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,y)
(x) =(y)n p
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, 1]x 30, 13"- 901]

monochrom . Subrectangles ( stpx(f) =Moyn)0x)

Logrank conjecture
LB for EQ



Today

① Deterministic Protocols : partition number vs def. partition

balancing protocols

② Randomized Protocols : one-sided (RP) a 2-sided

⑳ Error E can be amplified with little cost

Example EQU : has ocl) cost public coin RPs protocol



PeterministicC

We saw that any det
. protocol for f : 2013 " 09013+ 30

, 13

gives a partition of My into monochrom subrectangle

Let the partition # f M = min size (f rectangles
over all partitions& M into

monochron. subrectangles
VMS
& Does partition # of My = 20g((f)) ?



PeterministicC

& Of Is log (partition # f f) = 0 (((f)) ?

Themery Cyannakakis alg 1]

If has size-2 partition numbers then (e(f) - -2

#2 (900s- P-Watson]

The abou thr is right !



YannakakisAlg &

Fact : any 2 disjoint rectangles cannot intersect
In rows and in columns

*a ↳
don't intersect

intersect
in rows or

columns
in both

Let R = RovR
,
be a partition & My

Ro-o-rectangles, R =

1-rectangles



Let (x
,y) =f "10).

Then Let Ray Ro be unique orrectangle containing (x, Y)
Then every RER ,

has to intersect By either in rows or cols .

~ either (1) half of rectangles in R
,
interset Ray in rows

or (2) - half of rectangles in R
,

"

Ray in cols

R= AxBERo .

is rouy good if half of rect's in R,
intersect A and XCA

"God if " "R
,

" B and yeB

Y
Alice on X : knows

all ReMo that

contain row X

so she can compute whether or

Similarly Bob can compute whether
·Not there is a row-good MER

,

or not there is a col-good ReRo



R= AxBERo .

is rouy good if half of rect's in R,
intersect A and XCA

"God if " "R
,

" B and yeB

Alice on X : knows
all ReMo that contain now x so she can compute whether

or not there is a row-good MER
,

Similarly Bob on y : can compute whether or not there is a col-good RoRo

Protocol

Blie/Bob send name of rectangle that is now-good or colgood

&
for (x

, j).

If No now or col-good rectangle exists -> players outputI

ou
one exists

,
this removes of rect's in R

,
So

repeat using Do
, Rp = R, - /disconded rect's in R3

mplexity since 1R
.
) = 2"

,
Ards of protocol es

,

teach one sends O() bits



BALANCING PROTOCOLS

rem If f has a deterministic protocol it with e

leaves
,

then o has a det protocol of height olloge)

Lemma Any binary freeT
with 131 leaves contains a

vertex ~ se in has between is and leaves

M
1
11
·it



BALANCING PROTOCOLS

rem If f has a deterministic protocol it with e

leaves
,

then o has a det protocol of height olloge)

Lemma Any binary freeT
with 131 leaves contains a

vertex ~ se in has between is and leaves

given it , with e kaes :

1 . Players (No communication) find "- vertex v
2. Blice sends one bit - 1 if) x Rv
Bob = = "

- -(f) ye Ru

3. If alive + Bob both send 1 then recuse on T
V

our deleteTo from T a recolle on T-Tr

at each round #leaves in current tree shrinks by at least 2 factor
so #bits - 2 : logyl = O(loge)



Randomized (public coin)COMMUNICATION COMPLEXITY

X= 10110↳ r = 00111011110

.rO
· 8
->

O
*

#

-
O 1
-

si :
s
BOB

ALICE -

Alice/Boh have shared access to a random string reso ,
13R

For each re10
,
13h

,

have a deterministic protocol Tr (depends on r)

So randomized protocol it is a disthubation our

deterministic protocols Ettr3resoiR
=I computes f : XxY + 10

, 1) with prob 1 - 5 if :
V(x

,y) + ( : () 44(π(x,
y) = f(x

,y)] = 1 - E



Randomized (public coin)COMMUNICATION COMPLEXITY

X= 10110↳ r = 00111011110

.O· 8
->

O#
-
O 1
-

si :
s
BOB

ALICE -

=o computes f : XxY + 10
, 1) with prob 1 - 5 if :

V(x
,y) + ( : () 44(π(x,

y) = f(x
,y)] = 1 - E

C of crandomized) T : =

max <CTr)) <-Wellselog Ikpoylogn



Randomized CC

public coinmore
BppC TI computes f with error & if : V(x

, y) (x) = ly) - n

Pr (i (x
, y ,
r ) = f(x,y)] > 1-2 ·Va , UB

fe BPP
?

"

(f) if randomised (Cof f = o(polylogn)

RP It computes - with 1sided error d if F(x, y) (lyl = n
f(x

,
y) = 1 = Pr(π(X,y , n ( = f(x,y)] = 1

W

-(
, y) =0 = Pr[T(X

, Y, r(
= f (x

,y) = 1=2
v

- ERP (f) if randomised c of f = O(polylogn)

zpp error 2 =0 .

I forfa
bitssentfezpp? min



Sometimes we'll also use

px(f) BPp" (f)
,
Rp"(f)

,
etc

S

to denote the comm complexity of in that

model .



Randomized CC

(Private Coin Model)a-
BppC TI computes + with error & if : V(x

, y) (x) = ly) - n

Pr (T (x
,r ; Y , (b) = f(x,y)] = 1 - E ·Va , UB

RP It computes + with 1sided error d if F(x, Y)
+ (x

,
y) = 1 => Pr(π(X,; Y , +3) =(x,y)] = 1

ra
, ⑮B

-(x
, y) =0 = Pr (T(X,; y , 4)=(x,y) = 1=S

↑
a. Ris

zpp error E =0.



Example : EQUALITY
X= 10110 I#6 F = 00111

O .· ->8 *
O

si :
s
BOB

ALICE -

We saw last lectura : deterministic of EP = R(n)
Ch

-

RP EQprotocolelecting a subset of ... n.View

Alive sends parity of X-E Bob sends party of YIr
Accept(output 3) if parities all the same

our output

RepeatO(logn) times to get Oclogn) cost protocol with 2-



Amplification of error in Randomised Protocols

&pprotocols :

↑ is an RP" protocol for f with ener a

say
To decrease 2 - &" :

Repeat I 1
times using....in

Output 1 If
↓ k runs

,

It output I

Else output

If f(x
, y) = 1 Pr(π

,

=T = 11 ... Try = 1) = 1

= ((x
,y) =0 in (T(xy = 1) e Pr >T(x,y)) n .. n Pry) +)
=

k

: Pr (T(y
, y) = f(y, y)) = 1 -z



Amplification of error in Randomised Protocols

Bpp8 protocols :

-

say To
an ups prtide for

whatTo decrease 2 - &" :

Repeat I 1
times using....in

output majority answer


