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Lectures : Wed 1 : 10 - 4 (We will almost always end by 3:15)
Office urs : by appointment

All course materials provided on webpage
, including Lecture Notes

Optional Textbooks :

Nisan-Kushilentz Communuton compl Joth haveplNRao-Yehudayoff

CourseOutline/Evaluation (See Webpage)
& 1-2 assignments
· class participation
· presentations



First part of class :J will Lecture on fundamentals

of communication complexity (v8-10 Weeks)
Second part of class : Presentations

* We will have- 2-week study period (No Lectures (
to prepare presentations

Jan 28

Feb 4
,

"
,

18
,

25

Mar 4
,

11

Mar 18 : No Lecture (spring break)
Mar 25 : presentations or toni lecture

Apr 1 : Presentations or Toni Lecture
,

Apr 8 : No Lecture (prepare presentations)
Apr 15

,
21 : Presentations (Last Class Apr 21)



Presentations

List of papers/topics
Each presentation has : presenter(s)

supporter(s)

Teams will meet with me before to
go over

presentation



COMMUNICATION COMPLEXITY
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Alice a Bob have private inputs x and y respectively

*
Typically (x = 1y) = n

They want to compute
some joint function (or search

problem) #(x
, 2) by sending bits back forth (bits can be arbitraryNot wee bits of x'or up)

*Model isnonuniform : separate protocol for each in



COMMUNICATION COMPLEXITY
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Example& Parity (,y) = parity of number of is
in combined string Xy

2 bit protocol : aAlice sends parily of #J's of X Bob

Then Bob sends paints of X
, plus

bit sent by Alive



COMMUNICATION COMPLEXITY

⑮
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si :
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BOB

ALICE -

Example& Parity (x
,y) = parity of number of is

in combined string Xy · Alice

< (T) max # bits sent over all x, y leylon Bob

CC(#) min cc(T) .
Ein

so <<(parity) = 2 .

= 04) = independent of n !
so parity is very easy.



observation: - F:- ,
celf)

-

Example : (x1 = (y) = 4

①

col : Diesensan44S //NAlice sends X & Bob inn rounds &

Bob computes #(x , y) and sends answer/
· we consider feasy" for deterministic <C
if <(F) = polylog(n)
p 3 (0 .13 x (013" -> (01)1T() = Olponylogn]



COMMUNICATION COMPLEXITY
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Examplez EQ(x
,y) = 1 if x =

y



eartydeterministic protocols (More formal Defu)

2 sets of inputs X , & (usually X = [0
,
13" =())

A protocol it specified by a rooted tree
,
fanont-2

· each vertex associated with one player (Alice orBob)

· It vertex v assoc
.

With Alice then
S

Blise computes a fxN fr : X -> 10
, 1] at v

· It v assoc ,
With Bob

,
then Bob computes

fr : y -> 30
, 13



eartydeterministic protocols · Alice

⑨ Bob

2 sets of inputs X , & (usually X = [0
,

13" =())
·

A protocol it specified by a rooted tree
,
fanont-2 D I

· each vertex associated with one player (Alice orBob) ⑧ &

&
G 10

· It vertex v assoc
.

With Alice then
S

Blise computes a fxN fr : X -> 10
, 1] at v · I

· It v assoc ,
With Bob

,
then Bob computes · gio/V1o

fr : y -> 30
, 13

On input (x, y) =XXY :

Players start at root of protocol tre
If at vertex v : player assoc with v sends f(x) to other player

↓ both players more to child v' indicated by f(x) 50,
13.

Repeat until players reach a leaf vertex
, Ve ,

and

output value of this leaf



· Alice
# emputes g : XX Y + 10

, 13 if ⑨ Bob

Y(x
, y) = XXy T(x

,
y) = g(x, y) D

·

I

⑧ &

The comm · complexity ofAt
,
IITTII

,
is-- G I

E &

· ⑧the depth of protocol free
· I

⑧The number of rounds of It is max

o/V1o ·99-

# of alternations (red/blue) Over

all paths of protocol tree·

E
if Mix : +1 output a

else of y I outputs
else output o



Exam Pocolfor Parity (x,
4)

< Alice sends M
.

= Parity (x)

-
⑳ -

Bob sends M= Pari (y) + m
,

mod 2

%X
.

ex : X = 00110 : m = 0

y
= 10110 :

M2 = M
,

+ Parityly) mid 2

= O + 1 modz

- I

2 rounds

comm . Complexity = 2 < for any input lengths (I, ly1



Anthe example : 2Level Pointer jumping

Edexfunna 2013 -** -Y

Bob gets ye 20
, 13 24

output Yx
#

Y

MonterJumping Function :

12Alice gets X
,
X 50

,
131 If Y

, /x
,

= 1 output a

a
,
be 20

,
13 else if Yale"I output b

Bob gets y' , y = 30
,
132" else output o



MonterJumping Function : toco (n = 2)

Alice gets *x 50
,
131

C

a
,
be 20

,
13

Bob gets y' , y = 30
,
132" · & Alice

send a

·

/Xy ·

O

*Y

/& &Baseda
&·

If Y
, /x

,

= 1 output a g
else if Yale"I output b ../...)outputs -

else output o &
ma~

If Y/x,

: 0 Alie/Bob
compute YelXa and output

b if Yale
g ou



Equivalent Matrix View of Deterministic 2) Protocol :

Let f:*
-> 30

Y

The comm. Matrix M
,
associated with :

I

↑ -
N = Brows iM = f(i

,
j)

all x= 30131

↓ Mea-Identity matrix

n
N ·[z cols=>

all ye 90, 134



Examples

1 . Equality : EQ(x
, y) = 1 if) x=

Y

Mea :T dentity matt



2. Parity (y) = 1 if Number of I's in X -mode #Is in
y

000 ool do all 100 101110 11)

008 & 00 I o 10 I

001 0 11 0 1 0 0 I
↑
parity

:

010 0 110 100
01 o o 1 0 1 10

100 O 110 1 0 0I

101

110

11I
· 11 0 1 0 0 I



Matrix View of Protocol #T for + (x
, 7)

Say Alive sends 1st bit ?

R= x+YR
Let Xo : ExeX / Alice's 1st bit is 03

X
,

= ExeX) " . "

13

This partitious My into 2 disjoint
subrectangles : Ro = Yo X Y -

R
,

= X
, xY

Den A subrectangle R of M has the

form xxy' where YeX
, yay



Matrix View of Protocol #T for + (x
, 7)

Say Bob sends 2nd bit :

i# ⑧ Alice·

·XoR
,

Y My
Let Xo : ExeX / Alice's 1st bit is 03 ⑪ 6

#
X

,

=Exex)""" "73 Roo Rol Ro R,

Next but sent further Roof inputs in XXY
corresponding tofranci o

partitions M into 4 disjoint
↑

Rectangles : Roo
Ros
Rio

Riy



Matrix View of Protocol #T for + (x
, 7)

Say Alive sends 1st bit

i #

&
D
·

2js ⑭
&

At each leaf of protocol tree,
output is last but sent

,

which
should equal f(x,y) V(X,1) - Re
: The subrectangles at leaves are all

monochromatic
&



Matrix View of Protocol #T for + (x
, 7)

i
Say Alive sends 1st bit

#
D

&

·
2js ⑭↳.

Roof inputs in XXY
. A deterministic protocol It partitions Ra

corresponding tofranci o

My into disjoint monochromatic
↑

subrectangles Ro

Ri



Another visualization:
-

f
,
My = matrix for f

deterministic protocol : L
&

↑
Wa

/

S
I

O : gr
O

I

or
A Alie SpeaksIl



Last Class cont'd

f
,
My = matrix for f

deterministic protocol :

·L
↑"
o

I

R.. Wa /· itO &

Ro
,

O
I R

,

- or i
Roo

Rio
,

· My =++++ T
Roo Rol Roo Rio ,

Ri



LogRank Conjecture inC

By the previous argument, a deterministic (protocol of costd

for F : 201"x50
,
15 + 50

, 13 gives a partition of My into 29

disjoint monochromatic subrectangles :

that is M = E Ra &: transcript f
de 30,

139 protocol

Each Ra has rank 11 (since allo outside M and

inside Ry either all 1 or all o

: Rank (M) = &Rank (Pr) = 2



LogRank Conjecture inC

This shows : For any f : 50
, 1)" x 20

,
13"+ 30 , 13 the

det ec of f : < (f) is < log) rank (My))

Log Rank Conjecture : states that up to poly factors
This is an equivalence

RankConjecture

Logank(M)) = <C(f) < Log (Rank (M,1)0x)



RankConjecture
O(1)

Logank(m)) < (((f) < Log<Rank (Myl)

Bknow : ((f) = 0 (Fan()) Lovebt

cc(f)= (log (rank (M, ))2) girs, P, Watson



Observation <(EQ) = (n)-

Mean · W
P By logrank Cong

,
Mea is identify

M

matrix which has full rank= 2"

.. (EQ) = M(n)



Observation (e(tqn) = M(n)&

a ↳
f

#2 "Fooling set" argument .

a-

Claim : For any z distinct diagonal boo

entires (a
, a) ,

(b
, b)

any protocol
for EQ has (a

, a) ↑and (b
,
b) in different leaves.

If Not then since each leat arcated with a rectangle
↳) (a,

a)
,
(b

,
b) both in some leaf rectangle R

then (ab)
,
(b

,
2) also in Ra. But then Ra

Can't be monochromatic


