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Presentations cont'd

· Talk to me if
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to discuss possible topics before deadline

your presentation
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· Presentation in class -so mins

·
Lecture Notes/sides

·
Questions for discussion ,

Open problems

· I will meet with main presente a helpe
ahead of time to review your presentation



Lasclass

P Deterministic <Iff) = Nondet (((f) : co-mudet() (f)
and similar result for decision free complexity

② Randomized CC vs Distributional CC

and You Minimax Thm

-

!

·



Today : Bep" (JPn) =(n)

as a measure that- Discrepancy
lowen bounds randomized

- Show IP has low discrepancy
via eigenvalue analysis
of 50 commo complexity matix



Fourier Analysis of Boolean functions

Define X : (0
,
13 t(1 : Xy(x) = = 2% Parity ofy odd J Fouriereven basis

Tay yay : <Xy ,Xy) (Xy() · Xy(x)] = 0

yoy : <Xy , xy) = 7

Representation of F : 30
,

13" -RR over Basis [Xy3
,yeso,

132
:

-

f(x) =2 Xy(x) #()= (f(x)
· Xy(x)]

Fourier coeff of Xy "correlation of f with Xy"

PersavalIdentity :

(f
,
7) # (f(x) 7 = 22



PersavalIdentity :

<,+)* (f(x)] =E((+,1)

PI

& L +WR] = \(Xy) · (TXy)] Write fover Former basis

=

= Xi xy] Linearity& expectation

=>2 <Xy , Xy) Orthogonality of Xy
, Xy Yoyl

Y,y
12 and <XyXy) =

=

Ef(y)



Randomized Lower Bound for IP (inner product)

[Ph(x,y) = X
: Y:

(modz)
i = 1

Mep is the Hadamand Matrix ( + ) = 0
,
- = 1) :

Ho- A Hy :

An
Ha Ha

Hu-Ha =>
Thunit dist

.
D (JPn) = -(n)



Randomized Lower Bound for IP Conner product)

Ho = 1 :
:

i'
An

Ha Ha He :11 I
1 +1 -

-

1 1 % - 1

Hu-Ha 1 + + /

all parity functions
which are pairwise orthogonal

Rows correspond to

·i RANK (Hn) = 2



Randomized< Lower Bound
To prove a randomized LB for fig- 2013

it isNec a sufficient to give a distrib le ven XXY
St.() =

E-error

deb. ff
wrte

For so we saw that a zero ever protocol of cost <

partitioned My into -2" mono , rectangles

For 320
,
the avage error our the rectangles is 5.



# for f with

small error towrt us uniform dist#
pr (Nycnorse]P]Pr(emort



Randomized CC Lower Bounds via Discrepancy
By menimax

,
to prove Lover bounds for BPP" protocols for f

it suffices to find a distribution le s.t . DM(f) is large
.&

We will prove Lis wit le viathediscrepancy measure .

&Discrepancy of M , wrt a distributionwe an Xxy Specialhis
Let R be a subrectangle of My

Den Discu(r) = (M(Rnf"() - u(R1f (0))
↑

measures #Is - Ho's iRl/zzu
↓

small discrepany
~

Yeth Discu(f) = max Discu(R),
means all

R=M
=

large rectangles are

balared I

I



Den Discu(r) = (m(mn +"() -ucnt(0)&

u(m1 f '()) = xP(x, y) =R -(x
, y) = f "()]

-

= Pr((x,y) = r) = Pr (x,y)0(4)(x,y) + R]

S

= u(r):i
· Dis(r) = (MC).in

= M(r).ARsir



Den Discr) = Im(Rnf"(n-uCRIfo

Yeh Discu(f) = max Discu(R) says low
R=M

= *S discrepancy
( implies high

Gam for every u,
D() 10y [u(t) witu

Intuition behind claim for u-uniform distribution

(same intuition for any u)L

· Low discrepancy says that
all large REM,

are nearly balanced

· A low cost deterministic protocol it for - partitions M
into few subrectangles

,

so most of them are large.

· Low discrepancy Large R's arenearly balancedIt must
=>
any low
It will make a lot of errors.



Therem1 Let + : XXY -> 30
, 13

,

ne distrib our XXY .

Then log)
-

For 2:: Di (t) log] stiu(t)



Therem Let + : XXY -> 30
, 13

,

ne distrib our XXY .

Than(log (c)
E

P Let it be cost < def protocol with
error a wro M.

we will show : Disculf) = (122)2
:

which implies thm

Let leaves of It correspond to the partition of My into subrectangles
R, ,

. .

.,
Rz ,

t52

value
Let u: be the /most popula value in R: ) that It outputs on R

,

Since I has error E :

12 = Pr (π(x
,y) = f(x

,
y))

(x
,y)M

- pr ((,
y) R ,

n +(x,y) =a]
i = 1 (4,y)M

-(Rin cornet value



similarly
a = Pr(π(x, y) = f(x,y)

(x
,y)-x

-Rul incorrect value

combining the 2 inequalities (11-second (

1- 24 u(R"(a-MR
= Lucrinf"coll-scr: 1f())

i = 1

=> max Discu(f ,
R)

i= 1
R

= 2 . DisDu(f)



LetMuniform distrib
,
M = IP matrix ( : Hadamand/Walsh matrix;1

,
1 valued

Discu (FP
,
R = SXT) = En(zM(x,y))XES

yeT

DiscuCP) =max Disc ,
Sx

rem2 Disc(j)

Combining Therems 1,
2

The prem Let + : XXY -> 30
, 13

,

ne distrib our XXY.

we get ?
Than)

Theorm D(FP) = (n) (lBan distributionalcomplexita
and by Yao

,
RPP
* (5Pn) = - (n)



Letm- uniform distrib
,
M = IP matrix ( : Hadamand/Walsh matrix)

Discu (f, R = sXT) = [in(2M(x, Y) IXES

yeT

Discu(f) =max Discuf, Sx

rem2 Disc(j)
·

ChamS
,/[M(y))=H
*

#Sihm2CAssumingim r!
y+ T

->

maxn.

=>max



l
&

Y
In XX

,y = S 1
, 134

Man Us+ My))em
- 0 M(x

, y) = (
+ 3

= Xy()
X

YET

P Fix R = SxT
.

-

S

XeS

Let Aly) = 2 M(X
, Y) 32 **

AG) is sum of these values

1 < M(x
, y)) = 11(4))Then

xes

YET

S

All is sun o these ,

values

-
T

whenT=Y(all columns)
sh
(A) is sum of these values



l
&

Clam S
,TM)) 32 **

AG) is sum of these values

YET

P Fix R = SxT
. tell is thesa

S

Let Aly) = 2 M(X
, Y)

XeS Let(x) = char
· function of S (in/1)

Then 1 < M(x
, y)) : 1 1()) g(x)= · Xy(x) - FourierX+S

YET
repsn

#
1

g
*

(y) : = #19**1 : Xy(x))
S

= Ines Xy(x)
-

Insum

-
:

o A(y) = 2" g(y)



l
&

Mam Us
,/2 MW) 32 **AG) is sum of these valuesXtS

YET equals eity) up to normalization
factor zu

P Fix R = SxT
.

↑ when T= X Call columns)
S 54 (A4 +2) Sumdall Former

koeff's of SLet Aly) = 2 M(X
, Y) 9

XeS

1 xes

M(y
, y)) : 1 A(y))

Leti(x) = chan
· function of (g(x) = G !x S)

Then E
A

go(x) =[ gly)
· Yy(x) - Fourier

YET
un repsn

:=1:Xy(x))
= Ines Xy(x)

This suggests we
-

In s Myzen

upper
bound the

: A(y) =2.
square of/

By Parseval ,2=G :·

Y



when T= X Call columns)MySt Sum all For
Koeff's of S

9
Pf Fix = SxT

.

S
S

Let Aly) = 2 M(X
, Y)

Parseval : =(2) = i
XeS

Then 1 2m(x, y)) = 11(4))X+S

YET ↳ multiplybyandsquare
the

a
·(in)= (4 -

-

-

=2942 Rewrite using A(e) = 2 .4)

·/ Parser
ye

-s . 22&



&

⑭ySM)l isun theseiYET
values

P Fix R = SxT
.

S

Let A(y) = 2 M(X
, Y) Parseval : =(2) = i

XeS

Then 1x M(y)) = 11(4)(
YET

·(i)=4) multiply by it and square.

#(x]= [x
2]

-> it ? Ety) Rewritea poure weft's
· minutlMy

· IA Yet

=Is & Parseval weighted sum of squares of
Faries creffs of

s

- Is· 2
z which is bonded by (Parseval)

· Why is Toy worst case ?
For smaller T there can't be too

manyI

Large fomie coeffs since sum &
Squares is bounded

2nd moment method)

W


