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Nof Protocols cylinder ?
= 3 :

in 3r cord

Den . LetX. = XyxXX .. XX
, (input space) ↓

that doesn't depend on it coordinatem
3(4)Proposition If Ci ,d are cylinders

x

-
x

In it coord
,
then so is <1?

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

then it induces a partition of X- into a" cylinder intersections alog
(pf by induction on Cs using Proposition above 3

into rectangles



NOF Communication complexity
-

What about functions that are easy for randomized NOT ?
Like Exactly N ?

Recent breakthrough LBs for deterministic NOF K = 3

(i) "Strong Bounds
for 3-progressions" (Kelley ,

Mela Focs' 23]
↑ gives ↓(n2) Li on NIH Promise EQ17= 3

(ii) "Explicit separations between randomized + detaministis NOF Comm
.

"

(Kelley ,

Lovett
,
Mela STOC'24]

I
/

(iii) Quasipiy LBs for the
corners theorem

-

Gaber
,

Lin
,
Loret

,

Ostuni, Suwhney '25]

Y
gives M(n2) deterministic

NOF LB for ExactlyN K=3



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

&Problem : What is max size In) of a subset SECN] s
.

t
.

& does not contain a 3A4 ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

coloringL
①#P Problem : What is min (IN) s

.
t

.

[N] can be partitioned
into <(N) subsets S . 7 .

No subset contains a 3AP ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

* It is known that D =O (DC(N)N)



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

②ersProblem :
What is max size(N') of SECNJ St .

S does not contain a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

coloring- min <(NP st <NJ can be partitionedWhat is
2② CornersProblem :

Into(N) subsets st
.

No subset contains a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

Again it is know that <NE = N/NY



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

-EquivalentComm . ComplexityAdditive Combinatories
Problem Problem

①coloringm ⑭ NIH Promise EQ
,

K = 3

Player 1 : X Promise:·--2 Player 2 : Y S X
, Y,

zI X

-

Player 3 : Z
is a 3AP

Decide if X = y
= E=>

ama + + + ..

⑫ NOF ExactlyN k= 3

Player 1 : Y,
z

(X,, X
+ y)

it Player 2 : *, Z

Player3 : X
, Y

&



Stateof the AAP-Fresets

Behrend :
- a 3AP free subset of (N) of size Nexp (2 . 25To

T946
it v(N) = N/exp(2.

25 rogi)

: <
>
(N) = exp (2.

25 Nogn)
· equivalently - deterministic NJH Protocol

for

Promised K = 3 of cost log((m = 0 (Nogn) = on")

#Kelley,Me
e Age exponential improvement over previous results)

r
,
(N) = xp(clogN)

·: < (N) = exp(clogN'i)
* equivalently any

det .

NJH protocol

for PromiseEQ k requires cost ↓(2)



Estateof the Art : Corner Free sets

Behrend -> a corner-free subsetf (N) of size Nexp(a mogul
T946" S

it v (N) = N/exp(ctgi) equivalently there is a deterministic

: <
>
(N) = exp(Nogn)< NOF protocol for ExactlyN ,

K =>

of cost O(uz)

Best improvement
to constant E

: C-1 .
8 Linial

,
Shrabman'2) Green' 21]

Jaber
,

Live
,

r(NY = Nexp(c .Dogn)
"2001

Lovett
,
Ostuni,

Eawhney
s

: (N2)= (n200) - equivalently any NOF

protocol for ExactlyN K= 3

has cost1(200)



L
②coldingtem & NOT ExactlyNk= 3

(X,, X
+y) Player 1 : Y,

z

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

=>:
Assume CNJ has a partition (coloring) into <(N) corner-free subsets

.

Consider the inputs : (SX , Y1
,
(x

,
y + d)

,
(x + d

,
y)3

,

d = N - Xy -z

They have same color iff d = 0 iff N = x + y + z

·

&

Protocol For ExactlyNonIX
, Y, 7) :

N - X -z

Player 3 (sees xy) : sends color (x , y) -

Player 2 (Sees X
, 2) : sends 1 iff color (x

,
y) = color (x

, y + d)

Player a (sees y
, z) : sends -Iff color (

,7) = color (d,i
·

output & If Players 23 both send 1.

complexity of protocol = log((N1 + 2



S

②m & NOF ExactlyN k= 3

(X,, X
+ y) Player 1 : Y,

z (x| = (y) = (z) = n = logN

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

= : Let it be a c-bit protocol for ExactlyN.

Using it we give a coloring of fNJ2s . t . each color class/partition
is corner-free·

color (x
, y) : = Transcript of It on (x

, Y ,
Noxy) <

#colors =2

Claim : Each color class is corner free.
-

IfNot
,

then >X
, y,

d30 st
.
(X

,
Y)

,
(X +d, y) ,

(x
,
yed) have same color

So ( , Y ,
N-xy)

,
(x + d

,
y
,

N - x -yd)
,
(X

, y + d
,

N -

x-

y
- d)

have some transcript

: (X
,
Y
,
N-x-y- d) has same transcript also By cylinder intersection

·

Y property ofT (



NOF Lower Bounds via Discrepancy [BNS]

13 :

Den . LetX. = XyxXX .. XX
, (input space)

* cylinder C
,

in it coordinate is a subset of X

that doesn't depend on it coordinate

ie . MXXi ..Y)E · XXeX: (
.Xi .-X) ,
!

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

Then it induces a partition of X- into a" cylinder intersection] leges



: IfIt is a Not protocol for f : X
,
* X2*. - xX + 10

, 13

them it induces a partition of X into 2 f-monochromatic

Cylinda intersections

Defn (Discrepancy for Cylinda Intersections same as

Let f : X + [113
,

and cylinde intersection ( : X + 90
, 13 Defi of3

↑

Discu(f, c) = 1 E [f(y
, . -X

,)((x,
..xx))) Disc (f

,
12)

-Y, )~ but now

our cylindeDisCu(t) = max Discu (f , 4) intersections

temma Dae()) = log (e) 3 Proof same

as for

↳ Bisc our

↑ Rectangles
Distrib. of Kplayer
deterministic NOF off



Theorem Let 1 - unit distribution all X.

DiM (gipa) = e()

ManLemma Disc(giP)exp) - n/y)

↑
Proof is very

similar to our "BNS"

Proof of 2player
lover bound for

IP
n

But now we apply Cauchy Swartz (Jensen's Jreg)
K-1 times . Each time we lose a factor of 24
in the LB.



Introduction to Lifting in Comm. Complexity

Some motivation :

We already saw strong randomised LBs for DISJ
,

EP.

This already gives many applications

However for many important applications this isn't enough.
We want LBs for communication problems that

are seach problems -- problems where there

can be more than one answer .

So a stronger Li is needed (against any function
-

solving the search problem



Introduction to Lifting in Comm. Complexity

Let R = z x 0

R is total if VzeZ - at least one o O st R(z
,
0 =1

Total search problemassociated with total R :

On input z output some o st R(z0) =

Two party total search problems : R = X x Y x &

searchi : On input (x, y) output some 00 st R(x
, y,
%-

· Any Boolean function f : z - 2013 is a total search
problem ,

but not all total search problems
are Bodean functions



-someApplications of 2player C) LBs

1
. Streaming Algs

* 2. game theory
5. Streaming LBs

* 4. Property testing
5. Time/Space Tradeoffs (TMs)

6. Circuit complexity
Need CC Lower

7. Extension complexi 3 Bounds for

8. Prof Complexity LBs search problems

9
. Learning Theory

* Presentation to pics



Examples : CC SEARCH PROBLEMS

2
·

ord1011 (

⑧

O

S & (0, 17" x 90
, 112 x O

Example 1 <KW Search (
f

Alice : * ef" (1) Bob : yef(0)
Output it(n] such that X:

* Y:



Examples: CC SEARCH PROBLEMS

2
·

ord1011 (

⑧

O

S & (0, 17" x 90
, 112 x O

Example 2 (CNF Search)

Fix an unsatisfiable CNFC over X
.... Xn Y..- Yn

Alice : Ne 30, 13 "Bob : ye So, 13
"

Output clause ? falsified by (x,7)



MeetinginC

Main idea is to take a function for total search

problem that is hard in "query " model-

ex - requires Large dec free complexity

Then Form a handplayer function from f

by composing+ with a "hand" 2player function



QUERY10 COMMUNICATION LIFTING

- : 50,130 F : F

* on

99 G. . . . 9

of * N *

*, Y, Ye Y2 Ys Ys In Yn



QUERY10 COMMUNICATION LIFTING

F : 50
, 13" + O
#

F - F

*
a on

999 -- 9

08 **** 88

*, Y, Ye Y2 Ys Ya In Yn

LIFTING THEOREM

communication Complexity- Query Complexityoff
of



INTUITION : MOST HARD COMMUNICATION PROBLEMS
ARE COMPOSED FUNCTIONS fogn

f : OR
=p - f : OR

← g : AND

g: = →

f. PARITY →

g. AND →



Lifting Theorems Makes Lower Bounds Easy !

Zsteprpe :

@ Prove problem specific query
Lower bound

!2! Apply Lifting theorem to

obtain
.commutationcomplexityLower bound



#APPLICATIONS

· streaming
·Property testing
· game theory
· TIME/SPACE Turing Machine LBs

· circuit complexity
· Proof complexity
· Extension Complexity
· clique/Codique, GraphTheory, Learning Partial Functions

· Secret Sharing Schemes (For Linean schemes)



( SOME ) LIFTING THEOREMS

Measure on fogn Measure on f
Raz . McKenzie Deterministic CC

qq
Decision tree

Razborov

no }
Quantum cc approx . degree

sherstov discrepancy , sign rank
, threshold degree' 07 unbded error

900 's - P Randomized ( ( ( critical )
'

14 Block Sensitivity
GLMWZ Nondeterministic K

, approx .

'

' 5 Partition Junta degree
Lee . Ragharandm semi definite Rank SOS degreeSteurer

' 15

RPRFl6Razborv RanK/Algebraicgapdegree
PR ' 17

,
PR 'Hb

'

Algebraic Tiling€ Hsatt
,

.de#
.

KMR ' 16
-

Nonnegative Rank Junta degree
Goostpifwatsm Randomized ( e

Randomized dec
. tree



GainTypes" of Lifting

CC-

(1) Reduction From UB for fog" -> C upper bound
for DISO

Leg ., Zhang
,

goP)

(2) Linear algebraic
↳ Lower bound

Reduce some measure ->

of polynomial degree Ce .g .

Sherstor
,

P-Robere]

(3) Direct
Simulation of CC protocol to extract query UB

( via measures
"
pseudorandomness, [e.g.,

Raz-McKenzie,
Former analysis ,

sunflower tomma) gors-P-Watson)



Quick Primer on Query Complexity of Boolean Functions

(1) Dat (f) : dec .
the complexity off

(2) Rat (f)
: randomized des. the comple off

(3) Block sensitivity (f, 4) : max B St
.

There all B disjoint blocks,,.,JF(n]

36 .
VI
;
+(d) * +(i)

(4) Polynomial depen deg(f) : defee of the unique multilinea polynomial
our R that represents +

(5) Approx depe deg' (f) : "dee of php st .

VS10
,
1)

"

f(x) = p(d) + E

Theorem [Nisan
, Szegedy]

All of the abou measures are polynomially related-
ie

. R
&<(f) = deg(f)

*")
, deg(f ) = (+ (f))0x)



hangingBonusoe simulationi
general Search (gros . Passi

,

"Critical Block Sensitivity")

Theor Eg:xt(St.

For any Boolean function: -a

M" (f(gh)) =(
+ (f) "3)

&

# (f(gn) : Alice. gets X
,

.. Xn

Bob gets y.. -Yn

Output : f (g(X , Y ,), g (eye) . - g (xnYn)) = 50
, 13



Block Sensitivity

bs(f
,x) & max Belo , .., n] St . Edisjant sets F, .., JB = (n)

suchthatf(x
*i) Vje(b)

* with assignment to I
, flipped

bs(f) = max Blocksensitivity (f, x)
X

Example : F = X
,VXzV .. Xy X = 00000 .. O

bs(f
, x) = n

Therm bs(t -Di ( + ) = bs ( +) Copen : Dot() * bs(f)2(



*of of Zhang's Lifting im for Boolean functions :

The prof is a reduction showing :

says a

Vf : 30
, 13" - 10

,
is with b(f) = B

Rs" (UDIST(X
...XiY-y)) = M" (fog")

-

restruction & DIS5 where we are

·DIUDISS : "Unique disjantness"
VDIST

n=B

promised either (xnyl - 0 or (xnyl-1

Theorem R(VDIT) =M(n) < proof of(n) Lis for
-

DisJn actually shows
12

L even under unique" Promise



*of of Zhang's Lifting im for Boolean functions : ↑

Let + : 10 ,
13 " -> 10

, 13
,

bs(f) = B and Let to be an input st . bs (f
,
z) = B.

Example z :

010110101,i
B = 3

---

I &

I

#eduction : Let x
,y be input to UDISS

,
X =X

, ..., Y*Y ...Ye

Alice on x computes X ,
Ix = R

We want to show

Bob on y computes y , ly on

M

3 J mapings M : x + X

Mp : Y -y
Then they run protocol It for fogh (x

, y') such that Diss (X
, 7)

= fog(x
,y')



tile"gadget : g(x ,
y) = 1 =) X + ymod4 (92, 3)

-

00 01 10 Il

00g :

·,
80 !

g is a

!
G O

- 2-bit gadget
" do o

De Let 9: Xi xy ,

+ 30
, 13 92 : xxy2 + 10

, 13

9. =92 If 5 H mappings HocTp St
.

V(x
, ]) < X

, xY, g ,
(x

, y) = g_
(TA(x)

,
T())

Propertiesour gadget has :

T(x) = x +2(x + yes, 33 iff (x + 2
, y330, 13)A1

. 19 =
9 : Tz(y) - Y

0001
. 1110

oo 0 0 ! :
0

2
.

AND =

g :
OI 0 11 1 - 01

!
00

· 0 - 00"do o A
Il 1 -> 01



-

Sample bs(f
,
a) = 3 < = 10110 ↓ f(x) = b

-

I
,

E2 Fy f((Pi) = b
X = 011

y
= 101

-WANT M(x) nex
↑

Bob : Mp (Y) -+ y ·such that :

UDiJ(x
, y) = 0 =(x,y) = C

I I
↑

I
UDISJ (x,Y) = 1

=> g(x,
y =Bi -

with X=Y, Vy Y
d

I T
ANDg ANDg ANDg

↑ ↑ ↑



example bs(f) = 3 and let 2 :

101100
be sensitive input-w

--

↓
z

↓
3

so f(c) = b
,
flafi) = J

ANT: VDIsJ(x
, y) = 0 = (x , y) = C

UDISJ (x,Y) = 1 -

with X=Y=
= g(x,

y) = (Bi·
- ↑ ↑ ↑

AND Eg AND EgAND ↑ ↑
It iB : if < = 0 X = TAND (Xi)

I

If=1x = T((X
(X ,,

Y
, ) [xzitz) (sits)

y+ Y' : same but use Tips
, it's



-

f(x) = bExample bs(f
,
c) = 2 d

=0 f(pi) = 5 40

ANT: VDIsJ(x
, y) = 0 = (x , y) = C

with X=Y,
=> g(x,

y) =Bi
UDISJ (x,Y) = 1.- &

↓ ↑ ↑
Y

or 01 d

I

= of or
I

1

I ↑It iB : if < = 0 X = TAND (Xi) 0000 of 00o0 Op
If d = 1 X, T(TAP(X) -
y+ Y' : same but use Tips

, it's
ANDg ANDg ANDg

↑ ↑ ↑
(X ,,

Y
, ) [xzitz) (sits)

O ↑ 10 I d



generalizingZhang to general Search Problems

s
· Use randomized reduction

.

-

Need an extra property of gadget (which versatile gadget satisfies)
&

· gadget'g has constant size !

· generalizes
to multiparty NTH + NOF !

s generalize block sensitively to crital block sensitivity
Limits applications

-



Nof Protocols cylinder ?
= 3 :

in 3r cord

Den . LetX. = XyxXX .. XX
, (input space) ↓

that doesn't depend on it coordinatem
3(4)Proposition If Ci ,d are cylinders

x

-
x

In it coord
,
then so is <1?

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

then it induces a partition of X- into a" cylinder intersections alog
(pf by induction on Cs using Proposition above 3

into rectangles



NOF Communication complexity
-

What about functions that are easy for randomized NOT ?
Like Exactly N ?

Recent breakthrough LBs for deterministic NOF K = 3

(i) "Strong Bounds
for 3-progressions" (Kelley ,

Mela Focs' 23]
↑ gives ↓(n2) Li on NIH Promise EQ17= 3

(ii) "Explicit separations between randomized + detaministis NOF Comm
.

"

(Kelley ,

Lovett
,
Mela STOC'24]

I
/

(iii) Quasipiy LBs for the
corners theorem

-

Gaber
,

Lin
,
Loret

,

Ostuni, Suwhney '25]

Y
gives M(n2) deterministic

NOF LB for ExactlyN K=3



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

&Problem : What is max size In) of a subset SECN] s
.

t
.

& does not contain a 3A4 ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

coloringL
①#P Problem : What is min (IN) s

.
t

.

[N] can be partitioned
into <(N) subsets S . 7 .

No subset contains a 3AP ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

* It is known that D =O (DC(N)N)



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

②ersProblem :
What is max size(N') of SECNJ St .

S does not contain a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

coloring- min <(NP st <NJ can be partitionedWhat is
2② CornersProblem :

Into(N) subsets st
.

No subset contains a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

Again it is know that <NE = N/NY



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

-EquivalentComm . ComplexityAdditive Combinatories
Problem Problem

-

I
①coloringm ⑭ NIH Promise EQ

,
K = 3

Player 1 : X Promise:·--2 Player 2 : Y S X
, Y,

z

X
is a 3AP

Player 3 : Z

Decide if X = y
= E=>

ama + + + ..

⑫ NOF ExactlyN k= 3

Player 1 : Y,
z

(X,, X
+ y)

it Player 2 : *, Z

Player3 : X
, Y

&



Stateof the AAP-Fresets

Behrend :
- a 3AP free subset of (N) of size Nexp (2 . 25To

T946
it v(N) = N/exp(2.

25 rogi)

: <
>
(N) = exp (2.

25 Nogn)
· equivalently - deterministic NJH Protocol

for

Promised K = 3 of cost log((m = 0 (Nogn) = on")

#Kelley,Me
e Age exponential improvement over previous results)

r
,
(N) = xp(clogN)

·: < (N) = exp(clogN'i)
* equivalently any

det .

NJH protocol

for PromiseEQ k requires cost ↓(2)



Estateof the Art : Corner Free sets

Behrend -> a corner-free subsetf (N) of size Nexp(a mogul
T946" S

it v (N) = N/exp(ctgi) equivalently there is a deterministic

: <
>
(N) = exp(Nogn)< NOF protocol for ExactlyN ,

K =>

of cost O(uz)

Best improvement
to constant E

: C-1 .
8 Linial

,
Shrabman'2) Green' 21]

Jaber
,

Live
,

r(NY = Nexp(c .Dogn)
"2001

Lovett
,
Ostuni,

Eawhney
s

: (N2)= (n200) - equivalently any NOF

protocol for ExactlyN K= 3

has cost1(200)



L
②coldingtem & NOT ExactlyNk= 3

(X,, X
+y) Player 1 : Y,

z

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

=>:
Assume CNJ has a partition (coloring) into <(N) corner-free subsets

.

Consider the inputs : (SX , Y1
,
(x

,
y + d)

,
(x + d

,
y)3

,

d = N - Xy -z

They have same color iff d = 0 iff N = x + y + z

·

&

Protocol For ExactlyNonIX
, Y, 7) :

N - X -z

Player 3 (sees xy) : sends color (x , y) -

Player 2 (Sees X
, 2) : sends 1 iff color (x

,
y) = color (x

, y + d)

Player a (sees y
, z) : sends -Iff color (

,7) = color (d,i
·

output & If Players 23 both send 1.

complexity of protocol = log((N1 + 2



S

②m & NOF ExactlyN k= 3

(X,, X
+ y) Player 1 : Y,

z (x| = (y) = (z) = n = logN

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

= : Let it be a c-bit protocol for ExactlyN.

Using it we give a coloring of fNJ2s . t . each color class/partition
is corner-free·

color (x
, y) : = Transcript of It on (x

, Y ,
Noxy) <

#colors =2

Claim : Each color class is corner free.
-

IfNot
,

then >X
, y,

d30 st
.
(X

,
Y)

,
(X +d, y) ,

(x
,
yed) have same color

So ( , Y ,
N-xy)

,
(x + d

,
y
,

N - x -yd)
,
(X

, y + d
,

N -

x-

y
- d)

have some transcript

: (X
,
Y
,
N-x-y- d) has same transcript also By cylinder intersection

·

Y property ofT (



NOF Lower Bounds via Discrepancy [BNS]

13 :

Den . LetX. = XyxXX .. XX
, (input space)

* cylinder C
,

in it coordinate is a subset of X

that doesn't depend on it coordinate !ie . MXXi ..Y)E · XXeX: (
.Xi .-X) ,

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

Then it induces a partition of X- into a" cylinder intersection] leges



: IfIt is a Not protocol for f : X
,
* X2*. - xX + 10

, 13

them it induces a partition of X into 2 f-monochromatic

Cylinda intersections

Defn (Discrepancy for Cylinda Intersections same as

Let f : X + [113
,

and cylinde intersection ( : X + 90
, 13 Defi of3

↑

Discu(f, c) = 1 E [f(y
, . -X

,)((x,
..xx))) Disc (f

,
12)

-Y, )~ but now

our cylindeDisCu(t) = max Discu (f , 4) intersections

temma Dae()) = log (e) 3 Proof same

as for

↳ Bisc our

↑ Rectangles
Distrib. of Kplayer
deterministic NOF off



Theorem Let 1 - unit distribution all X.

DiM (gipa) = e()

ManLemma Disc(giP)exp) - n/y)

↑
Proof is very

similar to our "BNS"

Proof of 2player
lover bound for

IP
n

But now we apply Cauchy Swartz (Jensen's Jreg)
K-1 times . Each time we lose a factor of 24
in the LB.



Introduction to Lifting in Comm. Complexity

Some motivation :

We already saw strong randomised LBs for DISJ
,

EP.

This already gives many applications

However for many important applications this isn't enough.
We want LBs for communication problems that

are seach problems -- problems where there

can be more than one answer .

So a stronger Li is needed (against any function
-

solving the search problem



Introduction to Lifting in Comm. Complexity

Let R = z x 0

R is total if VzeZ - at least one o O st R(z
,
0 =1

Total search problemassociated with total R :

On input z output some o st R(z0) =

Two party total search problems : R = X x Y x &

searchi : On input (x, y) output some 00 st R(x
, y,
%-

· Any Boolean function f : z - 2013 is a total search
problem ,

but not all total search problems
are Bodean functions



-someApplications of 2player C) LBs

1
. Streaming Algs

* 2. game theory
5. Streaming LBs

* 4. Property testing
5. Time/Space Tradeoffs (TMs)

6. Circuit complexity

3
Need CC Lower

7. Extension complexi Bounds for

8. Prof Complexity LBs search problems

9
. Learning Theory

* Presentation to pics



Examples : CC SEARCH PROBLEMS

2
·

ord1011 (

⑧

O

S & (0, 17" x 90
, 112 x O

Example 1 <KW Search (
f

Alice : * ef" (1) Bob : yef(0)
Output it(n] such that X:

* Y:



Examples: CC SEARCH PROBLEMS

2
·

ord1011 (

⑧

O

S & (0, 17" x 90
, 112 x O

Example 2 (CNF Search)

Fix an unsatisfiable CNFC over X
.... Xn Y..- Yn

Alice : Ne 30, 13 "Bob : ye So, 13
"

Output clause ? falsified by (x,7)



MeetinginC

Main idea is to take a function for total search

problem that is hard in "query " model-

ex - requires Large dec free complexity

Then Form a handplayer function from f

by composing+ with a "hand" 2player function



QUERY10 COMMUNICATION LIFTING

- : 50,130 F : F

* on

99 G. . . . 9

of * N *

*, Y, Ye Y2 Ys Ys In Yn



QUERY10 COMMUNICATION LIFTING

F : 50
, 13" + O
#

F - F

*
a on

999 -- 9

08 **** 88

*, Y, Ye Y2 Ys Ya In Yn

LIFTING THEOREM

communication Complexity- Query Complexityoff
of



INTUITION : MOST HARD COMMUNICATION PROBLEMS
ARE COMPOSED FUNCTIONS fogn

f : OR
=p - f : OR

← g : AND

g: = →

f. PARITY →

g. AND →



Lifting Theorems Makes Lower Bounds Easy !

Zsteprpe :

@ Prove problem specific query
Lower bound

!2! Apply Lifting theorem to

obtain
.commutationcomplexityLower bound



#APPLICATIONS

· streaming
·Property testing
· game theory
· TIME/SPACE Turing Machine LBs

· circuit complexity
· Proof complexity
· Extension Complexity
· clique/Codique, GraphTheory, Learning Partial Functions

· Secret Sharing Schemes (For Linean schemes)



( SOME ) LIFTING THEOREMS

Measure on fogn Measure on f
Raz . McKenzie Deterministic CC

qq
Decision tree

Razborov

no }
Quantum cc approx . degree

sherstov discrepancy , sign rank
, threshold degree' 07 unbded error

900 's - P Randomized ( ( ( critical )
'

14 Block Sensitivity
GLMWZ Nondeterministic K

, approx .

'

' 5 Partition Junta degree
Lee . Ragharandm semi definite Rank SOS degreeSteurer

' 15

RPRFl6Razborv RanK/Algebraicgapdegree
PR ' 17

,
PR 'Hb

'

Algebraic Tiling€ Hsatt
,

.de#
.

KMR ' 16
-

Nonnegative Rank Junta degree
Goostpifwatsm Randomized ( e

Randomized dec
. tree



GainTypes" of Lifting

CC-

(1) Reduction From UB for fog" -> C upper bound
for DISO

Leg ., Zhang
,

goP)

(2) Linear algebraic
↳ Lower bound

Reduce some measure ->

of polynomial degree Ce .g .

Sherstor
,

P-Robere]

(3) Direct
Simulation of CC protocol to extract query UB

( via measures
"
pseudorandomness, [e.g.,

Raz-McKenzie,
Former analysis ,

sunflower tomma) gors-P-Watson)



Quick Primer on Query Complexity of Boolean Functions

(1) Dat (f) : dec .
the complexity off

(2) Rat (f)
: randomized des. the comple off

(3) Block sensitivity (f, 4) : max B St
.

There all B disjoint blocks,,.,JF(n]

36 .
VI
;
+(d) * +(i)

(4) Polynomial depen deg(f) : defee of the unique multilinea polynomial
our R that represents +

(5) Approx depe deg' (f) : "dee of php st .

VS10
,
1)

"

f(x) = p(d) + E

Theorem [Nisan
, Szegedy]

All of the abou measures are polynomially related-
ie

. R
&<(f) = deg(f)

*")
, deg(f ) = (+ (f))0x)



hangingBonusoe simulationi
general Search (gros . Passi

,

"Critical Block Sensitivity")

Theor Eg:xt(St.

For any Boolean function: -a

M" (f(gh)) =(
+ (f) "3)

&

# (f(gn) : Alice. gets X
,

.. Xn

Bob gets y.. -Yn

Output : f (g(X , Y ,), g (eye) . - g (xnYn)) = 50
, 13



Block Sensitivity

bs(f
,x) & max Belo , .., n] St . Edisjant sets F, .., JB = (n)

suchthatf(x
*i) Vje(b)

* with assignment to I
, flipped

bs(f) = max Blocksensitivity (f, x)
X

Example : F = X
,VXzV .. Xy X = 00000 .. O

bs(f
, x) = n

Therm bs(t -Di ( + ) = bs ( +) Copen : Dot() * bs(f)2(



*of of Zhang's Lifting im for Boolean functions :

says a

Vf : 30
, 13" - 10

,
is with b(f) = B

The prof is a reduction showing :

·DRs" (UDIST(X
...XiY-y)) = M" (fog")

I

UDISS : "Unique disjantness"
VDIST

n=B
-

restruction & DIS5 where we are

promised either (xnyl - 0 or (xnyl-1

Theorem R(VDIT) =M(n) < proof of(n) Lis for
-

DisJn actually shows
12

L even under unique" Promise



*of of Zhang's Lifting im for Boolean functions : ↑

Let + : 10 ,
13 " -> 10

, 13
,

bs(f) = B and Let to be an input st . bs (f
,
z) = B.

Example z :

010110101,i
B = 3

---

I &

I

#eduction : Let x
,y be input to UDISS

,
X =X

, ..., Y*Y ...Ye

Alice on x computes X ,
Ix = R

We want to show

Bob on y computes y , ly on

M

3 J mapings M : x + X

Mp : Y -y
Then they run protocol It for fogh (x

, y') such that Diss (X
, 7)

= fog(x
,y')



tile"gadget : g(x ,
y) = 1 =) X + ymod4 (92, 3)

-

00 01 10 Il

00g :

·,
80 !

g is a

!
G O

- 2-bit gadget
" do o

De Let 9: Xi xy ,

+ 30
, 13 92 : xxy2 + 10

, 13

9. =92 If 5 H mappings HocTp St
.

V(x
, ]) < X

, xY, g ,
(x

, y) = g_
(TA(x)

,
T())

Propertiesour gadget has :

T(x) = x +2(x + yes, 33 iff (x + 2
, y330, 13)A1

. 19 =
9 : Tz(y) - Y

0001
. 1110

oo 0 0 ! :
0

2
.

AND =

g :
OI 0 11 1 - 01

!
00

· 0 - 00"do o A
Il 1 -> 01



-

Sample bs(f
,
a) = 3 < = 10110 ↓ f(x) = b

-

I
,

E2 Fy f((Pi) = b
X = 011

y
= 101

-WANT M(x) nex
↑

Bob : Mp (Y) -+ y ·such that :

UDiJ(x
, y) = 0 =(x,y) = C

I I
↑

I
UDISJ (x,Y) = 1

=> g(x,
y =Bi -

with X=Y, Vy Y
d

I T
ANDg ANDg ANDg

↑ ↑ ↑



example bs(f) = 3 and let 2 :

101100
be sensitive input-w

--

↓
z

↓
3

so f(c) = b
,
flafi) = J

UDISJ (x,Y) = 1 -

ANT: VDIsJ(x
, y) = 0 = (x , y) = C·with X=Y=

= g(x,
y) = (Bi

- ↑ ↑ ↑
AND Eg AND EgAND ↑ ↑

It iB : if < = 0 X = TAND (Xi)
I

If=1x = T((X
(X ,,

Y
, ) [xzitz) (sits)

y+ Y' : same but use Tips
, it's



-

f(x) = bExample bs(f
,
c) = 2 d

=0 f(pi) = 5 40

ANT: VDIsJ(x
, y) = 0 = (x , y) = C

with X=Y,
=> g(x,

y) =Bi
UDISJ (x,Y) = 1

I

.- &
↓ ↑ ↑
Y

or 01 d

= of or
I

1

I ↑It iB : if < = 0 X = TAND (Xi) 0000 of 00o0 Op
If d = 1 X, T(TAP(X) -
y+ Y' : same but use Tips

, it's
ANDg ANDg ANDg

↑ ↑ ↑
(X ,,

Y
, ) [xzitz) (sits)

O ↑ 10 I d



generalizingZhang to general Search Problems

s
· Use randomized reduction

.

-

Need an extra property of gadget (which versatile gadget satisfies)
&

· gadget'g has constant size !

· generalizes
to multiparty NTH + NOF !

s generalize block sensitively to crital block sensitivity
Limits applications

-


