International Journal on Artificial Intelligence Tools
© World Scientific Publishing Company

Data Flow Coherence Constraints for Pruning the Search Space in ILP Tools*

SMARANDA MURESAN

Department of Computer Science, Columbia University, New York, USA
smara@cs.columbia.edu

TUDOR MURESAN, RODICA POTOLEA

Department of Computer Science, Technical University of Cluj-Napoca, Romania
{tmuresan, potolea}@cs.utcluj.ro

In this paper we present a new method that uses data-flow coherence constraints in def-
inite logic program generation. We outline three main advantages of these constraints
supported by our results: i) drastically pruning the search space (around 90%), ii) re-
ducing the set of positive examples and reducing or even removing the need for the set of
negative examples, and iii) allowing the induction of predicates that are difficult or even
impossible to generate by other methods. Besides these constraints, the approach takes
into consideration the program termination condition for recursive predicates. The paper
outlines some theoretical issues and implementation aspects of our system for automatic
logic program induction.
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1. Introduction

Inductive Logic Programming (ILP), which combines the positive character-
istics of Logic Programming and Machine Learning, involves the induction of
logic programs from examples and background knowledge ! 2 3 4 ® 6. ILP has
a strong potential for being applied to real-world problems in various domains
(e.g. biology, natural language processing) ’.

The theoretic and algorithmic support for building an automatic logic pro-
gram generation system is given in ® 9, by introducing the Mode Directed Inverse
Entailment (MDIE) method, a state-of-the-art ILP technique. The mode dec-
larations for both the head and the body of the learned hypotheses (modeh and
modeb respectively) bound the most specific clause, which is built based on a
positive example. The most specific clause is used to lower bound the hypoth-
esis search space, and thus the search is better constrained than those in which
the sub-lattice is only upper bounded by the empty clause. Then an A*-like al-
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gorithm is used for searching the subsumption lattice in order to find the clause
with maximal compression.

Our experimental tool for logic program generation '© is based on MDIE,
but it introduces new heuristics for further pruning the search space. The
most important feature of our approach is that it imposes several data flow
coherence constraints (transfer coherence criteria) applicable to definite logic
program generation. In this approach, each predicate establishes a data flow
from the input to the output arguments. Those predicates that have only input
arguments represent, constraints on the data, which in pure logic programming
lead finally to unification. For recursive predicates a further constraint is added:
a termination condition similar to that in * ® 1. These constraints are used both
in the generation of the most specific clause and in the hypotheses searching.

The benchmark tests show that the number of the hypotheses that satisfy the
data-flow coherence constraints is very small. Only these hypotheses are con-
sidered for verifying positive examples. Furthermore, our initial experimental
results support the hypothesis that these coherence constraints allow learning
of nondeterministic programs and enable learning only from positive examples
for a class of logic programs . Section 2 of this paper presents the theoretical
issues: the definition of the immediate transfer operator and representative ex-
amples, the generation of the most specific clause that satisfies the data-flow
coherence constraints and the generation of the hypotheses with maximal com-
pression. Section 3 describes the implementation of the system, which is done
in SICStus Prolog, together with the program sequences that are generated (by
metaprogramming technique) for searching both the most specific clause and
the hypotheses. Section 4 presents the experimental results. Our conclusions
are drawn in Section 5.

2. Data-flow Coherence Constraints and Representative Examples

2.1. General Formal Framework for Logic Program Generation

The general framework for logic program generation is as follows. Let Mg (h)
be the least Herbrand model'* of the background knowledge K restricted to
the predicate symbol h and ET be the set of positive examples (the set of
ground atoms) using e as the predicate symbol. E7T is a rule set with empty
antecedent (premise) set. If My (e) = ¢ then Mg = MKUE (e) = ET. Let
H be the set of hypotheses learned from the positive examples ET and the
background knowledge K. Generally from K A H = ET results ET C M Kz

(e). If negative examples, £, are considered, then M Km e N E =9,

because (K A H I/E~). H represents a new rule set, which replaces the old
rule set £T, by increasing the least Herbrand model, which is bounded by the



negative examples. In the Mode Directed Inverse Entailment (MDIE) method,
H is obtained based only on K-proving. The whole theoretical and algorithmic
support for its construction is given in ® : starting with the knowledge base, K,
and a positive example e €ET the most specific clause, L., is built, such that
KAlet e. Then arefinement operator and an A* - like algorithm are used for
finding the hypothesis (clause) with maximal compression. Finally a cover set
algorithm is used for learning the whole set of hypotheses, H.

2.2. Data-flow Coherence Criteria for Pruning the Search Space

MDIE method has the advantage of both lower and upper bounding the hy-
potheses search space. In our approach we further prune the search space by
introducing four data-flow coherence criteria. These criteria can sometimes sub-
stitute the set of negative examples, in their function of bounding the increase
of the least Herbrand model of the hypotheses set. In our model, any predicate
is seen as realizing a data flow from the input to the output arguments.

The immediate transfer operator we introduced in '°, T, specifies all terms
that can be obtained in one step at the output of the predicates, based on the
terms given as inputs. If T is the ith-power of T then T° represents the set of
terms given by the inputs of the positive example (ground atom) e € ET. The
successive powers of T generate all ground terms obtainable based on the input
terms of the positive example, e, and background knowledge K. Let d be the
minimum value such that 7 contains all ground output terms of the positive
example e, and A, the ground atoms set for which all atom terms are in 7%
The most specific hypothesis for e €ET and K is defined as:

J_e = € < bl,bg...,bn
where b; € A, and all literals b; satisfy the four data-flow coherence criteria
defined below:

e The First criterion forces each output argument of the hypothesis head
to be obtained either from an input argument of the head or from an output
argument of a body literal, or to be a bottom element of the data type defined
by dftype (e.g. the bottom element for list type is [], for tree type is nil and for
natural numbers type is 0; see Section 3.1 and Appendix A)

e The Second criterion requires that each input of a body literal be
obtained either from an input of the hypothesis head or from an output of a
preceeding literal in the body.

e The Third criterion requires that each output of a body literal be linked
either to an output of the hypothesis head or to an input of a following literal
in the body.

e The Fourth criterion forbids that the inputs of the hypothesis head to
be linked to the outputs of the body literals. Furthermore this criterion requires
that all output variables of the body literals be pairwise distinct.

Any input of a literal in the body of L. is given by an output of a precedent



literal (the flow of data in the hypothesis body is from left to right, except for
the literal outputs connected to head outputs). It should be noted that:
e not all atoms verify the transfer coherence criteria, i.e. Ja (a € AcAa ¢ L)
e not all terms ¢ € T satisfy the criteria, .
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In *® we introduced the following theorem:

Theorem 1. KA L, e if T¢ exists and d is a finite number. (e is provable
from the background knowledge K and the most specific hypothesis.)

We denote by t € 1. the terms that satisfy the transfer coherence criteria
and by h the generalization of |, with substitution 6§ defined as :
0={v;/t|te L.}
The fourth previous transfer coherence criterion for | is changed for h into
a new one, which states that the generalization variables v; assigned to the
hypothesis head inputs and to the body literals outputs must be different. It is
always true that h6 C 1. and from the above theorem results that:
KANhEe
In general, from a learned hypothesis h, a subset F} of positive examples is
K-provable, i.e.:
K ANhFE Ey
where E;, C Et
If H, is the set of all h coherent hypotheses (Fig. 1), which generalize L. ,
the one with maximum compression is chosen:
|E}| = maxpen, |Ehl
If two hypotheses h and h’ have the same maximum compression, the most
specific one is chosen, i.e.:
If
|En| = |Ew| = |E}]
the final hypothesis h is chosen so that it minimally increases the declarative se-
mantics, thus preventing overgeneralization, i.e. Mgyp () C Mgup (€). Some-
times this can substitute for the lack of negative examples, thus our approach
can be seen as a method of learning only from positive examples.

2.3. Representative Examples. Partial Ordering Relation

Besides the four data-flow criteria described above for pruning the search
space, our method introduces a termination condition that is based on the par-
tial ordering relation among the examples. Adapting a theorem from struc-
tural induction, we say that a rule set K over the Herbrand base By termi-
nates iff there exists a well-founded relation = on Bg such that for all rules
y «— X € ground(K) and for all z € X we have that y > x. The recursive
predicates impose that the relation > holds for terms appearing as predicate
arguments. The relation > is a semantic and not a syntactic one. It is given
by the descendant declarations (see Section 3.1 and Appendix A) and induces



a partial ordering over the set of examples E+ ® 11 12 (see Section 3.2).

We say that a set Fy is representative for a problem if it is K A H - provable
for any rule set H which models that problem. For any rule sets H and H’ which
model the problem, the following equivalence rule holds:

(K AHVF E)A(KAH & E)
VEY[K ANHF Et & K A H + E|

(1)

Always Jeg € EgVe € E'[eg # e] such that all finite decreasing sequences
of elements are ending in ep(e = ... = e1 > eg). We call e, the bottom elements
of the set Ey. Similarly we define the bottom elements of data types used as
predicate arguments (defined by dftype). For e results:

Ley = eg < b1, bo, ..., by
or
J—eo = €y

where b; literals have the predicate symbol different from that of eq (eg > b;
given by descendant) .

The termination condition on the hypothesis set H and the clauses from the
previous equation impose that the cover set algorithm ® must first extract eg
from Et. If the examples E™T are topologically sorted, the process continues as
in Fig. 1. Thus, the partial ordering relation > becomes mandatory for inducing
the hypothesis set and for avoiding the inclusion in A, of those atoms, which

can generate infinite loops.
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Fig. 1. Most Specific Clause and Hypotheses Generation + Cover Set Algorithm



3. Implementation issues

3.1. Mode Declaration and Input Files

In our present version of the system, the ground term encoding results in a
representation that is based on the total sharing of the substructures '°. This
representation is able to provide the argument templates, so that the user has
only to introduce the data flow and the type of arguments as well as the calling
graph of the predicates (descendant). For example, for generating the predicate
that generates all permutations, the mode declarations are:

descendant (perm, [delete,perm])
dfmode (perm(+list,-1list))

dfmode (delete(+integer,-list,+1list))
dftype(list, []1)

dftype(list, [integer|list])

The clauses of both the delete predicate and the list type are given in the input
file as background knowledge, K, represented as a Prolog program. The positive
examples are given as Prolog ground atoms.

3.2. Terms and Atoms Ordering Relation

The partial ordering of the representative examples (used by the cover set
algorithm) might be based on: 1) the number of distinct simple terms, or 2) the
total number of simple terms, or 3) a user-specified order. In the first case it
is given by the subset inclusion relation on the term simple component sets (A
term T is simple if its arity is 0).

T1 - TQ — T1 ~ TQ, not(T2 ETI)
Ty = Ty «— for_all simple(Ts, Simple)
is_simple(Ty, Simple)

Two ground atoms satisfy the order relation if at least one of the input arguments
respects the order relation.

Ay = A — dinput_arg(N, Ay, I) ,
input_arg(N, Aq, 1),
I = I

In the second case (2), the total number of simple terms is determined during
the ground atom encoding.



3.3. Most specific clause 1. generation

For generating | ., the metaprogramming technique is used. This technique
allows the generation of a Prolog program, whose execution generates, by means
of backtracking, all the literals of the most specific ground atoms A, . For a de-
scendant predicate, which has as mode declaration: dfmode(p(+typel, +type2,
-typed)), the following program is generated:

P = value(typel, T1, in, Id1),
value(type2, T2, in, Id2),
solve(p(T1, T2, T3), Hdepth_bound),
ordering_test,
mem_type(type3, T3, in, Id3),
mem_literal (p(Id1l, Id2, Id3))

where,

e value is used for assigning to each ground term T of type ¢, a unique index
14

e solve is a depth-bound metainterpreter with backtracking

e mem_ type is used for storing a new ground term T of type ¢ having the
index Ig4

o mem_ literal is used for storing the ground atoms of the most specific
ground atom set A,

e ordering _test tests the order relation between the head of e and the ground
atoms of A,

By means of the following program sequence: call(P), fail., all literals A,
are generated by asserting them in the Prolog database. After the values of the
output arguments of the current positive example are obtained, all the literals
and terms that do not satisfy the data-flow coherence criteria are retracted, thus
obtaining 1. (Fig. 1).

Let us consider the perm predicate specified in Section 3.1. For the positive
example:

eo = perm([]1,[]1)
the most specific clause is:
1l =perm(+t1,-t1)

where t1=[ |.
For the positive example e > eg:

e = perm([1],[1])

the most specific clause is:



1le = perm(+t3,-t3) : - +t3=[-t2|-t1],
perm(+tl,-t1),
delete(+t2,-t3,+t1).

where t3=[1], t2=1 and t1=[ ].

It can be observed that the immediate transfer operator generates from t3 (the
input term of the second positive example) the set T¢ = {t3, t2, t1} and that
the atoms of the most specific clause satisfy the data-flow coherence criteria.

3.4. Hypothesis Generation

A metaprogramming technique, similar to that presented above, is used
for generating the hypotheses that generalize L.. The P program is used in
an algorithm that replaces the technique of the A*-like algorithm ® with a
depth search approach constrained by the four data-flow coherence criteria, for
generating all partial hypotheses obtained by adding a new literal (Fig. 1). The
partial hypotheses that have already become incoherent are not generated. Each
generated partial hypothesis is verified only if it satisfies the transfer coherence
criteria. If it does, it is stored as a final hypothesis, otherwise it is stored as
candidate and the process of adding new literals is continued.

For a descendant predicate which has as mode declaration: dfmode(p(-typel,
+type?, -typed)) the following program is generated:

P = theta(-1,(V1l, Atr_argl)/Idl),
verify_theta(J, (V1, Type_argl )/Id1),
theta(J, (V2, Atr_arg2)/Id2),
verify_theta(J, (V2, Type_arg2)/Id2),
theta(-2, (V3, Atr_arg3)/Id3),
verify_theta(J, (V3, Type_arg3)/Id3),
new(Jn), copy_theta(J, Jn),
mem_hypothesis (hyp(Jn)),
(coherent — memc_final(h(Jn)); mem_candidate(h(Jn, L))).

where:

e theta (J, ) is the substitution set 6 for the current hypothesis J that
has associated the attribute of the predicate argument. The negative values for
J denote the output arguments, for which 6 contains also a new generalization
variable. For the clause head, both input and output arguments have J negative,
and thus they introduce a new generalization variable.

e verify theta (J, ) verifies immediately the incoherence, based on the
attribute and the type of arguments. The attribute takes into consideration
only the previous arguments that shared the variable, while the type refers only
to the current argument. The hypotheses that have already become incoherent
are rejected (early pruned), admitting only those that can become coherent by
adding new literals.



e copy_theta (J, Jn) copies the substitution of the current hypothesis J for
the new generated partial hypothesis Jn.

e mem__ hypothesis stores the new hypothesis along with all the necessary
information (not given here)

e coherent verifies the total coherence, that means that all the outputs from
the hypothesis head and all the inputs and outputs from the hypothesis body
must share a variable. The sharing compatibility was checked by verify _theta.
The final hypotheses that do not verify the total coherence are rejected.

o mem__ candidate stores the partial hypothesis Jn along with the L index
of the new literal.

e mem_ final stores the hypotheses H. that verify the transfer coherence
criteria.

Using the following program sequence: call(P), fail., all partial hypotheses ob-
tained by expanding a candidate hypothesis (i.e. obtained by adding a new
literal L) are generated.

In the end, the final hypotheses are tested on all positive (and when exist
on negative) examples and the hypothesis with the maximum compression is
chosen. At the same compression, the most specific hypothesis is taken.

In the above exemplified predicate (perm), for the positive examples ey and

e results the following hypotheses that satisfy the data flow coherence criteria:
perm(+[]1,-[1).

perm(+V1,-V2) :- +Vi=[-V3|-V4], delete(+V3,-V2,+V4). (1)
perm(+V1,-V2) :- +V1=[-V3|-V4], perm(+V4,-V6), delete(+V3,-V2,+V6). (2)

Using the depth first search approach and data-flow criteria the correct (in
this case the longest (2)) hypothesis for the example e is chosen from the two
final solutions based on maximal compression (E* pruning, see Table 1). This
would not have been possible using an A*-like algorithm, which stops at the first
found final solution (in this case the shortest (1)). Thus the final hypotheses
set is:
perm([], [1).
perm([A|B], C) :- perm(B, D), delete(A, C, D).

4. Experimental Results and Discussions

The system was tested on a set of test benchmarks for list and tree processing
presented in Table 1 and Appendix A. The statistics show that 81.9% - 99.8%
of the partial hypotheses are pruned as data flow incoherent, and that 56.2%
- 96.8% are early pruned by wverify theta predicate described in Section 3.4.
Thus the number of data flow coherent hypotheses is very small, and only these
hypotheses are tested on the positive and negative examples. Analyzing Table
1, it can be seen that a class of predicates does not need negative examples
in the generation process, their induction being made based only on positive
examples.



Table 1. Statistics of data flow coherence constraints effect on a set of test benchmarks

Predicate K |[ET] [ |[E7| | DF pruned(%) | Hyp DF | Pruned by | |H| | Time
early final coherent | E- [ ET (sec)
append(—+, +, -) 5 0 76.7 | 883 5 0 3 2 | 0.03
append(, -, +) 5 0 727 | 943 5 0 3 2 | 0.05
last(-, +) 2 1 56.2 87.5 2 0 0 2 0.01
reverse(+, -) append el(+, +, -) 3 1 63.6 81.9 4 1 1 2 0.02
delete(-, +, -) 1 0 786 | 97.1 2 0 0 2 | 0.05
delete(+, -, +) 4 0 80.0 95.6 2 0 0 2 0.03
bal merge(+, +, -) 5 0 78.6 89.2 6 0 4 2 0.03
bal_split(+, -, -) 3 T | 741 | 948 6 1 3 | 2 | 0.05
ord merge(+, +, -) =<(+, +) 9 2 78.3 96.2 90 51 35 4 2.01
partition(+, +, -, -) =<1, 1) 6 6 84.7 | 98.6 24 5 | 6 3 | 1.38
merge_sort(+, -) bal_split(+, -, -) Z 3 89.3 | 99.4 31 T | 27 | 3 | 1.89
weak typed ord merge(+, +, -)
gsort(+, -) partition(+, +, -, - 3 1 96.8 99.8 79 1 76 2 9.14
weak typed (App. A2) append(+, +, -)
gsort(+, -) partition(+, +, -, - 3 1 86.5 97.2 4 1 1 2 0.08
strong typed (App. A2’) append(+, +, -)
asort(+, -) partition(+, +,-,-) | 3 1 | 888 | 965 6 1 3 | 2 | 010
strong typed (App. A2”) append(+, +, -)
perm(+, -) delete(-, +, -) 4 0 79.6 | 94.4 3 0 1 2 | 0.05
3 1 75.5 89.8 5 1 2 2 0.03
delete(+, -, 1) 1 0 65.0 | 85.0 3 0 T 2 [ 0.04
3 1 66.7 83.3 4 1 1 2 0.02
insert_tree(+, +, -) 6 0 | 685 | 99.3 5 0 | 2 | 3 | 058
search tree( -, +) 6 0 65.6 90.6 3 0 0 3 0.04
insert ord tree(+, +,-) | =(+, +) 5 3 67.2 99.6 7 2 2 3 1.62
<(+, +)
search ord tree(+, +,-) | =(+, +) 6 3 63.5 90.4 11 1 7 3 0.11
<(+, +)
profile(+, -) append(+, +, -) 3 0 71.8 92.3 6 0 4 2 0.07
profile_difi(1, -, ) 1 0 | 824 | 91 5 0 3 2 | 0.06
same_profile(+, +) profile(+, -) 2 0 64.7 82.4 3 0 2 1 0.02
=(+, 1)
merge tree(+, +, -) profile(+, -) 2 0 65.6 84.3 5 0 4 1 0.03
ord merge(+, +, -)
DCG top down parser np(-, +, -) 1 0 73.9 97.8 1 0 0 1 0.06
S('7 +, ') Vp(', + ')
DCG top down parser np(+, -, +) 1 0 64.3 92.9 1 0 0 1 0.03
S(+7 ] +) vp(+, ™ +)
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All these pruning techniques reduce drastically the size of the set of positive
and negative examples on which the induction process is performed (e.g. for
gsort/2 only three positive and one negative example are needed). The number
of representative examples selected by the cover set algorithm is equal with the
size of the final set of hypotheses (Theory H in Fig. 1).

All predicates presented in Table 1 are recursive, but the last four. For these
the induction is based only on one or two positive examples and no negative
examples. The last two examples represent the induction of a DCG top down
reversible parser given in 3. The set H of hypotheses induced for predicate s/
(as well as for append/3 and delete/3) is the same regardless of the argument
data flow switching. This feature, along with the ability of learning recursive
rules based only on positive examples makes the system a suited tool for natural
language processing applications.

The system allows the induction of a predicate either starting with a back-
ground knowledge, K, (see Appendix A3, A7), or by performing a bottom up
induction of all predicates specified in the descendant declaration, thus inducing
also the background knowledge from mode, type declarations and examples (see
Appendix Al, A1’, A2, A2’] A2”, A6).

The generation of the final set of hypotheses H is done incrementally by
adding one clause at each iteration step. Each partial set of hypotheses is
tested on all positive examples (and when exist on all negative examples) using
a depth-bound metainterpreter with backtracking (Fig. 1). Thus the final set
of hypotheses H, can be seen as a non-deterministic definite logic program,
which verifies all positive examples and rejects all negative examples. The non-
deterministic programs are obtained only if there exist positive examples which
for the same values of the input arguments have different values of the output
arguments (see Appendix Al)

If more than one proof tree exists for a representative example e, a cut (/)
operator is added (see Appendix A1’, A3, A6) and the definite logic program
becomes deterministic. It must be pointed out that for merge_ sort/2 predicate
presented in Appendix A3, both cut (/) operators were added when the third
clause was generated in the set of hypotheses. At this point the representa-
tive examples used for generating the first two clauses of predicate merge sort,
have at the same time more than one proof tree. Thus, in order to generate a
deterministic program the cut operator was added to these two clauses.

The running times presented in Table 1 are obtained on a 1 GHz Pentium III.
For gsort predicate, the time can be drastically improved if we use strong typing
by introducing the sorted list type (slist) (see Table 1 and Appendix A2’ and
A2”). The solutions in Appendix A2’ and A2” are different, but both are correct
and verify the equivalence rule for the representative examples (see Section 2.3).
In the case of gsort generation with weak typing, presented in Appendix A2,
both these solutions are obtained but the ’performance criteria’ (Fig. 1) choose
the most efficient one (i.e the solution for which the metainterpreter performs a
minimum number of resolution steps).

In this version of the system, we assume that the set of positive examples
contains the representative examples (Fig. 1). An important feature of the
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system is that it allows weak and strong data flow coherence criteria that can
be specified by the user. On one hand, the weak data flow coherence allows the
presence of free variables, thus increasing the expressiveness of the generated
program (Appendix A5). On the other hand, the strong data flow coherence
links an output variable to exactly one input variable, thus increasing the effi-
ciency (Appendix A3).

The results presented in this section constitute the grounds for experimen-
tally validating a method that uses data-flow coherence constraints for prun-
ing the search space and enables learning a class of logic programs only from
positive examples. However, the negative examples are used when they are
absolutely necessary, especially for distinguishing a problem from others (e.g.
search_ord_tree from search_tree, see Appendix A4, A5 and Table 1).

5. Conclusions

We presented a method for automatic program generation, implemented
in an experimental system based on MDIE method used in ®. The original
theoretical and implementation contributions of our work are:

Theoretic:

e use of data flow coherence constraints

e generation of the most specific clause using the immediate transfer operator

e generation of the hypotheses set using data flow coherence criteria

e use of the topologically sorted representative examples in the cover set
algorithm

e use of strong typing to increase the time efficiency
Implementation:

e use of metaprogramming technique

e use of a bound metainterpreter with backtracking

The effect of these contributions is: i) drastically prune the search space
(around 90%), ii) reduce the set of positive examples and reduce or even re-
move the need for the set of negative examples, and iii) allow the induction of
predicates that are difficult or even impossible to generate by other methods.

Only the coherent hypotheses are verified on the positive examples in or-
der to determine the one with the maximal compression. For a large class of
logic programs the learning can be done efficiently based only on positive ex-
amples. The benchmark set on which the system was tested emphasized the
advantages of the Inverse Entailment method, which can benefit from all the
prover characteristics (e.g. the nondeterministic search by backtracking).

Furthermore the system can be seen as the basis of a new Logic Programming
style based only on declarations and examples that will generate the predicate
in a bottom up manner, based both on the user specified calling graph and on
the predicate arguments data flow.

The obtained results encourage us to pursue a new algorithmic approach
based on data-flow coherence constraints and specialized for Natural Language
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Processing, which we are currently exploring.
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Appendix A Generated Logic
Programs

A1l. Bottom Up Induction of
nondeterministic perm/2

START perm/2 induction

descendant (perm, [delete,perm]).
descendant (delete, [delete]).

dfmode (perm(+list,-1ist)).
dfmode(delete(-integer,+list,-list)).
dftype(list, []).

dftype(list, [integer|list]).

delete/3 induction % nondeterministic
delete(A, [AIB], B).
delete(A, [B|C], [BID]) :-

delete(A, C, D).

Final set H of hypoteses for perm/2
% |B-|=1
perm([], [1). 7% nondeterministic
perm(A, [BICI) :-

delete(B, A, D),

perm(D, C).

A1’. Bottom Up Induction of
deterministic perm/2

START perm/2 induction

descendant (perm, [delete,perm]).
descendant (delete, [delete]).

dfmode (perm(+1list,-1ist)).
dfmode(delete(-integer,+list,-1list)).
dftype(list, [1).

dftype(list, [integer|list]).

delete/3 induction % nondeterministic
delete(A, [AIB], B).
delete(A, [BIC], [BID]) :-

delete(A, C, D).

Final set H of hypoteses for perm/2
% |E-|=0
perm(X, X) :-!.
perm(A, [BIC]) :-
delete(B, A, D),
perm(D, C).

% deterministic

A2. Bottom Up Induction of gsort/2
with weak typing

START gsort/2 induction
descendant(gsort,
[partition,qgsort,append]) .

descendant(partition,
[=<,partition]).

descendant (append, [append]).

dfmode (gsort(+list,-1list)).

dfmode(partition(+integer,+list,

-list,-list)).

dfmode (append(+list,+list,-list)).

dfmode (+integer=< +integer).

dftype(list, []).

dftype(list, [integer|list]).

partition/4 induction
partition(_, [1, [I1, [1).
partition(A, [BIC], D, [BIE]) :-
A=<B,
partition(A, C, D, E).
partition(A, [BIC], [BID], E) :-
B=<A,
partition(A, C, D, E).

append/3 induction

append([], A, A).

append([A|B], C, [AID]) :-
append(B, C, D).

Final set H of hypoteses for gsort/2
gsort([], [1).
gsort([AIB], C) :-
partition(A, B, D, E),
gsort(E, F),
gsort(D, G),
append(G, [A|F], C).

A2’, Bottom Up Induction of gsort/2
with strong typing (1)

START gsort/2 induction
descendant(gsort,
[partition,qgsort,append]) .
descendant (partition,
[=<,partition]).
descendant (append, [append]).
dfmode(gsort(+list,-slist)).
dfmode(partition(+integer,+list,
-list,-list)).
dfmode(append (+slist,+slist,-slist)).
dfmode (+integer=< +integer).
dftype(list, [1).
dftype(list, [integer|list]).
dftype(slist, []).
dftype(slist, [integer|slist]).

partition/4 induction
partition(_, [1, [1, [1).
partition(A, [BIC], D, [BIE]) :-
A=<B,
partition(A, C, D, E).



partition(A, [BIC], [BID], E)
B=<A,
partition(A, C, D, E).

append/3 induction

append([], A, A).

append([A|B], C, [A|DI])
append(B, C, D).

Final set H of hypoteses for gsort/2
gsort([1, [1).
gsort([AIB], C)
partition(A, B, D, E),
gsort(E, F),
gsort(D, G),
append(G, [AIF], C).

A2”. Bottom Up Induction of gsort/2
with strong typing (2)

START gsort/2 induction
descendant (gsort,
[partition,qgsort,append]).

descendant (partition, [=<,partition]).
descendant (append, [append]).
dfmode(gsort(+list,-slist)).
dfmode(partition(+integer,+slist,

-slist,-slist)).
dfmode(append(+slist,+slist,-slist)).
dfmode (+integer=< +integer).
dftype(list, [1).

dftype(list, [integer|list]).
dftype(slist, []).

dftype(slist, [integer|slist]).

partition/4 induction
partition(_, [1, [I1, [1).
partition(A, [B|C], D, [BIE])
A=<B,
partition(A, C, D, E).
partition(A, [B|C], [BID], E)
B=<A,
partition(A, C, D, E).

append/3 induction

append([], A, A).

append([A|B], C, [AID])
append(B, C, D).

Final set H of hypoteses for gsort/2

gsort([1, [1).

gsort([A[B], C)
gsort(B, D),
partition(A, D, E, F),
append(E, [AI|F], C).
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A3. merge_sort/2 Induction with
Background Knowledge

START merge_sort/2 induction
descendant(merge_sort,
[bal_split,merge_sort,ord_merge]).
dfmode(bal_split(+list,-1list,-list)).
dfmode (merge_sort(+list,-list)).
dfmode (ord_merge(+list,+list,-1list)).
dftype(list, [J]).
dftype(list, [integer|list]).

Background knowledge:

bal_split([l, [1, [1).

bal_split([AIB], [AIC], D)
bal_split(B, D, C).

ord_merge(A, [1, A).
ord_merge([], A, A).
ord_merge([AIB], [C|D],
C=<A,
ord_merge([A|B], D, E).
ord_merge([A|B], [CID], [AI|E])
A=<C,
ord_merge([C|D], B, E).

[CIE])

Final set H of hypoteses for merge_sort/2

merge_sort([], [1) :-!.

merge_sort([A], [Al)

merge_sort(A, B) :-
bal_split(A, C, D),
merge_sort(D, E),
merge_sort(C, F),
ord_merge(E, F, B).

A4. insert _ord_tree/3 Induction

START insert_ord_tree/3 induction
descendant (insert_ord_tree,
[=,<,insert_ord_tree]).
dfmode(insert_ord_tree(+integer,
+tree,-tree)).
dfmode (+integer= +integer).
dfmode(+integer< +integer).
dftype(tree, nil).
dftype(tree, t(tree,integer,tree)).

Final set H of hypoteses for
insert_ord_tree/3

insert_ord_tree(A, nil, t(nil,A,nil)).
insert_ord_tree(A, t(B,C,D), t(B,C,E))
C<A,
insert_ord_tree(A, D, E).
insert_ord_tree(A, t(B,C,D), t(E,C,D))
A<C,
insert_ord_tree(A, B, E).



profile(C, E),
profile(A, F),
AS5. search__ord_tree/3 Induction append(F, [BI|E], D).

START search_ord_tree/3 induction ord_merge/3 induction
descendant (search_ord_tree, ord_merge(A, [1, A) :-!.
[<,==,search_ord_tree]). ord_merge([l, A, A).

dfmode (search_ord_tree(+integer, ord_merge([A|B], [CIDI, [CIED) :-
+tree,-name)). C=<a,

dfmode(+integer< +integer). ord_merge([A|B], D, E).

dfmode(+integer== +integer). ord_merge([AIB], [CID], [AI|E]) :-

dftype(tree, nil). A=<c,

dftype(tree, t(tree,r(integer,name), ord_merge([CID], B, E).

tree)).
Final set H of hypoteses for

merge_tree/3
merge_tree(A, B, C) :-
profile(B, D),

Final set H of hypoteses for
search_ord_tree/3
search_ord_tree(A, t(_,r(B,C),_), C) :-

A==B. profile(A, E),
search_ord_tree(A, t(_,r(B,_),C), D) :- ord_merge(D, E, C).
B<A,

search_ord_tree(A, C, D). .
search_ord_tree(A, t(B,r(C,.),.), D) :- A7. DCG Top Down Reversible Parser

A<C, Induction
search_ord_tree(A, B, D).
START s/3 induction
descendant(s, [np,vpl).
A6. Bottom Up Induction of dfmode(s(-stree,+wlist,-wlist)).
merge tree/3 dfmode (np(-nptree,+wlist,-wlist)).
- dfmode(vp(-vptree,+wlist,-wlist)).
dftype(wlist, [1).
dftype(wlist, [atom|wlist]).
dftype(stree, s(nptree,vptree)).

START merge_tree/3 induction
descendant(merge_tree,
[profile,ord_mergel).
descendant (profile,
[profile,append]).
descendant (append, [append]).
descendant (ord_merge,
[=<,>,ord_mergel).

Background knowledge:
np(np(D,N))-->det (D) ,np2(N).
np2(np2(A,N))-->adj(A) ,np2(N).
np2(np2(N))-->n(N).

dfmode (merge_tree (+tree,+tree,-list)). vp(vp(V,N))-->v (V) ,np(N).
dfmode (profile(+tree,-list)). VP(VP(V))'f>v(V)‘ .
dfmode (ord_merge (+list,+list,-list)). det(det(this))-->[this].

dfmode (append (+list,+list,-list)). det(det(a))-->[a].
dfmode (+integer=< +integer). n(n(boy))-->[boy].
dfmode(+integer> +integer). n(n(dog))-->[dog].
dftype (tree, nil). adj(adj(nice))-->[nice].
dftype(tree, t(tree,integer,tree)). adj(adj(brown))-->[brown].
dftype(list, []). v(v(sees))-->[sees].
dftype(list, [integer|list]).
Final set H of hypoteses for s/3
s(s(A,B), C, D) :-
np(4, C, E),
vp(B, E, D).

profile/2 induction

append/3 induction

append([1, A4, 4).

append([AIB], C, [AID]) :-
append(B, C, D).

profile(nil, []).
profile(t(A,B,C), D) :-
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