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Randomited (LB of fin) for Juner Product
-

Today
· Slicker randomized <2 LB for JP (BNS)

· NOT communication :

· Defn
, Cylinder intersections.

· Important Functions
· Application of NOFCC in additio combinations



slightly Slicker proof of lower Bound For

randomiseda vice discrepancy (that generalises to NOF)

called "BNS" method after seminal paper by Babai , Nisan,
Szegedy introducing NOFCC and this method

Theorem [BNS bound]
Let f : XXY -> 2-1

,
13

,
l - unit distrib over XXY

Then XR = SXT Discur ,f= M(x,
3) -M

, (x(y))



Theorem [BNS bound] R = SXT

Discur ,
1) Ele MixyMy)) ,

u= uniform distrib over XXY
Y ,Y'Y

Proof (Ms unit. distrib (
-

Disc(f, Sxt) = It 1
,
(x) &

+(y) M(x,/
Y

, Y

so Disc (f, (xt) = (1) My(x
,y)

=

= (E +,(x)(y)M(x,y))
=

2 CauchySwart (22)
=E (s(x)+(y)M(x, y))2

*** 4)MSX,y))2) replace S by S = 10
, 134

- (Gy +(y)tB(y) MX,y)Mx ,y)
- Yy(y)((y)((M+ (x,y)Mf(x, y)))
= By ,

1 & M
+ (, 7) M, (4, Y / #



Theorem [BNS bound] R = SXT

Discu ,1) MyMy)) ,
u = uniform distrib over XXY

Tmemu DISC (TP
,

SXT) = 2 (and thus by Theorem-, D (IP):(n)]
PE :

Discu(Fin , SXT)" Mp(7)Mp(X ,
y))) <By BNS Bound]

= Pr(y = y) = 2
n

[ orthogonality f
rows of In i

]& Msply,y) Msp(x, y1 = 20 ye
·" Disc (5Pn) = 2 *

#



The BNs Bound Disc(RfMMYhl
for any product distributioni

>M = M
,
XM2 where es

,
is distrib oaX

,

es
,

ver 4)

with same perf.



Metiparty

There are 2 different models when K (A players) 3

(they conside when K= 2)

() NIH (Number JN Hand)
Player & gets X

,

3 Typically (x
,

1 = (x2) : 14/
2 Xz
3

33

(2) Not (Number on Forehead)

Player 1 sees Xi Y3
2" X 143
3"X ,X2



↑ via tProtocolA for +( -,n)
, ach(xi)=

· Player it [K] sees Xi

· Just like2party case
,

a sparty It specifies
· which player'stun it is to speak (all msgs are broadcast to all players)
· ExN at nd r Cassuming Player i speaks) depends on transcript + X

:

NIH
· Deterministic K-party : D

, (f)
Deterministic # for f(x

,. -X
,1) partitions X

,
X - -

- xX
,
into-monochromatic 17dimensional rectangles (tensors)

-

↑

X,
· We can also define randomised NFH and

Distributional complexity wrt . distribu de XX
. -xX" Kanalogous to k=2)



We'll mostly focus on NOF CC due to its

many applications , including :

* (1) Additive Combinatorics

(2) ACC Lower bounds

(3) Prof Complexit Lover Bonds

* (4) Matrix Multiplication

# : Presentation Topic * Today



Nof Protocols

*party NOF protocol It for f(X
, ...,4) ,

each lon

· Player it [k] sees all X, except for X
[

· Just like2party case
,

a sparty It specifies
· which player'stun it is to speak (all msgs are broadcast to all players)
· FxN at nd r Cassuming Player i speaks) depends

on : transcept so fur
,
and inputs & (4p.-

,Yx -- X
,>

Deterministic K-party : D
, (f)

Distributional complexity wrt. distribu ou X
,

X
. -xX : D.M(f)



Nof Protocols cylinder ?
= 3 :

in 3r cord

Den . LetX. = XyxXX .. XX
, (input space) ↓

that doesn't depend on it coordinatem
3(4)Proposition If Ci ,d are cylinders

x

-
x

In it coord
,
then so is <1?

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

then it induces a partition of X- into a" cylinder intersections alog
(pf by induction on Cs using Proposition above 3

into rectangles



=portant NOF Functions

(1) g>p (generalized Inner Product )

Input . .
.

., ** (Player je(k] sees all ,
j *g)

·

g5P(X ..., Yk) = 1 if & Y n .. nX = I mod z
↑ 1j k

,
i

L =
1

Lie output is I iff size of intersection X
,
v --nX = 1 mod 2)

(2) K- player Disjantness -easy for

DK5(X
,
-x) = 1 itYir wondet

K protocol

· For K = constant both GIP ,
Dis require randomized

comm. -(4)



=portant NOF Functions

&

(3) Exactly N function K = 3)
↑

&

Each player it [1 ,
2

,
33 gets a number Xc (N)

Output 1 iff X
,

+X+ X
=

= N (2)
↑

Has 0(1)-cost randomized NOT protocol !
Longstanding open problem : Best deterministic NOF protocol ?
Deterministic NOFC of ExactlyN (K=3) is

essendally equrudent to corners problem in additive
combinatories



=portant NOF Functions

&

(3) Exactly N function K = 3)
↑

&

Each player it [1 ,
2

,
33 gets a number Xc (N)

Output 1 iff X
,

+X+ X
=

= N (wiln)
Randomized protocol
-

Player I sees X 2
, Xg and computes X2 + Xs

Player 2 sees X
,
and computes N- X

I

Players 1
,
2 run 2 party randomized EQ protocol
to check if N - x

,

=

X + X

cost = o() !
-



Nmodel : some surprising UPPER BOUNDS

(1) EQ(X,..Xin) = 1 if X =
. .

=

Xk

Note k+ 2 : def is f(n)

But easy for 1732 !

Player+ : Check if X== - -

= Xi
I not half + outputO

-

our send I

Playe 2 : check if X
x

* Y
3

-

-

output 1 If equal
a half

our output o half

(2). D" (g(ph) = 0() [grolmusz 194]↑

"Player
Determin. NOF



D" (g(ph) = 0(k)

Protocol :

x

: ↑ - Input to gipi
-2

x ↓
--n->

· Divide columns into blocks of size I 1

· Compuse gip for every
block o then su results mode to get answer

costa cost-per-block



D" (g(ph) = 0(k) *
-2

↑ - Input to gipi

x ↓
Protocol : --n->

· Protocol for a block B :

1. P1 finds a vector deco
,
1)" that is not in Columns (B) a sends to

S
x other players

Pate By PHP 5 vector s not in columns()
extenda ->I d

un

L

B

2
.

Ifa = all-- vector => outputs

Else a contains at least one o .
Players want to compute # of allI column

vectors in B

assume 2 has los and Bot 1's (for come e)

Let Y = # column vectors in is with it's ,
n-it's



D" (gIph) = 0(k) -2

↑ - Input to gipi
x ↓
-->

Protocol :

g IP (B) = Hall 1 columns in B (modz)

at suppose a has los ,
kes:000

permeate
rows so

all o's then

zk
- 1

u Viel :

me
all I's

Claim
-

Z:= Y:
+ Y: = player i can compute E!

# :
· Players it (1

...
1) somputer send 2. From 7

..... ze ,
Ye7

· They all know ye = 0 ↓ they can compute Yo

&Est: K



(Explicit) NOF Lower Bounds-What is known

1
. gIp : LB (i) randomised"player Not

3
We'll prove

slightly weaker
Li due tobreaks down when 1 logn BNS

* No Explicit LBs in NOF model for 1) logn
Babai

,

Nisun
, Szegedy

2
.

K player Disjontness : LB1(GM ) randomized Kplayer

3.
What about functions that are easy" for randomized NOT ?

Like Exactly N ?

↑
many open questions

here in NOT are

actually equivalent to fundamental problems
in additive

combinatories



(Explicit) NOF Lower Bounds-What is known

3.
What about functions that are easy" for randomized NOT ?

Like Exactly N ?

Recent breakthrough LBs for deterministic NOF K = 3

(i) "Strong Bounds
for 3-progressions" (Kelley ,

Mela Focs' 23]
↑ gives ↓(n2) Li on NIH Promise EQ17= 3

(ii) "Explicit separations between randomized + detaministis NOF Comm
.

"

(Kelley ,

Lovett
,
Mela STOC'24]

I
/

(iii) Quasipiy LBs for the
corners theorem

-

Gaber
,

Lin
,
Loret

,

Ostuni, Suwhney '25]

Y
gives M(n2) deterministic

NOF LB for ExactlyN K=3



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

&Problem : What is max size In) of a subset SECN] s
.

t
.

& does not contain a 3A4 ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

coloringL
①#P Problem : What is min (IN) s

.
t

.

[N] can be partitioned
into <(N) subsets S . 7 .

No subset contains a 3AP ?

3Ap : (x
,

x + y ,
X + 2y)c (N](

-2

* It is known that D =O (DC(N)N)



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

②ersProblem :
What is max size(N') of SECNJ St .

S does not contain a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

coloring- min <(NP st <NJ can be partitionedWhat is
2② CornersProblem :

Into(N) subsets st
.

No subset contains a 3D corner?

3D corner : (X,x
+ y) ·

"t
(4,x1)

- -y (x ,
+y , +z)

Again it is know that <NE = N/NY



Some Equivalences between Additive Comb's Problems + NOFCC Problems

[we will do case of =3 but equivalences hold EK33]

-

Additive Combinatories Equivalent Comm . Complexity
Problem Problem
-

①coloringm ⑭ NIH Promise EQ
,

K = 3

Player 1 : X Promise:·--2 Player 2 : Y S X
, Y,

zI X

-

I Player 3 : Z
is a 3AP

Decide if X = y
= E

ism ⑫ NOF ExactlyN k= 3

Player 1 : Y,
z

(X,, X
+ y)

it Player 2 : *, Z

Player3 : X
, Y

~

Kilt#so : <(2) = (1)



Stateof the AAP-Fresets

Behrend :
- a 3AP free subset of (N) of size Nexp (2 . 25To

T946
it v(N) = N/exp(2.

25 rogi)

: <
>
(N) = exp (2.

25 Nogn)
· equivalently - deterministic NJH Protocol

for

Promised K = 3 of cost log((m = 0 (Nogn) = on")

#Kelley,Me
e Age exponential improvement over previous results)

r
,
(N) = xp(clogN)

·: < (N) = exp(clogN'i)
* equivalently any

det .

NJH protocol

for PromiseEQ k requires cost ↓(2)



Estateof the Art : Corner Free sets

Behrend -> a corner-free subsetf (N) of size Nexp(a mogul
T946" S

it v (N) = N/exp(ctgi) equivalently there is a deterministic

: <
>
(N) = exp(Nogn)< NOF protocol for ExactlyN ,

K =>

of cost O(uz)

Best improvement
to constant E

: C-1 .
8 Linial

,
Shrabman'2) Green' 21]

Jaber
,

Live
,

r(NY = Nexp(c .Dogn)
"2001

Lovett
,
Ostuni,

Eawhney
s

: (N2)= (n200) - equivalently any NOF

protocol for ExactlyN K= 3

has cost1(200)



coloring

①Ap Problem ⑪ NIH Promise EQ
,

K = 3

-2 Player 1 : X

S Promise : X
, Y,

z

Player 2 : Y
is a 3AP

Player 3 : Z

Decide If X =y
= z

=>: Let S
, . ... Sen

be a partition of [N) into (N) subsets ,
all S

:
30p free

Protocol for NJH promise EQ Con Input (x, Y,7)) :

-

P1 sends [t((N) S
.

E
.
XES ;

P2 : sends 1 Iff yeSi
P3 : sand 1 If zeS

:

output 1 Iff 42
,

P3 both send 1
.

Since (X
, Y ,
2) is a bAP

, they are in same set S
:
iff x = y

= z

( because each S
:

contains No Notrinal JAP)

complexity of protocol
:log (3(N)+



coloring

①Ap Problem ⑪ NIH Promise EQ
,

K = 3

-2 Player 1 : X

S Promise : X
, Y,

z

Player 2 : Y
is a 3AP

Player 3 : Z

Decide If X =y
= z

=>: Let It be a NJH protocol for Promise .

Using It
,
We define a coloring =partition) of [N] :

color (x) & Transcript of it m (x
,

X
, X)

We claim VS & LN) St -

all elements in s have same color (transcept),
- Z S > 0

S contains No 3AP :

X
,

its,S have same transcript
Assume otherwise

,
so

Then since protocol is NJH, (x,
%, 7)=(X ,

X
,

X) = (y
,

Y, y) = T(z
,
7

, 7)
by rectangular prop ofI

But then protocol is incorrect since (X
,
X

,X)
,
(4

,
Y

, Y), (7,

7
, 4

are Iinputs but (x, Y,
E) is an O-input



L
②coldingtem & NOT ExactlyNk= 3

(X,, X
+y) Player 1 : Y,

z

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

=>:
Assume CNJ has a partition (coloring) into <(N) corner-free subsets

.

Consider the inputs : (SX , Y1
,
(x

,
y + d)

,
(x + d

,
y)3

,

d = N - Xy -z

They have same color iff d = 0 iff N = x + y + z

·

&

Protocol For ExactlyNonIX
, Y, 7) :

N - X -z

Player 3 (sees xy) : sends color (x , y) -

Player 2 (Sees X
, 2) : sends 1 iff color (x

,
y) = color (x

, y + d)

Player a (sees y
, z) : sends -Iff color (

,7) = color (d,i
·

output & If Players 23 both send 1.

complexity of protocol = log((N1 + 2



S

②m & NOF ExactlyN k= 3

(X,, X
+ y) Player 1 : Y,

z (x| = (y) = (z) = n = logN

"t Player 2 : X
,
z

(4,x1)- -- (x,
+ Y , +z) Player3 : X

, Y

Decide If x +y + z = N

= : Let it be a c-bit protocol for ExactlyN.

Using it we give a coloring of fNJ2s . t . each color class/partition
is corner-free·

color (x
, y) : = Transcript of It on (x

, Y ,
Noxy) <

#colors =2

Claim : Each color class is corner free.
-

IfNot
,

then >X
, y,

d30 st
.
(X

,
Y)

,
(X +d, y) ,

(x
,
yed) have same color

So ( , Y ,
N-xy)

,
(x + d

,
y
,

N - x -yd)
,
(X

, y + d
,

N -

x-

y
- d)

have some transcript

: (X
,
Y
,
N-x-y- d) has same transcript also By cylinder intersection

·

Y property ofT (



NOF Lower Bounds via Discrepancy [BNS]

13 :

Den . LetX. = XyxXX .. XX
, (input space)

* cylinder C
,

in it coordinate is a subset of X!that doesn't depend on it coordinate

ie . MXXi ..Y)E · XXeX: (
.Xi .-X) ,

DenAinder intersection is a subset

CEX st .
C = C

, 141-14 ,
where ? =cylinde intersect

in it would

Laim Let it be a cost < Not protocol.

Then it induces a partition of X- into a" cylinder intersection] leges



: IfIt is a Not protocol for f : X
,
* X2*. - xX + 10

, 13

them it induces a partition of X into 2 f-monochromatic

Cylinda intersections

Defn (Discrepancy for Cylinda Intersections same as

Let f : X + [113
,

and cylinde intersection ( : X + 90
, 13 Defi of

Discu(f, c) = 1 E [f(y
, . -X

,)((x,
..xx))) 3Disc (f

,
12)

-Y, )~ but now

our cylindeDisCu(t) = max Discu (f , 4) intersections↑

temma Dae()) = log (e) 3 Proof same

as for

↳ Bisc our

↑ Rectangles
Distrib. of Kplayer
deterministic NOF off



Theorem Let 1 - unit distribution all X.

DiM (gipa) = e()

ManLemma Disc(giP)exp) - n/y)

↑
Proof is very

similar to our "BNS"

Proof of 2player
lover bound for

IP
n

But now we apply Cauchy Swartz (Jensen's Jreg)
K-1 times . Each time we lose a factor of 24
in the LB.


