAMING LOWER BOUNDS

Se (njm is a length m stream

computing frequency moments of S:
Let M = 14j (m) IS; = 13 /

The KI frequency moment of S , F = M

Eo = # distinct elements in stream

F
= length of stream

Fo
= occurrences of most frequent item



STREAMING LOWER BOUNDS

Se (njm is a length m stream

computing frequency moments of S:

Let M = 14j (m) IS; = 13 /

The KI frequency moment of S
, F = M

Eo = # distinct elements in stream

F
= length of stream

Fo
= occurrences of most frequent item

We'll see : to
,
In have low space approx- algs

,

whereas Fy requires large space



STREAMING LOWER BOUNDS

Se (njm is a length m stream
2/10 (14 /1 (1(3/3/10/7/5) ....

computing frequency moments of S:
Let M = 14j (m) IS; = 13 /

The KI frequency moment of S , F = M

Eo = # distinct elements in stream

F
= length of stream

Fo
= occurrences of most frequent item

Theorem computingFo requires (min &m, n3) space

stronger : any randomized aly for Fy to within (11 . 2) factor wp=
requires space(min >m

,
n3)



age computing to requires & (n) spacesmemory (m= n)

PE Reduction from DISS -> low-space streaming alg for to
Let A be spaceC streaming alg

Alice : x -> Stream a= 2 = (i = 13 011011 - 2
,

3
,

5
,
6

Bob : y
-> Streamb = Sily, = 13 100100 - 1

,
4

Fact DISS(x
, y)= 1 => Fy(axby)=-

DISJ(x
,y) =0 = Fo(ax bx) = 1



Terre computing to requires & (n) spacesmemory

PE Reduction from DISS -> low-space streaming alg for to
Let A be spaceC streaming alg

Alice : x -> Stream a= 2 = (i = 13 011011 - 2
,

3
,

5
,

6

Bob : y
-> Stream b = [ily, = 13 100100 -> 1

,
4

Fact DISS(x
, y)= 1 => Fy(axby)=-

DISJ(x
,y) =0 = Fo(ax bx) = 1 &

Simulation Alice simulates A on ax a sends content of memory-

(2 bibs) to Bob; then Bob simulates rest of
computation on by ,

and outputs "1" (Not disjoint) if Folaxby1=

ic cost = 0(C)
.

By 1(n) LB for UDIS
,
( = R(n)



MORE STREAMING LOWER BOUNDS

Previous Li actually showed something stronger :

them Any randognised streaming olg that for any stream

S of length m computes Fo to within (11 .2) factor

(with prob > =) requires space -h (min Em,
n3).

The For KE1 every randomized streaming olg for computing
Tis exactly requires space

-f (min &m
, ns)

q
In our reduction Fo is 1 vs 2

So a factor of 2 difference-

For K * 1 the correct
value wil still be different in the cases



MORE STREAMING LOWER BOUNDS

In contrast
,

we have very low space approx. algs
for F and Er

Th To
.
In can be appoxid tothin (19)

factor with prd= (1-5) using

space O)(logu + logm) log )

->
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TM TIME/SPACE LOWER BOUNDS

Multitape TMs : Read only input tape · 11 101 , /1 101 I
↑

Plus OG) Read/write topes 111 1 1,
Let f : 30

,
13" + 30, 13 -> 30

, 13
1 I 1 I 1

#

11111 11

We say
that M recognizes/computes + if 4.

V(x
,y) = 30

, 132 f(x
,y) =1 = M(xory) = 1

f(x
,y)= 0 =M(xoy) = 0

Theorem Let M compute f.
-

Then ↑" (f)50(Mn) · Space (M,2)
ic. if p"(t) = R(n) then any M computing +

requires Time·Space-12 (n2)



Proof
&

Let M be a TM that computes f .

in Time T(n)
, Space S(n)

Then we will construct a protocol forf of cost <Thn) · S(n)
-Alice has X

,

Bob Y. ↑

Alice simulates M on you until 11111

input head mous to green part /

o
Them Alie sends entire content f ↑

↑Rew tape and head
locations to Bob -

Bob continues simulation with y on green part
until input head moves to pink g 1

↑
11111117

: L 11 IIIII



comm . complexity :

#of Rounds = I (since they have to spend
m steps going thre middle zone)

cost per round 0(S(n)

: (f) = Ou)

Note or in middle is kind

ocreatingaIf we instead gave input
the cost of protocol would be O(#of Reversals * S(u)
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Proofcomplexity LBs

Cutting Planes Proof System :

· Lines are Linean inequalities

·
start with unsat 3CNF ( = <v - - 1Cm

Convert each clause into equir linear inequality :

4 X
, vx v = 2() = X

,
+ (1 -Xz) + Xy3)

Axioms : &(C) V initial clauses ?-

plus : [X
:

30
,
184: ) Fift, .., n

· Rules : 01
,

30 10 = altbl0
,
abso

② aX ,
+ anX2 +.. + Ant = K =X

,
+.. + Xn >P

9
: divisible by 2 Vi



Proof

Let C = < 1 . .
- In be unsat CNE de X-s M

#
A CP refutation of C : a Dog where each

- sources are labelled with an axion (ICC) for some y (J &

I or Xi30 or Xi < /

·
all other vertices Labelled with an inequality

that is deriable from parents by one of the

2 rules

· Last Line (sins) is 031

Size (T) = # of lines in T

depth (5) : depth o dag Clength & longest path in it



Meorem Depth LB for CPs)

There exists a family of UNSAT KCNFS (K-10)

ECn3
,

where in hasn variables
,
o(n) clauses

such that any CPs refutation of On requires
-

depthth (Yogn)

* Above theorem can be strengthened using stronger

Listing theorem
to proce exponential se LBs

for <Ps refutations



Tseitin Formulas

LetIn be an undirected graph ona vertices
,
nodd,

degree K.

Variables correspond to edges in In

[seitin(9n) constraints

For every vertex v :

"Sum of edges incident for is odd"· (2) z
,20 zzzzz

= 1

(1) 7
,77, 077

= 1

!

(7) z
,70zzz57 =

Number of clauses = no 21 = 0 (n) for constant K



Tseitin Formulas

LetIn be an undirected graph ona vertices
,
nodd,

degree K.

Variables correspond to edges in In

[seitin(9n) constraints

For every vertex v :

"Sum of edges incident for is odd"· (1) z, ZP7 = 1

(2) z
,207972 = t

· !

(7) z
,70 zzyzg7 =

· Testin (gn) virsat .
(for modd)

·

SearchCseinse
: given assignment a to varasas

output a clause falsified by I



Tseitin Formulas

LetIn be an undirected graph on n vertices
,

nodd
,
degree 1.

D : In is (a
,
b) - expanding if UVEV ,

Ive an

IN(ul1 = b : 1v'l ·
Lemma : Let K =20 there exists In (degreek) such that In
-

is 25 ,
1) - expanding

Lemma Assume In is (
,

1) expanding , degree k.

Then any decision tree forSearch (u) has depth(a).



Tseitin Formulas

LetIn be an undirected graph on n vertices
,

nodd
,
degree 1.

Lemma Assume In is (
,

1) expanding , degree k.

Then any decision tree forSearch (u) has depth(a).
2

2

#ofsketce dec
.

tree for Search (gu) · 0
= & ·

Starting at root ,
for every variable X

, quered
: /9

If Z
i)
breaks largest connected component of /p

Y

larger piece + update P.

set =. to Oll to force contradiction in

·Otherwise setj
to a consistent value, y

a update p

:



Tseitin Formulas 2

2
Lemma Assume In is (

,

1) expanding , degree k. wThen any decision tree forSearch (i) has depth(a).
Z

#ofsketce dec
.

tree for Search (gu) · 0
= &

·/9
① Z

Starting at root
,
for every variable X

, quered
:

·
If z breaks largest connected component of /

P C

Y

set =. to Oll to force contradiction in
Y

larger piece + update P.

Otherwise set Z
,

to a consistent value·

↑
stop when the largest connected component , go in Mp
·a update P

size *
.

Then T => (c)= A

(since all other components are satisfiable
,
this must happen)

-

All edges in NCC*) must have been queried
and by expansion ,

INC*1- 1
*

1 = %.

: at least - :(n) edges quered on blue path . 8

i



Tseitin Formulas

LetIn be an undirected graph on n vertices
,

nodd
,
degree 1.

D : In is (a
,
b) - expanding if UVEV ,

Ive an

IN(ul1 = b : 1v'l ·
stronger
Lemma Assume In is (

,

1) expanding , degree k.

Then any decision tree forSearch (u) has depth(a).

Mrandomised



&PP Lifting Theorem [gois-P-Watson] ( . . .
. ]

For any search problem Sp (N underlying vars

There is a gadget g
: (0

, 13010gn) x So
,

, zociogn) -> 30
,
13

such that :

Randomized (C(SpogN) = ↓/ RandomisedDT (Sul)

miningBPP Lifting thm with stronger Lemma we have :

Lemma (CC - Lowerband)

Randomized (C (Search(G) og() =(n)



Lemma2 (CP refutation
=> protocol)

Let it be a CP refutation of C
,
of depthed

Then for any partition of
variables of 6 int2

geps ,
- and 4

randomized
↳ a comm protocol for Search (c) where

Alice gets ,
Bob gets in

of cost O (dologi



2 (CP refutation protocol)Lemma
--

Let it be a CP refutation of C
,

of depth d ,
over vanables,

randomized
Then I a comm protocol forSearch (c) where Alice gets & Bob gets of

of cost O (do login

#sketch : given assignment &
= do d

,
Alice/Bob start at roof

& prof and evaluate
each line to find a path from not to

leat st-all lines on path evaluate to false on d.

· 07/ to evaluate each line

/ requires cost o (login)
/ by randomised protocol

for evaluating ab

- + GX,
+

-
-

+GXn + d
,y ,

+ ...+ dnYn = 0
--

Alice : evaluate on Bob : evaluate

do to get a on h
,

to get ob



theorem there exists a family of UNSAT KCNFS (K-10)

ECn3
,

whereG hasn variables
,
on) clauses

such that any CPs refutation of On requires
-

depth th (Yogin) .

In odd ,
En expanding]

⑪ Let =ingeach variable zi replaced by g(y ,)

Assume It is a depthghn 2p refutation of C

By Lemma2(CP refutation
=

> protocol)
,
this implies a

randomized protocol for Search (Gogin) of cost Mogin.
This contradicts Lemma 1 (CC-lowerbond)

*


