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Abstract

Multiview analysis of scenes includes the study of scene-
independent constraints satisfied by a configuration of cam-
eras for all types of scenes as well as the study of view-
independent constraints satisfied by any camera on a con-
figuration of points. In this paper, we derive new constraints
involving configurations of points that move with constant
velocity, with constant acceleration, and for unconstrained
planar motion. We show how these constraints can be ap-
plied to problems like motion recognition, frame alignment,
etc.

1. Introduction

The analysis of multiple views of the same scene has re-
ceived a lot of attention recently. Many algebraic relations
have been discovered between primitives in multiple views.
Most relate either points or lines across views. Scene inde-
pendent multiview constraints, like the Fundamental matrix,
the Trilinear Tensor and the Quadrilinear Tensor that relate
two, three, and four views respectively [4, 5, 7, 8, 12, 13],
encapsulate the viewing parameters such as the pose and the
internal parameters of the cameras producing these views.
View-independent constraints on configurations of points is
an active area of research currently. The relationships be-
tween projections of points moving with uniform velocity
presented recently [11] fall under this category.

Multiple view situations in Computer Vision have been
analyzed with two objectives: to derive scene-independent
constraints relating multiple views and to derive view-
independent constraints relating the multiple scene points.
The second approach overlaps with the Structure From Mo-
tion (SFM), which attempts to compute the 3D information
of a set of world points undergoing a rigid motion from mul-
tiple observations using a single camera. Non-rigid motion
is difficult to analyze in this scheme. The case of multiple
objects moving with different velocities can be considered
very close to the case of non-rigid motion. The algebraic re-
lations between the projections of multiple, linearly moving
objects in a scene [11] was shown to be view-independent,

under the assumption that the points move with uniform ve-
locity. The constraints relating multiple moving objects can
be classified into time-dependent and time-independent re-
lationships, similar to the scene and view dependence men-
tioned above. The two view constraints on points moving
with a constant velocity is another noteworthy contribution
in this direction [2].

In this paper, we study the algebraic relationships be-
tween moving objects imaged from different points of view.
We derive time-dependent and time-independent relation-
ships between the velocities and accelerations of the affine
projections of moving objects in Section 2. We show in
Section 3 that by observing an object motion over time us-
ing stationary cameras, we can arrive at time-independent
constraints on the motion. Some applications of these are
outlined in Section 4. Section 5 discusses how these rela-
tionships can be extended for the general perspective pro-
jections. We present a comprehensive analysis of the mul-
tiview relations in Section 6. Section 7 presents a few con-
cluding remarks.

2. Uniform Motion of Points

We first discuss the case of linear motion of points viewed
using different cameras. The motion is characterized by
uniform velocity or uniform acceleration. We derive the
conditions for affine cameras in this section. The case of
perspective cameras is discussed in Section 5.

2.1. Uniform Velocity
Let P be a 3D world point, moving with uniform linear
velocity. LetI = [ I, I, I, ]T be its initial posi-
tonand U = [ U, U, U.]" be its world velocity.
These vectors are represented as homogeneous vectors I =
(L, I, . 1]"and U = [U, U, U. 0],
Its position at any time instant ¢ is given by

P=1+0Ut (1)

Let an affine camera observe the motion of the point. Let
p=[z y 1 ]T be the projection of P due to the affine
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. Where my; represents

p=MI+MU¢. )

Differentiating with respect to ¢, we get v = MU where
Vv = [vg,vy,0]T is the velocity vector in the image. This
implies that the velocity of a point in the image is a pro-
jection of the world velocity. The above can be expanded
as

vo=my. [ U, U, U. ] 3)
Uy = mMa3. [ Uz Uy U. ] (4)

Equations 3 and 4 can be written as

[U. U, U. v,][m -1]7=0

and
(U, U, U. v,][ma —1]" =0

If we have 4 points in the scene, P;, 1 < i < 4, with

world velocities [ U;, Ui, Ui, ]Tand image velocities
T . .

[ vie wiy |, we can define a matrix X, as

Uz Uy U v1a
Use Uzy Uz w2e

Xy = 5
Use Usy Us: w3 ©)

Uiy U4y Us, Vg

Similarly, we can define a matrix Y, with the last column
having the velocity vectors in y-direction. We can see that

Xy [ my —1]T = 0 and
Yv [ ma -1 ]T = 0.

For these to have a constraint, X, and Y must be rank de-
ficient, i.e., |Xv| = |Yy| = 0. We get the following func-
tions of the velocities of the 3D points and the image veloc-
ities by expanding the expressions for the determinants.

QU1 + Q102 + QU35 + Q3Vs; = 0

QoU1y + Q1V2y + Q2VU3y + Q3V4y = 0 (6)

where «’s depend only on the world velocity parameters
of the 4 points. The a’s are view-independent. That is,
the above constraints hold for the image velocities of four
points for the same «’s irrespective of the pose and intrinsic
parameters of the camera. They are also time-independent
as time term has been eliminated. Equation 6 has four un-
knowns, with each view providing two equalities. There-
fore, we need two views of the four points to determine all
a’s up to scale.

These results are similar to the Recognition Polynomi-
als and Shape Tensors presented or discovered earlier. It
was shown that polynomials to recognize a configuration
of stationary points could be constructed from 2 views of
4 points under orthographic projections [1]. This was ex-
tended to recognize human gait using 2 views of 5 points
under scaled-orthographic projections [2]. Time-dependent
constraints involving a single view of 5 points with uniform
velocity is presented in [11] for affine projection.. Our re-
sults yield view and time independent constraints involving
4 points in 2 views under the general affine projection.

2.2. Uniform Acceleration

We now derive relationships between points when they
move with constant acceleration. Let P be a 3D world
point, moving with uniform linear acceleration. Let its po-
sition at any time instant ¢ be given by

P=1+TUt+ -A# 7)

where I is the initial position of the point, U is its initial
velocity and A = [ 4, A, A. 1 ]T is its constant
acceleration.

Proceeding the same way as in the previous subsection,
we get a singular matrix X,

Uiz + Arxt)  (Uiy + Aryt) (Ui + A1st) 1w

X, = (Uze + Asgt)  (Uzy + Agyt) (Uszz + Azst)  v2s
2 (U3m + ASmt) (USy + ASyt) (U3z + A3zt) U3z
(Use + Asgat) (Usy + Asyt) (Usz + Agzt)  vag

A similar singular matrix Y, with motion parameters in
y-direction also exists.
Expanding |Xa| and [Ya|, we get

(Bo + Bt + Bat? + Bst?)via+
(Bs + Bst + Bet® + Brt*)vag+
(Bs + Bot + Piot® + Br1t)vzz+
(Bi2 + Pist + Brat’® + Bist’)va, = 0 (8)

(Bo + Bit + Bat® + Bst®)vry+
(Ba + Bst + Bot” + Brt®)vay+
(Bs + Bot + Biot” + Br1t®)vsy+
(Bi2 + Bist + Piat® + Pist®)vyy, = 0 9)

where ’s depend only on the parameters of motion of
the 3D points in the world. The above relations are time-
dependent and view-independent. That is, the same 3’s
hold no matter what the pose and intrinsic parameters of the
affine camera used to view them. There are 16 unknowns
(Bo - - - B15) in the above relation, with each time instant
providing 2 equations. We, therefore, need the velocities
of 4 points for 8 time instants (9 frames) for computing the



B’s. Note that these 3’s can be computed from a single
view, as opposed to the a’s for the case of constant velocity,
which needed two views. This is the direct result of time-
dependence.

We now proceed to derive time-independent constraints
for the case of constant linear acceleration in the world. For
this, we differentiate the constant acceleration motion equa-
tion (Equation. 7) twice to get

ay = ml.[ A, Ay A, ] (10)
ay = mz.[ A, Ay A, ] (11)
where a, and a, are the image-accelerations of the projec-
tion of the point. We can similarly define the singular ma-

trices X., and Y, for the four points P;, 1 <4 < 4. XL is
given below.

Alz Aly Alz a1z
A2z A2y A2z a2z

X! = 12
a A3w A3y A3z a3y ( )
A4z A4y A4z G4z
Expanding the determinants of X/, and Y7, we get
YoQ1z + Y102z + V2032 + Y3a4, =0
Yoa1y + Y1G2y + Y203y + Y3049 = 0, (13)

where «’s are functions of world accelerations parameters
of the 4 points only. The 4’s are view and time independent.
The system of Equations 13 has four unknowns and we need
2 views of the 4 points to determine all the ~’s.

Levin et al. [11] derive constraints for motion con-
strained to elliptic paths. It is the first time that view or
time independent constraints for points moving with con-
stant linear acceleration have been derived.

3. Modelling Trajectory asa Contour

Assumptions of linear motion with constant velocity or ac-
celeration are valid in many situations. Can we arrive at
such constraints for general non-rigid motion of points in
space? That would be most beneficial. We derive algebraic
constraints for such a situation in this section.

Our approach is based on the following observation. A
moving 3D point traces out a contour or curve in space over
time. This contour gets mapped to a contour in the im-
age. If we have multiple views of the same object motion,
their consistency reduces to the matching of corresponding
shapes. Any contour-matching approach can be used for
this step. If the 3D motion of the point is restricted to a
plane, the problem reduces to planar contour recognition.

The matching constraints using vector Fourier represen-
tation presented in [10] can yield algebraic constraints on
points moving arbitrarily, as long as the motion is planar.

The analysis of the motion of the object can be carried out
by studying the contours traced out in the various views.
Many surveillance applications involve studying the mo-
tion of an object (like vehicles on the ground) from cam-
eras that are far away from them (at top of tall buildings or
on satellites). The trajectory of the objects is restricted to
a plane and the cameras are affine in practice in this case.
We demonstrate how the necessary conditions for match-
ing a planar contour across multiple views [10] can yield
a view and time independent constraint for arbitrary planar
motion. We first consider the case of linear motion before
considering arbitrary non-rigid motion.

3.1. Linear Motion

Linear motion includes motion along a world straight line
with no restrictions on the velocity, acceleration, etc. In
this case, the trajectories of the points will be straight lines.
Constraints that hold for matching lines in multiple views
can be used on each moving point independently. For ex-
ample, the trifocal tensor can relate lines in three views. If
a world line is imaged as 1%, 12, and I3 in three views, they
are related by a trilinear constraint [6, 7, 12].

It =@rre (14)

where T is a suitable tensor.

3.2. Arbitrary Motion

Let O be a set of NV points on the planar trajectory of a point
and let P, be its images using an affine camera in view V7,
where [ is the view index. Let (u![i],v![i]) be the image
coordinates of points on the contour traced out in view V.
We represent this contour using a sequence of vectors of
complex numbers as given below.

u-[ 2028

Under affine projection, the image-to-image homography
between a pair of views is affine also. Thus, the correspond-
ing points of the contour in view [ are related to the points
in the reference view 0 by the relation

x'[i] = Aix’li] + b, 0<i< N (15)

where A, is an arbitrary 2 x 2 matrix. Taking the Fourier
transform of Equation 15, we get

X'[k] = AiXO[k] + by[0], 0< k< N
which can be rewritten as (ignoring the DC component k =

0)
X'[k] = AiXO[k], 0<k < N (16)



where X! = [U!, V!]” ; U and V! are Fourier transform
sequences of u! and v* respectively. We can now define the
following measure « for the points on the contour in the
view [ as

0 1

W= T

]X’[k], 0<k<N

(17)
(* denotes the complex conjugate). It can be shown that [10]

k![k] = |A1| k°[K], 0 <k < N. (18)

where, |A;| denotes the determinant of A;. The « values
defined by Equation 17, which can be computed indepen-
dently for each view from the Fourier transform of the con-
tour points, identify the contour formed by the motion, upto
a scale factor. Consider the following M x (N — 1) matrix
for M views of the planar contour

) A2 N -]
o=| "l R wIN=IE )
kM=11] kM-UN —1]

It can be seen from Equation 18 that rank(®) = 1. See
reference [10] for a detailed discussion on rank constraints
for shape matching.

Equation 19 gives a constraint on measures that can be
computed from each view independently. The trajectory of
a point moving in a plane can be tracked over time to gen-
erate the contour in each view. This constraint is view and
time independent. There are no restrictions on the number
of views or frames per se. In practice, however, the Fourier
transform will be reliable only if the curve has sufficient
length. The motion of the point is arbitrary. If a number
of points can be tracked independently, each contour will
yield a different constraint, all of which have to be satis-
fied simultaneously. It is clear that non-rigid motion is also
covered by these constraints.

4. Applications

In this section, we show the applications of view indepen-
dent constraints for a number of common problems. The
goal of this effort is not to solve these problems in the best
possible way. Rather, we hint at the diverse applications to
which these constraints can contribute positively.

4.1. Frame Alignment

Suppose we have two video sequences A and B of a world
motion taken by two affine cameras. We want to align them
so that the same time instant can be identified. A few solu-
tions to this problem have appeared in the literature [3, 9].

Uniform Acceleration Motion:  If we can identify points
moving with constant acceleration, Equations 8 and 9 would
hold for both views for the same ’s. The time ¢ can be
replaced with the frame number. From the image velocities
of the projections of 4 points in 8 frames in view A, 8’s that
characterize the point configuration can be computed. We
want to identify the corresponding frame & in view A for the
frame j in view B. The image velocities of the projections
of the four points in view B at time instant j are (viz;,viy;)
1 <i < 4. Therefore, the shiftis (k — j). We have

( Bo + Bik + B2k* + B3k® vizj+

( Ba+ Bsk + Bok® + Brk® Yvogj+

(Bs + Bok + Prok® + Bi1k*)vszj+

( Bi2 + Bisk + Prak® + Bist®)vaz; = 0 (20)
And a similar relation in v, values. These can be written as

M (k)vizj + 12 (k)v2gj + 13(k)vaz; + na(k)vaz; =0
N1 (k)viy; + m2(k)vay; + n3(k)vsy; + na(k)vay; =0 (21)

where 17;(k) = (Bisa + Bixat1k + Bisag2k® + Bisagsk?),
0 < ¢ < 3. We can solve for k using a linear least squares
solution technique by minimizing the sum of squares of the
error functions

f1(k) = m(k)vies + m2(k)vezj + n3(k)vaz; + na(k)vaz;
f2(k) = m(k)viy; + m2(k)vay; + n3(k)vsy; + na(k)vay;-

Alternately, we can solve for the roots of a cubic polynomial
of the form

Yok® + V1k> + ok +v3 =0 (22)

where o = (83125 + BrV205 + B11V32; + BisV4aaj), 11 =
(B2v1zj + BeVazj + Br0V3ej + P14Vazs), V2 = (B1Via; +
Bsvagj + Bovsaj + Pi3vaaj), and vz = (Boviej + Pavaz; +
BsVsgj + B12V4g5)-

General Planar Motion If points undergoing general
planar motion can be tracked across time, the trajectory of
each forms a contour which is viewed by both video cam-
eras. Both videos see the same contour, but the starting
points are different. The problem reduces to contour match-
ing under affine homography and unknown shift. Solutions
for this situation using a measure similar to « has been pre-
sented in [10]. The new measure is
0 1

ol = x| f]xn
= A4 Ky (0)[k] e7 2 NEmPIN T (23)
where p is a constant (typically 1 or 2) and ); is the un-
known shift in view [ compared to the reference view 0.
The ratio rp(DIK] will be a complex sinusoid. The shift A,

w4, (0)[K]
can be recof/ered from the inverse Fourier transform of this

ratio. For more details, see [10].




Figure 1: Two image sequences of an exploding pot
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Figure 2: Alignment of sequences (a) Searching over the
range of possible shifts, (b) Shift determination in Fourier
Domain. (See text for more details)

Experimental Results To determine the validity of this
technique for frame alignment, tests were conducted on a
number of scenes. A simulated explosion of the teapot,
with the various fragments flying off in different directions
with different but constant acceleration, was used for exper-
imentation. Figure 1 shows a few frames from the image
sequences of the exploding tea pot from two different view
points. Tests were carried out to evaluate the applicability
of this technique for frame alignment, by varying the start-
ing point of the second video sequence. In all the cases the
proper shift value was recovered. In the first experiment,
the two sequences were misaligned by seven frames. The
fit-error graph obtained on searching over the possible range
of shifts, for aligning the sequences is shown in Figure 2(a).
Figure 2 (b) shows the amplitude spectrum of the IDFT of
the ratio % computed from two views of general pla-
nar motionzj misaligned by seven frames. It can be seen that
there is a distinct peak at the proper shift value.

4.2. Recognition

Recognition of motion using single view constraints was re-
ported earlier [11]. Single view constraints can be used to

index into motions of a person performing a sitting move-
ment, for instance. The same philosophy can be used for
recognition using our constraints, which need less points.

It is also possible to recognize objects undergoing non-
rigid motion using these constraints, as long as parts have
uniform velocity or uniform acceleration. Suppose we can
track N sets of 4 points on the deforming body in all the
views. From 8 frames of each view and each set of points, a
set of 5°s can be computed. The 3’s for a set of points com-
puted from any view will satisfy the constraints expressed
in Equation 21 for that set of points, for all views. This
should be true for all V sets of points, for the body to be the
same in all the views. This recognition strategy was tested
on views of the exploding tea pot scene. A sets of points
on the tea pot were tracked across the explosion in all the
views. It was found that the 5 values computed for each
set of points from one view were valid for the same set of
points in all views. The coefficients computed were highly
similar for a specific motion and different for different mo-
tion. These coefficients may be used for gait recognition or
similar applications.

4.3. View Consistency

These constraints can be used for checking the consistency
of a system of views involving motion in a multiview envi-
ronment. This is easy to see as the constraints we derived
are view independent and should come out to be the same
in all views. If we can track N sets of 4 points each for
many time instant in each view, we can compute IV sets of
B values from the reference view. The same S values will
hold for all views for each set of points at every time in-
stant. Given the image velocities in the other views and the
B3 values computed from the reference view, the matching
time instants can be computed for each view, as in Subsec-
tion 4.1. A necessary condition for all the views to belong to
the same motion configuration is that all computed N time
instants that align the views be congruent.

5. Perspective Cameras

We take a look at how the above relationships can be ex-
tended to perspective cameras. Suppose that we have a
world point P that moves as per Equation 1. Let this point
be viewed by a perspective camera represented by the cam-
era matrix M. The projection of P will trace a line in the

image. Let us represent this linelby [ a b ¢ ]T. Letp
be the projection of P due to M at some time instant ¢.

Tp=0
[a b ¢ ]M[ (L+Uet) (I,+Uyt) (L+U.5) 1] =0
Differentiating w.r.t. ¢, we get

(amy + bmy +cm3).[ v, U, U, ] =0



| Type | Conditions [ Invariant | Source |

Stationary | Multiple Scene Many

Uniform V | 5 pts, 8 frames | View Levin et al.
UniformV | 4 pts, 2 views | View, Time | This paper
Uniform A | 4 pts, 9 frames | View This paper
Uniform A | 4 pts, 2 views | View, Time | This paper
Uniformw | 6 pts View, Time | Levinetal.
Planar A few, 1 view | View, Time | This paper

Table 1: Summary of the multiview constraints

Proceeding in a similar manner as before to eliminate the
projection terms m;;, we can derive a view-independent re-
lation for uniform velocity motion under perspective pro-
jection. However, the number of unknowns are very high
and hence the number of views or time instants needed to
solve for them runs into a large number. Extension to con-
stant acceleration motion also has similar properties under
perspective projection. Levin et al. sketch the extension of
their view-independent constraints to perspective cameras.
Their extension required 6 points in 49 time instants under
perspective projection, compared to 5 points in 8 time in-
stants under affine projection. Similar ideas must be applied
to reduce the view requirements to practical levels. We are
actively pursuing this currently.

6. Discussion on Multiview Relations

We summarize the different multiview constraints and their
characteristics in this section. We are dealing with the class
of view-independent constraints that hold good from any
view for a configuration of points. Table 1 summarizes the
different relations reported in literature.

Constraints on stationary points are essentially the multi-
linear relations encoded in the Fundamental Matrix, Trilin-
ear Tensor, etc. These are scene-independent. The number
of points required to recover these depends on the number
of degrees of freedom. Since the points are stationary, time
has no relevance.

Levin et al. [11] give view-independent, time-dependent
constraints involving 5 points and 8 time instants. In this
paper, we gave new view and time independent constraints
involving 4 points in 2 views for this case. These work for
affine cameras. Both of these are extensible to the perspec-
tive camera, but considerably more points or time instants
will be required. We also showed how this problem can be
reduced to that of stationary lines using the trajectory of the
moving points.

This case hasn’t been addressed earlier in literature. We
derived new view-independent, time-dependent set of con-
straints for affine cameras that require 4 points and 8 time

instants. We also gave time and view independent con-
straints involving 4 points in 2 views.

Levin et al. derived view-independent constraints for the
case of constant angular velocity along an elliptic path.

This problem has not been addressed earlier. We derived
constraints by reducing this problem to that of planar con-
tour matching. Our constraints are view and time indepen-
dent and require a minimum of 1 point for a sufficient num-
ber of time instants to evolve a reasonable contour.

7. Conclusions and Future Work

We derived several novel view-independent constraints that
characterize the configuration of points moving under affine
projection in this paper. The motion models under which
such constraints are valid include constant velocity motion,
constant acceleration motion, and general planar motion.
We outlined the application of these constraints for frame
alignment, view consistency, and recognition. Future ex-
tensions include general non-planar motion of points and
general perspective cameras for projection.
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