
·Schedule of presentation dates is posted
(see course webpage)

· No class Next week (spring break)



Last Time
-

1 .
Finish Connections between NOFC

and additive combinatories

2. Introduction to Lifting , Zhang Lifting (for Bookan ExNs

only)

Today

Lifting via degree
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Quick Primer on Query Complexity of Boolean Functions

(1) Dat (f) : dec .
the complexity off

(2) Rat (f)
: randomized des. the comple off

(3) Block sensitivity (f, 4) : max B St
.

There all B disjoint blocks,,.,JF(n]

36 .
VI
;
+(d) * +(i)

(4) Polynomial depen deg(f) : defee of the unique multilinea polynomial
our R that represents +

(5) Approx depe deg' (f) : "dee of php st .

VS10
,
1)

"

f(x) = p(d) + E

Theorem [Nisan
, Szegedy]

All of the abou measures are polynomially related-
ie

. R
&<(f) = deg(f)

*")
, deg(f ) = (+ (f))0x)



Lifting Degree to Rank

Papers : O Sherstor : Pattern Matrix Method :

degree + rk LBs for Boolean functions (Not search problems)
ou R

methods : analytic (so restructed to Reals

② Robert Robere PhD thesis

degree + rk
Pitassi- Robert 18 "Lifting Nullstellensat to Monotone

for arb
.

span programs on any
field "

search

problems,

③ Followup paper : de Rezende
,
Meir

,
Nordstrom

,

P
,

Robere
, Vinyals and

S

Lifting with Simple gadgets w Apple's to Circuit
&

any Field

andProof complexity
"

-will mostly follo
presentation from
this paper



Lifting Degree to Rank

#Level Jessiest for Now to think of f as a Bookan function from 50
,

132 to IR)

deg(f)
= the degree of the unique multilinea polynomial pla - In)

st . VCe(0
,
13 " p(x) = f(d)

For search problems S = 30
, 13" x O

,
deg(s) = min degree wen all f

that compute s .

We want to start with a little gadget g
: X + Y + 90

. 13
,
(x1 : /Y = 04)

-

and prote : rank (fog) = rank (g) deg (f)

Since deg(f) < DM()) = (deg(f)> and <C(M) = log Mank (M) #M

This gives deteministic CCLBs on fog
from loven bounds on Dat(f)

Redecision free complexity



Let f be any Boolean function or search problem
,
and

MinTheorem Let petz ..An] be multiline poly for f.

Let g
: XXY -> # be any gadget

of rankly) = 3
.
Then Lifts

2 (rank(g) -3) rank (pog") = E rank(g)'s degree of

Sips; to Sip(s) +0 p to ruyk
↑ of pog"

Nodes gadget size is constant !
Works for any

total search Problem (Not just
Boolean functions)



Let
p be

any multilinear polynomial , 9-1100 gixxyoaMatrix for pog" : I
1000

I
·

V : X
, X2 ..XneX"

, Vyzey" :

M
pogr

(X
.... Xm

,
Y .

-· Yn) = P(g(X ,
Y

.
)
, g(XeYe) , ... g(xnYn))



Konecker Product A * B of 2 matrices
-

13 : tXv :

A : rxs OB :

/]]
A + 16997

100 1 I

Fact
AoB = (i)(0](0) Rank(AxD) = Rank(A) · Rank (13)

(0)(0,
10) (0 (i)



Let f = z
,

1 .. 1zn Then matie for for is get
so Pf

: Zi ... En

oo o1 10 11

Let g = 00, o E ⑧

[ 1% 10 P(x , y2Yyz) = g(x , y
,
) : g(xzye)

1000 1

Xi
,
Y: < (01)2

Y = 00

=
00

:0 j j[
-

n=2 : *01 : 100 O
< g-patterned

matix
"

4%
10

o[ for f

4
: 11 0 0 o [ rank in = 42 = ~k(g)deg ( +)



Let f = z
,

1 .. 1zn
10 O

so Pf
: Zi ... En

Let 9 =

1000100 0 I

Matrix for fog" for n = 3 : &

G 8 G

j

O

n = 3 :·
rank = 43 = rk(g)deg(f)

j

G

j

G 8 z

Inflation For more general multiva - polys we could get cancellations
But if we choose a "good" of that keeps row space/column space
distinct we'll get above behavior

~



# n. A gadget g : XxY -> # is good if VA,
B of same size

rank(, Y
Q A + gQB) = rank (A) + rank (g) · rank (B)

all ? 's matrx

Lemma g : XXYE is go if the all Is vector is not in

row(g)org)
-

now space4g column space of 9



# n. A gadget g : XxY -> # is good if VA
,

B of same size

rank(*x
, Y

Q A + gQB) = rank (A) + rank (g) · rank (B)
-

all I's matrx
-

Lemmal g : XXYE is go if the all Is vector is not in

(g) orlymn spacednow space 19

↑o of Lemma1 (sketch] rank

additive if
Theorem (characterization of When rank is additive

,

Ms' 72)
*S the corresponding

&

-

Let Al" be 2 matrices of same size
,
Our IF

.

Then Lineas gerators

rank(1xs) = rank (1) + rank (13) iff act on disjoint

row (A) n row (B) = col() +col(B) = 303
parts of restor space

Using above theorem
,

we can proe the following claim ?

1) VAB Wank(B)
= ranktank() + rank(g) ran) f

(2) rank (f + g) = ran(t) +rank (g)



&in TheoremLet pbeanymuilinearpolynom
. .

Lifts

2 (rank(g) -3) rank (pog") = E rank(g)'s degree of

Sips; to Sip(s) +0 p to ruyk
↑ of pog"

#roofidea: By induction on n
, using the following lemmer

Emma2 Let g
: XXY => #F

,

where rank(g) 33
.

Then for every A
,
1 of the same size :

rank (#
xxy

* A + g@B) = rank(1) + Crank(g) - 3) rank (B)



&in TheoremLet pbeanymuilinearpolynom
. .

2 (rank(g) 3) rank (pog") = E rank(g)'s
Sips; to Sip(s) +0

Lemma Let g
: XXY => #F

,

where rank(g) 33
.

-

Then for every A
,
1 of the same size :

rank (*xxy * A + gQB) = rank(1) + Crank(g) - 3) runk (B)

main theorem

By induction on n
, using the

above lemmer
Iotidea +zw (recall p is multiline) . Then

rank (pog") = rank (10(qogn) + gQ(rogh))
= rank (q0g") + Crank (g) -3) rank (rog") By Lemma 2

ITI

- & (rank(g) -3) + (wank(y) -3) z(rank(y) - 3) Byt
S:(s) + T:(T) +0

= E Crankly) -3)' + Yank(y) -3) 2 Crank(y)3)")
S : p(s) +o

T :p(T)S
zpS T

= & Crank(g) - 3)"
#

S: p(s) + 0



Lemma2Let g
: XXY EFF ,

where rank(g) =3.
-

Then for every A
,
1 of the same size :

rank (*xxy * A + gQB) = rank(1) + Crank(g) - 3) runk (B)

If Assume IX1 = 1) (general case very similar
Y u u g: zero out all but

column u
,

row v

X I

V

o'O
↓ o

9
: zero out column u

00
V00do androw v

9 91 92 Noe : G2 is good

rank(1QA + g0B) = rank (10A + g ,

0B + g20B) adding R can

= rank (10A + g@B) - rank (g ,
@B) <
/decrease ris by

at most rank (R)

= rank (10A + g@B) - rank(g) rank (B) < Rank of Kraken product
is multiplicative

-> rank (A) + rank(g_) rank(B) - 2 rank (B) <- Since j, is good

= rank (A) + rank(g-3) runk (B) rank(g
_
) = rank(g) -1



How do we get degree Liss for search problems ?

From prof complexity !

Recall on main search problems of interest are "TFNP" search

problems.

Example : ( =C ~--1m
urisat KCNF our z .. En

Search,:
on input Le 50 , 13" output some je(m) st[() = o

Search (Cog") : Replace each
cause (S, in . in)

by((g(Xi , Yi) , 9 (Xiztiz) -· g(XinYir)

↑ to get a New CNF our rays 5,

c problem Alive gets *, Baby
- N

output some c
,
that is falsiped by 27



Let C = < 1 - - ~Cm Unsat KCNF de z .. In

Convert each clause C to pil equ :

Example : ( = (z
,- -7) = P:= ( - z

,)zz(t z)) = 0

plus we add n extra equations (2-3) = 0 to forse only 0/1 solis

A Nullystellensate relation of a Cove a Field IF) :

[p: (2) g(z) = 1

theem.For any
unsat KCNFC

,
the min degree of

Search (C) ish(Nsatz-degree (C)



oplicationsof this result

1
.

TrulyExponential LBs for :
Monotone formula size LBS

↑

Monotone Branching Program
Monotone Span Programs

2
.

Secret sharing schemes (truly exponential on all fields)



SECRETSHARING SCHEMES #
share secretS

with select groups

Ph
a ⑭* ↑&C I



SECRET
-

·

SHARING SCHEMES

am S*

-mi-* M2
a
Ph M3 My Ms

So·C



SECRETSHARING SCHEMES #
r

o&SCi I



SECRETSHARING SCHEMES

r
a&C I



SECRETSHARING SCHEMES

Introduced by Shamir in 1979

GENESTONparties,and subsetsot
the messages be ?

Trivial : 20(n) bits



SECRETSHARING SCHEMES

Introduced by Shamir in 1979

GENESTONparties,and subsetsot
the messages be ?

knownL

Nearly all schemes are LINEAR.
How long

must messages be
for LINEAR schemes ?



SECRETSHARING SCHEMES

Introduced by Shamir in 1979

GENESTONparties,and subsetsot
the messages be ?

Nearly all schemes are LINEAR.
How long

must messages be
for LINEAR schemes ?

A long line of work led
to MMSlogn) LOWER

BOUNDS (gal'01]

Progress stalled...



SECRETSHARING SCHEMES

THEOREM (P
,
Robere8]

On there is a collection of allowed groups
such that any linear ss

for these groups
&(n)

requires 2 message length.

COROLLARES
R(n)

LOWER BOUNDS FOR
2
· MONOTONE SPAN PROGRAMS
· MONOTONE BRANCHINg PROGRAMS
· MONOTONE FORMULAS



IMONOTONE)SPAN PROGRAMS (karchmer-Wigderson]

F
accept input diff I in span (M(c)



MONOTONE)SPAN PROGRAMS

*
Example 2 = 10001-i

is accepted !



LINEAR SECRET SHARING LOWER BOUNDS

↳

S

⑫ORHMSEsCommunicatione ts
Algebraic Nullstellensatz

# Filing Proofs

↑
CC-like

Linear monotonea Measure

SSS similar to

rank

for search problems



BROK

THING
sT

G

·



·



#
-
A

,

+ Az+ Ay + Ay + Ag = 1

complexity of Tiling - rank(A)



# LINEAR SECRET SHARING LOWER BOUNDS

↳

⑫ORHMSEsCommunicatione ts
Nullstellensatz

# Proofs

Linear

SSS monotonea Algebraic
↑

Tiling



-

NullstellensatzProofs

Let P = &P,
: 0

,
P2 = 0

,
--

, Pm
= o be an unsat system

of poly equations over IF

A Nullstellensatz Refutation of P is Q = 591 . ... Gm3
such that:=

NS(P) = min degree of
Nullstellensatz refutation



-

NullstellensatzProofs

Let P = &P,
: 0

,
P2 = 0

,
--

, Pm
= o be an unsat system

of poly equations over IF

A Nullstellensatz Refutation of P is Q = 591 . ... Gm3
such that=

NS(P) = min degree of
Nullstellensatz refutation

Lemma NSP) min degree of polynomial-

that solves search problem for P



#FTINGTHEOREM (degree/ algebraic tiling)

Theorem4 (Robere, PJ

NS(f)
2 = monotone-span (fog")

P
constant-sized

gadget

Ns(e) = algebraictiling (logy
= monotone-span)Fe)


