
Lastclass

① Deterministic Protocols : partition number vs def. partition

balancing protocols

② Randomized Protocols

⑧ Error a can be amplified with little cost

We did amplification for
Isided error protocols

See Rao-Yehudayoff for 2-sided error amplification

EQ : has oc) cost public con RP" protocol



Today

② Randomized Protocols

· Examples EQ , gir

8 Public Coin = Private Can a

Main Lemana (Newman]
-

Can assume whog random bits used in

randomized protocol is Ollogn)
· Distributional View of randomized protocols&

yao's Minimax for randomized (C



Randomized (public coin)COMMUNICATION COMPLEXITY

X= 10110↳ r = 00111011110
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=o computes f : XxY + 10
, 1) with prob 1 - 5 if :
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,y) + (

:

() 44(π(x,
y) = f(x

,y)] = 1 - E
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max <CTr)) <-wellsee
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aspoylogn



Randomized CC

public coinmore
BppC TI computes f with error & if : V(x

, y) (x) = ly) - n

Pr (i (x
, y ,

r ) = f(x,y)] > 1-2 ·Va , UB

fe BPP
?

"

(f) if randomised (Cof f = o(polylogn)

RP It computes - with 1sided error d if F(x
, y) (lyl = n

f(x
,
y) = 1 = Pr(π(X

,y ,

n ( = f(x
,y)] = 1

W

-(
, y) =0 = Pr[T(X

, Y,
r( = f (x

,y) = 1=2

v

- ERP (f) if randomised c of f = O(polylogn)

zpp error 2 = 0
.

I forfa
bitssentfezpp? min



Sometimes we'll also use

px(f) BPp" (f)
,
Rp"(f)

,
etc

S

to denote the comm complexity of in that

model .



Randomized CC

(Private Coin Model)a-
BppC TI computes + with error & if : V(x

, y) (x) = ly) - n

Pr (T (x
,r ; Y , (b) = f(x

,y)] = 1 - E ·Va , UB

RP It computes + with 1sided error d if F(x
, Y)

+ (x
,
y) = 1 => Pr(π(X,; Y , +3) =(x

,y)] = 1
ra

, ⑮B
-(x

, y) =0 = Pr (T(X,; y ,
4)=(x,y) = 1=S

↑
a. Ris

zpp error E = 0.



Randomized(C : Private vs Public Loin

Private Coin Protocol => Public Coin Protocol

Public Con E Private ?



Example : EQUALITY
-

We saw last lectura : deterministic of EP = R(n)

#"Ea protocolE = )
·

View isn bits of r as selecting a subset of I . -- - H.

PulilyCon
Alive sends parity of X- sBob sends party ofYr mbits of randomness
Accept(output 3) if parities all the same

our output

RepeatK times to get error "

17 = 2 -> 5 = 4
,

communication O(1)

17 = logn -> 3 : m
,

communication OClogn)



Anotherpublic coin protocol (easier but ever more random bits)

Alice/Bob sample a random function h : 10,1 -> 10
. 13

*

1 .
Alle sends h(x) to Bob

2
. Bob : If h(x) = hiy) Bob outputs I

our i 8

-

Analysis :

If x =

y
: Vhh(x) = h(y)

jf x +
y

: P- ((x) = h(y)) = 2
h

for K = 1 this gives error "2
.

I cost 1-but

general K : error <
,

cost 1



APrivate Coin Randomised Protocol for EQn Encode Sets X
, Y

as X = 4 : 31
,
2, ...,223

&rotocol

1
.

Alice samples a random prime p in [M
, [M] we will pick M = n2

Then she computes a = X (modp) and 3 : complexity OClogn)
send a

, p to Bob
Since 1pl

,
ial =

oclogn)
2. Bob sends1 iff a = y (modp)



Private
Coin Randomised Protocol for fo Encode sets Y

, yas X
: y : 3,

#) x = y : XP,
x (modp) = y(modp) so protocol outputs & wp . I

If x x y :
Let D = (xy) + 31

,
2
...,
2 13

If Bob says x*y : then X modp : ymodp ES (x-y1 = 0 mod P

· protocol errs. on (x
, y

,
p) iff p is a prime factor of (x-y1

: 3 :*rimes in CM
,
21] that dindey &

# primes in (M
,
2M] ②

D : say p.... PK <(M
,
2M) are prime factors of D

Then P = P,
+- " Pl

also divides D

But each P :
M so M PED2"· K = Yoga

② #
.
primes between Mr IM is 0 (Mogul (density of primes)

By 0
.35M) pick Mon givea



# gTh(x, y) =1 if xy las binary numbers (
Deterministic CC of gin = v(n) (rank #B or fooling set)

Idea of randomized protocol (we'll do public com) :

Find dexicographically 1 index i

Such that X:* Y : Cusing binary search + >Q protocol)
5) X% 10 y 0 =>> output I
Our outputO



#ND-FIRST-NED-INDEX(XY ,(j) (0xi =j(n] Let x(ijj] = Xi , ..,
X

;

If i =ji If X
:
* Yi => output i

Else => output o

Else : If EQ(X(
,
j)

,
Y(ii)) = 1 = output o *[

Else : If EQ(X(ii)
,
y(i , /)) = 0 :

2 + logu(x((Q))
Call FIND-FIRST-NEQ-INDEX (X ,

Y
,

i
, %(2)

Else Call FIND-FIRST-NEQ-ENDEX (X, Y, H , j)

: Find-First-NEQ-INDEX (X, Y, (
,
n)

If it returnsO output O

Else suppose it returns I ,I :

If X:
= 1 and Y:

= 0 => output I
Else => output o



complexity
Need to call EQ with a stogh Isoorall error is <)
x(tPa) = Obiya) ,

so cost perQ

call is Olloglogn)
We call EQ logn times

· Cost = O(logn · (oglogn)

Is protocol z-sided or l-sided error ?

What about private coin protocol ?
&



Next we'll show Public + Private Coin

Protocols are nearly equivalent.
YE

I
. EaDirection # I has a randomized private can Bpppu (f)
potucol I of cost <(A) = C

,
error & then

I

↑ has a public coin protocol of cost c
,

error E & E Bpppriv (+)

T · Let v' r
,
B

Alice runs I on (X
, 4)

Bob runs it on (y, i)

VE,
S

2
.AHarder Direction : If f has public coin protocol
Lost C

,
ener a then - has printe coin protocolS BPRPCTlogn +Y)

of cost c + O(logn) + 0(log')



Theorem (Newman)

Let #o be a public coin protocol for f with error E.

*So there is another (publican) protocol it' such that :

①x of T = x of T

② error of it is< 2 + S

⑨ T uses Ollognt logs) random bits

Given the above Lemala,
we can convent a public coin

protocolor -f Conor a) to a private coin protocol forf
(error a+ 5) , with cost = (e(T + Ollogn + log')

K(i) construct it "from it using Newman's thm men

T : public can
,
c() = <(i)

,

error ES
,
#random bits Ollogn) + log(s)

(i) construct piriv from It : Alive draws random Bits r = r .. r + sends them to Bob

Then they run it' o r



N

-

Idea : V(x
,y)

,
only an a paction of us are bad

pood of Newman's Fam Clxyln) Let

Tso there exists a small numberof ris s
.
t

. X(x
,y)

-

# makes 2+ 8 mistakes on these ris

Let z (x
, y,
4) = (1if(, y,) AxyT

↑

Vx
,y #(2( , Y,r)] & since it has errors

Let r, ... is be strings
from so

in
t = 0(z)

Define Tr
..

(X
,y) : Alice & Bob choose ie(t) at random

and run T1(X
, y,:)

Chin Er . ... st ELE(y)] < <2 v

For this choise of --
, TrenDys Willbe useslogtolog

lga



Chin Er. ... st ELE(y, r)] < 448 Vx]

Chernoff Bound : Y..., Xn iid rv's in 90
, 13

,

5 : EXXi)
,S30]Then Pr(2x> [+ s] =

2 . e-25N

Fix (X
, y). Pick .. Y e 90

,
1342 at random

Pr LELEY]] = Pr [EYRiKe+S]
r... t Y . -V

- zu· By chernoff : Pr [E,z(X, y,
r: ) < 2 + 5) - ze25 2

r
.. r For t = 0(42))

· By union Bd Cover all a in puts (x,Y))

= r . .& St
. V(X

, y) the error of Tr. (x, 7) is 2+ &



Su general this is tight (as evidenced byQ) :

We saw EQ has (1) public coin protocol
/

By Previou result
this implies a private coin

I

RP" protocol of cost ollogn) (error a = 5)

It is known that any private coin protocol for EQ has a vlogn)



Nondeterministic Communication Complexity
- : 10

,
17" x 30

,
132 + 10

, 13 Players share random string r

Ndeterministic NP protocol it for : 30
, 13" + 10

. 13

Yxcf
"

() Er Tr(x) = 1

Vxef" (0) Vrr(x) = 0

Note Irl
comm · complexity - max DON-1 + 1r1) < should be polylognof Th

u for protocol to be
"efficient"

- Np if Nondet 1 of It is O(polylogn)



EXAMPLE: DISJOINTNESS

⑮
O .r· ->

#8 *
O

si :
s
BOB

ALICE -

D1J(x
,y) = 1(f) ziX

,

=

Y=
-

↑
communication complexity

ancloABILITY problem

Ni-complete

Diss requires E(n) eC
.. (leta randomized

But easy
.Nodetermisticaly



Mendetprotocol for DIST :

Alice/Bob view r
,
1r-logn as some ie(n]

Alice sends 1 if the rth but of X (#) =

Bob sends 1 if re
:

"Y = I

accept if both
send I's

We'll soon see that Dist while easy for mondet protocols
&

is maximally hand for randomized protocols.
↑
Nontrival a very important LB.

Now has several proofs (none are easy)



Nondeterministic
of theIs of M

, byProtocol II for f : Induces a covering-

all-1 rectangles (can be overlapping)
Y

I

*
·

-

#It has co b
,

then size of covering = 23

(Recall in contrast a delumistic protocol it of cost b
pations My into disjoint monochrom Rectangles (Non overlapping)



co-Nondeterministic C shared random string
# computes + on "(x

, y) , IX1-MFR ,
coron deterministically if

f(x
,y) = 1 = Vrπ(x

,y,
r) = 1

f(xy) + 0 = Jrπ(x
,y ,
r) = 0

-

comm complexity of T : max # bits sent on (
,y) + 1r1)

(,2)
,
r

co-NP
* (f) = min max [# bits sent on (x

, y) + 1rl]
Tl nondet (x

,y)
,
r

protocol,for f

A co-minded protocol It for f induces a overing of the

os off into all.O rectangles (can be
overlapping)



YannakakisTherem 2

Let f : 10 , 13" x 30
, 13" -> 2013" have

a Nondeterministic Protocol I of <C <

and a comendat
. Protocolto of1 Co

then I has a detemtic protocol of Oc : <
, 1.


