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RandomizedC :

Different protocols for EQn , gTh

Newman's Theorem

Public Private Coin

Briefly discussed :
Wondet

,
co-mendet

Set Disjointress DISJn



Today 4

D Deterministic <Iff) = Nondet (((f) : co-mudet() (f)
and similar result for decision free complexity

② Randomized CC vs Distributional CC

and You Minimax Thm

-

!

·



5

Theorem p"(f) < NP
"

(f) . COND"(f)
.
(Yannakakis]

Recall the following fact (also used in Yannakakis" alg .
for conventing

pation ofMy into monoch - Subrectangles to a det. protocol for f)

Fact : any 2 disjoint rectangles cannot intersect
-

In rows and in columns

* *
interact

in rows intersect in Not disjunt
columns



The rem p"(f) < NP
"

(f) · COND"(f). 6

↑

# Let R = all Imono rectangles of Np protocol for -
Let G : all omono rectangles of coNp" protocol for f

Note R
,
R eR can intersect

,
and similarly 0 ,%EQ can intersect

But by fact , any RER QQQ are disjoint

As in Yannakaks Alg 1 (see Lecture 2)
,

# (x
, y)ef" (1)

, # , YeRxy RxyeR then either :

() half of rectangles in Q interset Ray in rows

(2) - half of rectangles inQ Ray in cols



Yannakaks' 7-

Algorithm 2 :

Mocolit on input (x, y) :

⑧.

Th = all s-mono rectangles of NP" protocol
for f

- """ "Comp In
Q

=
"

Repeat until no -rectangles in Q :

-Alive looks for a 1mono R such that xcrows (R) and
St R row-intersects withE Great's

If she finds such an R she sendsName of R to Bob.

↓ they can prime # possible oreet's by 2
& Our Colice can't find such an R)

,

Bob looks for a 1-mono R styR
and R col-intensents withB Orect's

# Bob finds R,
he sends name of R to Alive + they can

prime # possible o-rect's by 2 S
&

② If⑬ fall -> #(x
, y) outputs O



Mocolit g

⑧.

Th = all s-mono rectangles of NP" protocol
for f

""" "Comp In
Q

=
"

- ReatuntilNoor's
in.

a 1mono R such that xcrows (R) and
St R row-intersects withE Great's

If she finds such an R she sendsName of R to Bob.

↓ they can prime # possible oreet's by 2
& Our Colice can't find such an R)

,

Bob looks for a 1-mono R styR
and R col-intensents with Orect's

# Bob finds R,
he sends name of R to Alive + they can

prime # possible o-rect's by 2 S
&

② If⑬ fall -> #(x
, y) outputs O

cost ofIt : Hiterations = log (1Q1) = comp(f)

each iteration has cost ~log(IRI) = NP"()

: total ac cost = 0(coNp" (f) · Np"(f)



9Similar Result for Decision Tree Complexity

Let hi s -> 201 [Note h is an n-variable)Bookan function
z

... zn

A decisiontree for h is a binary tree. Futural

Nodes labelled by variables 2:
, edges labelled o/

and leaves labelled of 1

& dec
. tree T computes I If Vassignment &10 , 13"

T(k) = h(c)

= h : <0
, 133 - 20

, 1)
Z

·
3 -h is the

OR function

z
or



Similar Result for Decision Tree Complexity
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A decisiontree for h is a binary tree. Futural

Nodes labelled by variables 2:
, edges labelled o/

and leaves labelled of 1

& dec
. tree T computes I If Vassignment &10 , 13" Notation

T(k) = h(c)

Pertreecomplexityof h = min depth over all dec .
fees pot (h)

-

computing E 3
A decision tree for h partitions all inputs de50 , 13 "

into disjant monochromatic subcubes
--

· subcubes : p: 000 1-0-mano
a

% P 001 1-mano
⑧ : 10 T 1

z P
= * 1 * - +

or

Ipset vars size of Subcubelp) = 2n-1



Similar Result for Decision Tree Complexity 1

Notation

N_deterministic decision tree complexity of h= 3 Npd
+

(h)
minimum (there is a KANE for h)

K

K . DNF for h : cover of the Js of h by
all - - subcubes : PVB2 ...

-Om where I Pil = K

=Mondeturministic dec
.

tree complexity of h =

Y compat (h)
min (there is a K-DNF for ]
ki

1DNF for h : cover of o's of h by
all subcubes pupiv ..

-InPila
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Similar Result for Decision Tree Complexity

Notation

~Tantemnesidec thencompwithN
K

=Mondeturministic dec
.

tree complexity of h =

Y compatch)min (there is a K-DNF for ]
ki

Theorem p" (h) = NP
**
(h) · compat (h)

Let h be computed by a KDNP :E
,
ver ..

rtm
,
Hilk

andLet hi
" " KDNF : FS

, VS2 V .. USmi Is
,
1k

Their UtiEF,
US, Fo : t

:
and S

; intersect in some variable
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Similar Result for Decision Tree Complexity

Theorem p" (h) = NP
**
(h) · compat (h)

&

Let h be computed by a KDNP :E
,
ver ..

rtm
,
Hilk

andLet hi
" "" KDNF : FS

, VS2 V .. USmi Is
,
k

# VieF,
USE Fo : t

:
and S

; intersect in some variable

S



# = KINF for h Fo = HoDNt for I 14

Decision freeConstruction (F, Fo
, KK) F :K DNF for h F :K ONE for Io

#F, + I half + output 1 .

# Fo : I halt s output o
↑

Else : · Pick a term to F
,
and query all

vars in t

· For each assignment ↓ to t (corresponds to a partial path in free
Recuse on (F :=, /d

P

F : = Fola)
#of dec tree for h : Let D(K

,
() = max depth of Dea tree

where F= DMF, F = EDNE for h

as case D(0
,
k) = 0

,
D%

D(K
,
k') E KoD(K

,
1 = 1) ] since every seto must

-

intersect with some

= K . K variable in t



IS

* the decision free version & Yannakats (pd+(m) < Np
*
(f) . coMp(+)

is a special case of comm . comple version where

we only consider "simple" query protocols where Anie(Bob
are restricted to sending Es of their input (Not genual functions (-

their input a transcept&so far
ic .

Let h : 30
, 1) " -> 20

,
1).

h : Alice gets X 30
, 13 it half of iput to h

Bob gets y <30, 13 2nd half. :" "h

Then a dec.
the for his just asimple" quey

protocol for **
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QuestionIs there also a "decision-free"/"quey" analog of

Yannakats Alg I ?

Let Ep , 1 . Pm3 be a partition of So, 13" into monochrom subcubes

can we show - a decision tree for hot cost (deptal = O(log (u)) ?

--
-

We con preve a sig analog :

Therem

If h has a partition into M monochrom
.

Subcubes then

-> a decision tree for h of so ( + #pleaves) 2Polog(m)

&skippedsides-a digression
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Therem [ subcube partition # vs dec tree sizeJ 17

If h has a partition into M monochrom
.

Subcubes then

-> a decision tree for h of say ( + #pleaves) 0(m . n)

Idea: Let P = & ... Pm) be a partition of all de 30, 13 " into

mono .
Subcubes .

Plym There must exist a p:
P st

. (P: / = logm

where (9: 1 = #g vars set by P.

# Since D -

is a portation of all assignments ,

if D : 19.
1 logmt) then :

n - Cloym + 1)

2nim. = 2! contradiction
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Therem [ subcube partition # vs dec tree sizeJ 18

If h has a partition into M monochrom
.

Subcubes then

-> a decision tree for h of say ( + #pleaves) 0(m . n)

Idea: Let P = & ... Pm) be a partition of all de 30, 13 " into

mono .
Subcubes .

O-subcubes 1 subcubes
-

-
p

#oninput Despi ....
Pm

,
p .

--m3

Repeat until all subcubes in P are all-1 subcubes or all osbcubes

Find largest subcube--so and p
. Iph10ym

Query all vars set by Pi : Suppose P ,

is a osebcube

Since every 1 subcube is falped by Pr
,

each 1subcube has a

variable in common withp

Query vals in & from most popular to least popular
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Analysis
whenwe quay a -subcube Pr Pel-logm ,

this gives a

size zogh subtree· Each of the leaves has at most m-mm
AI's not forced too

Sohe next from initial problem withM O-suboubes
= m -schebes

to m instances where now we have< m o-abubes

= M-ogm -subrubes.

Similarly if no

query a -subcube of size = logm.
: after Ollogm

- loglogm) iterations either. mill-m)
*

# or subcubes is 0 or #1 subcubes is O

: den free

size- 0 Slogm. Iglom
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Question Is there also a "decision-free"/"quey" analog of

Yannakats Alg I ?

Let Ep , 1 . Pm3 be a partition of So, 13" into monochrom subcubes

can we show - a decision tree for h of cost= O(logm) ?

#! there is no depth analog for decision the complexity
reason (high level) : we cannot in general

balance decision trees like we can for <

protocols
expli

so a smaltsize S des tree does not h = or fxn
impl on de tree of depth logs I



2)

gpw proved that it is impossible to

get a true depth version of Yannakaka Alg &
in dan free setting :

Th - h : So
, 13 N -> 10 , 13

That has a partition into 201 mono
.

Subcubes

but every
def

.

dea free requires depth (N)



RANDOMIZED C 22

Recall : for 0 < a<*

a z-sided protocol for f is a protocol It such that ?

X(x
,y) Pr [Tx,y) =(x,y() = 1 -S

BPP" (t) = min max [Abits sent by it on (4
,%)]

(x
,y)

protocols T (x) = (y) = n

with error S

(public coin)



D TRIBUTIONAL COMPLEXITY 23

Let M be a probability distribution over XXY,
*, y = 40

, 13%

A deterministic protocol It computes f : XXY -> 90
,
13

with error= wrt M if : Pr (H(x
, y) = f(x

,y] = 1-
(x

,y)x

The (M
, 2) - distributional ecof) DM(t),C

is the minimum cost over all deterministic protocols
that compute- overl with errors



D TRIBUTIONAL COMPLEXITY 24

Let M be a probability distribution over XXY,
*, y = 40

, 13%

A deterministic protocol It computes f : XXY -> 90
,
13

with error= wrt M if : Pr (H(x
, y) = f(x

,y] = 1-
(x

,y)x

The (M
, 2) - distributional ecof) DM(t),C

is the minimum cost over all deterministic protocols
that compute- overl with errors

Theorem ppp (t) = max Dm (f)
M
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Theorem Bpp(t) =

Max D (1)

Proof

PPa() = max DM( :

Let it be a BPP protocol forf o cost <

: Pr (T(x,y ,
r) = f(y

,y)] = 1 - E

r

Let me
be any distrib ou XXY

.. by averaging ,
there exists

some st

Pr [T(x ,y,
rp) = f(x

,y)] = 1 -2

(x
,y)u



Theorem Bpp(t) =

Max D (1)
26

Proof

2 PPa() =max DM( :

This direction will follow from a more

general "minimax" theorem for 2player
zers sum games

,
which in fun follows

From Linea programming Dualify
We'll

give a direct p via up Quality
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Idea: We will write a Linea Propam ((p) whose 27

optimal solution is a randaged cost- > protocol forf of minimal cror ED.
This will be a minimation problem (Find lowest error randoned pretive)

Theor the dual LP will be a maximization problem whose
-

optimal solution is a distribution dis inputs M that has maximal

error' #& /for computing f) -- that is all cost -> deterministic protocols forf
have error > ** with respect to M.

Bydualiandomited cost-> protocol The for
with error E

if there exists a distings on inputs such that

every deterministic
cost- protocol for -) has error - E



#itMatrix U for f : x x Y + 20
, 13 28

all inputs (x, %)
T

,

Let u =1
. .My be a

al deterministic
distributionae rows of U

protocols I " (so The is a randomed = bit protocol)
of cust Ti

-----

a (e) 6 = 5
..

- In be a distribution

our columns of U (So <

Tr
is a distribution den XXY

-

-

↓

(j) = 1 if (j) = f (s)
O on

StSestoid( costc (



An LP for the best (lowest crow randomised cost < protocol for f 29

· U :
Randomised cost -> protocol #e described

all inputs (x, %)

by variables M, un where

al deteiministic

T
,

" ↑
Mi = probability assigned to TT,protocols I

T------ M
of costc i *

Tr
↑ ↓ E : vars ...N

,
M
, . ,Mr ,

I

minimize E
-N-> -

Error of

satisfying (1)Vjc=M .. (i) /M 3 Te on the ju

input
·
u(i

,
j) = 1 if (j) = f (s) (2) Vi 0 = 4

,
F

F

O on 2Mi = 1 3 l
... um is a distribution

j =5th input (x
,y)( (

over rows fu

anditcto (3) E=j
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EP) : o ↓alLp : Vars
.... Un ,

G ... Sw ,
#

maximise F·is satisfying : (1) Vi r=Kij)/or
Zu;

I...
M

is a
6.... Sp

(3) E=j

distrib de rows
(2) Vj0 = G

,
/ Suou 26 = /

(b)F = v

↑ soln finds "best" randomized cost-C protocol ↑ soln finds a"hardest"distribution o our inputs
In for with minimal error E* so that every cost-c deterministic protocol Ito
over all cost-crandomized protocols

is guaranteed to have error at least F
*

over 6.

Linea programming duality says
E* = F

*

--

The minimal value of E ( = E
*) is equal to the

maximal value of FEF*) in dual LP



Hi
w -

-
- - (X

,Y)N3In game Theory Terminology : #
,

I
/

Think of a game
between 2 players "

Tu

Playe#protocol designer) :

"pure" strategies : all c-bit deterministic protocols
mixed strategies : distrib over all c-bit deterministic protocols

&

Hayes Is (Loven Bound Player) :

Pure strategies :
all inputs (x

,)
mixed strategies : all distributions ou xY
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In game Theory Terminology :
Hi

#
,

I

Think of a game
between 2 players /

"
Playe#protocol designer) :

"pure" strategies : all c-bit deterministic protocols Tu
mixed strategies : distrib over all c-bit deterministic protocols

&

Hayes Is (Loven Bound Player) :

Pure strategies :
all inputs (x

,)
mixed strategies : all distributions ou xY

4)yes I wants to findtimal mixed strategy (
= randryed protocolTr*)

where optimal means it has minimal error E
*

per all randedbit

protocols)
&Playuwatofindahandedistnnputeno

and # is maximal on all distributions 6



In game Theory Terminology : He --- NTN is

Think of a game
between 2 players /

"
The Minimax thm (proved va

TuLi quality like we just did)

says the minimal to quals the maximum F&


