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Abstract. We study the average number of well-chosenlabeled exam-
ples that are required for a helpful teacher to uniquely specify a target

function within a concept class. This \averageteaching dimension" has
beenstudied in learning theory and combinatorics and is an attractiv e al-

ternativ eto the \w orst-case" teaching dimension of Goldman and Kearns
[7] which is exponertial for many interesting concept classes.Recertly

Balbach [3] showed that the classesof 1-decision lists and 2-term DNF

ead have linear averageteaching dimension.

As our main result, we extend Balbach's teaching result for 2-term DNF

by showing that for any 1- s- 2£(" the well-studied concept classes
of at-most-s-term DNF and at-most-s-term monotone DNF ead have
average teaching dimension O(ns). The proofs use detailed analyses of
the combinatorial structure of \most" DNF formulas and monotone DNF

formulas. We also establish asymptotic separations between the worst-

caseand averageteaching dimension for various other interesting Boolean
concept classessuch as juntas and sparse GF, polynomials.

1 Intro duction

Many results in computational learning theory considerlearnersthat have some
form of accessto an oracle that provides labeled examples.Viewed as teachers,
theseoraclestend to be unhelpful asthey typically either provide random exam-
ples selectedaccordingto somedistribution, or they put the onus on the learner
to selectthe examplesherself.In noisy learning models, oraclesare even allowed
to lie from time to time.

In this paper we study a learning model in which the oracle acts as a helpful
teacher [7,8]. Given a target concept ¢ (this is simply a Boolean function over
some domain X) that belongsto a concept classC, the teacher provides the
learner with a carefully chosenset of examplesthat are labeled accordingto c.
This set of labeled examplesis called a teaching set and must have the property
that no other conceptc®6 cin Cis consistert with the teaching set; thus every
learnerthat outputs a consistert hypothesiswill correctly identify c asthe target
concept. The minimum number of examplesin any teaching set for ¢ is called
the teaching dimension of ¢ with resgect to C, and the maximum value of the
teaching dimension over all conceptsin C s the teaching dimension of C.
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Someconcept classeshat are easyto learn can be very ditcult to teach in
the worst casein this framework. As one example, let the concept classC over
“nite domain X contain jXj+ 1 conceptswhich are the jXj singletonsand the
empty set. Any teaching set for the empty set must cortain every example in
X, sinceif x 2 X is missing from the set then the singleton conceptf xg is not
ruled out by the set. Thus the teaching dimension for this conceptclassis jXj.

Many interesting concept classesinclude the empty set and all singletons,
and thus have teaching dimension jX j. Consequetly for many concept classes
the (worst-case)teaching dimensionis not a very interesting measure.With this
motivation, researtiers have consideredthe averageteaching dimension, namely
the averagevalue of the teaching dimension of ¢ as c rangesover all of C.

Anthony et al. [2] showed that the averageteaching dimension of the classof
linearly separableBooleanfunctions over f 0; 1g" is O(n?). Kuhimann [9] shoved
that conceptclassesvith VC dimensionl1 over nite domainshave constart aver-
ageteaching dimensionand alsogave a bound on the averageteaching dimension
of concept classesBY(c) (balls of certer ¢ and size- d). Kushilevitz et ab [10]
constructed a conceptclassCthat hasan averageteaching dimensionof- (* jGj)
(this lower bound was also proved in [6]) and also shoved that ewvery concept
classhas averageteaching dimension at most O(" jCj). More recertly, Balbach
[3] showed that the classesf 2-term DNF and 1-decisionlists ead have average
teaching dimension linear in n.

Our Results. Our main results are the following theorems, proved in Sec-
tions 3 and 4, which shaw that the well-studied concept classesof monotone
DNF formulas and DNF formulas are exciently teachable in the averagecase:

Theorem 1. Fix any1l- s- 2%(" andlet C be the concept classof all Boolean
functions over f0; 1g" representableas a monotone DNF with at most s terms.
Then the averageteaching dimension of Cis O(ns):

Theorem 2. Fixany1l- s- 28(") andlet C be the concept classof all Boolean
functions over f0;1g" representableas a DNF with at most s terms. Then the
averageteaching dimension of Cis O(ns):

Theorem 2 is a broad generalization of Balbach's result on the averageteaching
dimension of the concept classof DNF with at most two terms. It is easyto see
that eventhe classof at-most-2-term DNFs has exponertial worst-caseteaching
dimension;aswe show in Section3, the worst-caseteaching dimensionof at-most-
s-term monotone DNFs is exponertial aswell. Thus our results show that there
is a dramatic di®erencebetweenthe worst-caseand averageteaching dimensions
for these conceptclasses.

We also considersomeother well-studied conceptclassespnamely juntas and
sparse GF, polynomials. For the class of k-juntas, we showv in Section 5 that
while the worst-caseteaching dimension has a logarithmic dependenceon n (the
number of irrelevant variables), the averageteaching dimension has no depen-
denceon n. For a certain classof sparse GF, polynomials (roughly, the class
of GF, polynomials with fewer than logn terms; seeSection 6), we show that



while the worst-caseteaching dimensionis nf (09109 1) "the averageteaching di-
mensionis O(nlogn). Thus in ead casewe establish an asymptotic separation
betweenthe worst-caseteaching dimensionand the averageteaching dimension.
Our results suggestthat rich and interesting conceptclasseghat are ditcult to
learn in many models may in fact be easyto teach in the averagecase.

2 Preliminaries

Our domainis X = f0;1g", and wereferto Booleanfunctionsc: f0;1g" ! f0;1g
as concepts A collection of conceptsC p 2f%19" is a concept class For a given
instancex 2 X, the value of c(x) is referredto asa lakel, and for y 2 f0; 1g, the
pair (x;y), is referredto as a lakeled example If y = 0 (y = 1) then the pair is
called a negative (positive) example.A concept classC is consistent with a set
of labeled examplesif c(x) = y for all the examplesin the set.

A set S of labeled examplesis a teaching set for ¢ with respect to Cif cis the
only conceptin C that is consistert with S; thus every learner that outputs a
consistent hypothesisfrom Cwill correctly identify c asthe target concept. The
minimum number of examplesin any teaching set for c is called the teaching di-
mension of ¢ with respect to C (sometimeswritten TD (¢) when Cis understood),
and the maximum value of the teaching dimension over all conceptsin Cis the
(worst-case) teaching dimension of C. The average teaching dimension of C is
thepelveragevalue of the teaching dimension of ¢ with respectto Cfor all ¢, i.e.,
& cec TD(O.
on variable x;: We will often refer to a logical assignmen of the variables as a
string and vice-versa; thus, a string y 2 f0;1g" corresponds to a truth-v alue

to denote the truth assignmen that sets ead variable in S to 1 and sets all
other variablesto 0. The truth assignmenm 1js-o is de ned similarly.

Two strings y;z 2 f0;1g" are neighlors if they di®er in exactly one bit
position. Given x;y 2 f0; 1g" we write x - y if x; - y; foralli = 1;:::;n, and
we write x < y if wehavex - yandx 6 y:

DNF Formulas. A term is a conjunction of Booleanliterals. A term overn
variablesis represetied by a string T 2 f0; 1; =g", wherethe k-th character of T
is denoted T[k]. The value of T[K] is O, 1, or & depending on whether xy occurs
negated, unnegated, or not at all in the term. If x 2 f0;1g" is an assignmen
that satis'es T, we sometimessay that T covers x. Note that the satisfying
assignmeits of a term T form a subcube of dimensionn j jTj within f0;1g",
where jT|j denotesthe number of non-o ertries in T:

An s-term DNF formula Aisan OR of sterms A= T;_¢¢¢_Ts: A satisfying
assignmen to the DNF is sometimesreferred to as a positive point and an
unsatisfying assignmen as a negative point.

A term T; is said to be compatible with a set of labeled examplesS if T;
doesnot cover any negative examplein S. A term T; is said to imply another
term T; if every positive point of T; is also a positive point of Tj. We similarly



say that aterm T implies a DNF formula A, or that a DNF formula A; implies
another DNF formula A,: Two di®ereri DNF formulas A; and A, are said to be
logically equivalent if ead implies the other, i.e., if they are di®erert syntactic
represemations of the same Boolean function. Throughout the paper we will
use Greek letters A;"; ::: to denote formulas (which are syntactic objects) and
Romanletters f ; g;::: to denoteBooleanfunctions (which are abstract mappings
from 0;1g" to f0; 1g).

We write Dg to denotethe classof \exactly- s-term" DNFs; this is the classof
all Booleanfunctions f : f0;1g"!f 0; 1g that have somes-term DNF represetta-
tion and have no s>term DNF represetation for any s°< s: Similarly, we write
D. s to denote the classof \at-most- s-term" DNFs, which is D. s = [ g0. sDso:
Note that the elemens of Dg and D. s are \semantic" functions, not syntactic
formulas. The classD. s corresponds to the standard notion of \ s-term DNF"
which is a well studied conceptclassin computational learning theory.

A monotone DNF formula, or mDNF, is a DNF formula that contains no
negated literals. The concept classesof exactly-s-term mDNFs and at-most-s-
term mDNFs are denotedM s and M . ¢ and are de ned in analogywith Ds and
D. s above. The following fact is well known:

Fact 1 If f 2 M 5 then there is a unique (up to ordering of the terms) s-term
mDNF representation A= T, _ ¢¢¢_ T for f:

3 Monotone DNFs

W orst-case teaching dimension of at-most- s-term mDNFs. Herewe state
upper and lower bounds on the worst-caseteaching dimensionof M . .

Theorem 3. The teaching dimension of M . 5 is at mostns + s.

Proof. Let f bean elemen of M  for somek - s: We havethat f is represened
by a unigue mDNF A= T; _ ¢¢¢_ Ty, where eath T, correspondsto a minterm
(minimal satisfying assignmet) of f : For the rest of the proof we will view eath
term T; asthe set of variablesthat it contains; note that thesesetsare pairwise
incomparable, i.e., no T; is cortained in any other T;.

We will show that the following set of examplesis a teaching set for f :

clearly at most s examples.

{ We also give a set of negative exampleswhich consists of precisely those
examplesthat have exactly one variable of ead term set to zero and all
other variables set to one. In other words, for every set S p [ K, T; that
satis esjS\ T;j = 1 for all i, we give the example 1js=o . Sincethere are at
most n® ways to chooseexactly one variable from ead of the s terms, this
is at most n® examples.

We “rst note that any g 2 M . ¢ (in fact any monotone function g) that
is consistert with the negative set must label negative any assignmem which



assignmen y which satis’es none of the k terms, there is an exampley®in the
negative setsuch that y - y®with respectto the bitwise partial order onf0;1g":
Sinceg(y% = 0 and g is monotone, this implies that g(y) = O.

It follows that for all Tj, for all x; 2 T;, the example Ot nx;)=1 Must be
negative under f . Thus for ead term T;, we have that Ojr, =1 is positive while
°ipping any bit in T; makesf negative. Consequetly, any g 2 M . 5 which is
consistert with both the positive and negative examplesmust contain ead of

must have that g is equivalert to f: If k < s, supposethat g contains someother
non-redundart term Ts.;: Then there must be an assignmen that is positive

this is not possible. t

Theorem 4. Givens, let s°- s be any value sucpthat (s% 1) dividesn: Then
the teaching dimension of M . g is at least (so?—l)s il

Proof. We exhibit a conceptf 2 M . 1 whoseteaching set must cortain all
the negative examplesin the teaching set for the proof of Theorem 3 in order to
disambiguate it from various conceptsin M s: Let d = n=(s®j 1) and consider
the concept

f = (Xl ¢¢¢Xd) _ (Xd+1 ¢¢¢X2d) _ ¢¢¢(X(50i 2)d ¢¢¢X(S°i 1)d)

which is known asthe tribes function. Supposenot all of the negative examples
from the proof of Theorem 3 are part of a teaching set for f, i.e., that there is
someS u [ f:‘l 1T, such that 1js—g 2 TS(f). Let Ts bethe term exactly satis ed
by 1js=¢ sothat Ts includes variable x; if and only if the i'th bit of 1js= is
setto 1. Then the conceptf®= f _ Ts will label TS(f) consisterly with f.
Clearly any positive examplein TS(f ) will also be positive under f °. Take any
negative exampley 2 TS(f). Unlessy satis es Ts, it is negative under f °. But
to satisfy Ts, y - 1ljs=o. This is impossible,sinceif y < 1js-o it would be a
positive example,and y = 1js-o is not in the teaching set by assumption.

Thus T S(f ) must contain a negative examplefor every S u [ isiil 1T, satisfying
jS\ Tij= 1foralli.Forf there areds’i ! = (So'i‘—l)Soi 1 such sets. t

Av erage-case teaching dimension of at-most- s-term mDNFs. We
now prove Theorem 1. The idea is to shav that almost every at-most-s-term
monotone DNF in fact has exactly s terms; aswe will see,theseexactly-s-term
monotone DNFs canbetaught very exciently with O(ns) examples.The remain-
ing conceptsare so few that they can be handled with a brute-force approac
and the overall averageteaching dimensionwill still be O(ns):

We start with a simple lemma from [7]:

Lemma 1 ([7]). Letc be any conceptin M s. Then the teaching dimension of
C with respect to M . ¢ is at most (n + 1)s:



Pro of sketch: Let A= T;_¢¢¢_Ts bethe unique s-term mDNF for c: For eat
=1 ;S the teaching set cortains the positive example Oj1,-; and cortains
iTij many negative exampleswhich are the neighbors of Ojr,-; that are obtained
by setting one of the 1sto 0. Each of the s terms thus contributes at mostn+ 1
examples;an easyargumert basedon Fact 1 givenin [7] shavsthat this is indeed
a teadhing set. ti

Lemma 2. For 1. i< %e7, Wehavezmi—;l- M ij - ZIL:

Proof. The upper bound is easy:the number of i-term mDNFs is at most the
number of ways to choosei terms from the set of @I 2" many monotone terms
over variablesxq;:::;X,. The latter quartity is 2i . 2|"|' .

For the lower bound we considerall 2" ways to selecta sequenceof i terms
(with replacemen) from the set of all 2" possible monotone terms. We show
that at least half of these2" ways result in a sequenceTy;:::; T; of terms which
are pairwise incomparable, i.e., no T; implies any other T; . Each suc sequence
yields an i-term mDNF, and eac such mDNF occursi! times becauseof di®eren
orderings of the terms in a sequenceThis givesthe lower bound.

Note that a collection of i monotoneterms Ty;:::; T; will be pairwise incom-
parable if the following two conditions hold: (1) Each of the i terms contains
between 5n=12 and 7n=12 many variables, and (2) Viewing ead term T; asa
set of variables, for any j 6 k the symmetric di®erencejT; ¢T j is of size at
least n=4: (This is becauseif jT;j;jT«j 2 [5n=12;7n=12] and T; p Ty, then the
symmetric di®erencemust be of sizeat most n=6:)

For condition (1), Hoe®ding'sbound implies that a uniformly selectedmono-
tone term T will contain fewer than 5n=12 or more than 7n=12 many variables
with probability at most 2el ™72, so a union bound gives that condition (1)
fails with probability at most 2iei "=72: For condition 2, obsene that given
two uniform random terms T;; Ty, ead variable x- is independertly in their
symmetric di®erencewith probability 1=2: Thus Hoe®ding'sbound implies that
jT; €T «j < n=4 with probability at mo&t el "=8: By a union bound the probabil-
ity that condition (2) fails is at most ' gl n=8: Thusfor| < e7z the probability
that conditions (1) and (2) both hold is at least 1/2. u

Fix1- s- %ev"—z: It is easyto ched that by Lemma 2, for any k < s we have

M j < %jM k+1]. Thus (again by Lemma 2) we have jM . ; 4j - :;'7”1;,1 while
M sj

M, ZS—,l Combining these bounds givesthat "=l | 2': By Lemmal,
ead conceptc 2 M . 5 which isin M ¢ can be taught using n(s + 1) examples.
Each of the remaining conceptscan surely be taught using at most 2" examples.
We thus have that the averageteaching dimensionof M . 5 is at most

(N+ DsiM sj + 2"[M . 5; 4] 2"

Mg+ M . s 1 (n+ Ds+ Tos

(n+ 1)s+ 4s;

giving us the following result which is a slightly sharper version of Theorem 1:

Theorem 5. Letsheanyvaluel- s- %ev"—z. The classM . s of at-most-s-term
monotone DNF has average teaching dimension at most s(n + 5):



Note that if s > %e?—z, then 2" is boundedby some xed polynomial in s, and
thus the worst-caseteaching number 2" is actually poly(n;s) for such a large
s: This givesthe following corollary which says that the classof at-most-s-term
monotone DNF is exciently teachable on averagefor all possiblevaluesof s:

Corollary 1. Letsbeanyvaluel- s- 2": The classM . s of at-most-s-term
monotone DNF has average teaching dimension poly(n; s).

4 DNFs

Now we will tackle the teaching dimension of the unrestricted class of size-at-
most-s DNFs. The high-level approadc is similar to the monotone case,but the
details are more complicated. The ideais to identify a subsetS of D. ¢ and show
that (i) any function f 2 S can be uniquely speci ed within all of D. s using
only O(ns) examples;and (i) at most a % fraction of all functions in D. s
do not belongto S: Given (i) and (ii) it is easyto concludethat the average
teaching number of D. ¢ is O(ns):

The challengeis to devisea set S that satis es both conditions (i) and (ii). In
the monotone caseusing Fact 1 it was easyto shav that M ¢ is an easy-to-teat
subset, but non-monotone DNF are much more complicated (no analogue of
Fact 1 holds for non-monotoneDNF) and it is not at all clear that all functions
in Ds are easyto teach. Thus we must use a more complicated set S of easy-
to-teach functions; we de ne this set and prove that it is indeed easyto teach
in Section4.2. (This argument usesBalbach's results for exactly-2-term DNFs.)
The argumert that (ii) holds for S is correspondingly more complex than the
courting argumert for mDNFs becauseof S's more involved structure; we give
this in Section 4.3.

4.1 Preliminaries

We will borrow someterminology from Balbach [3]. Two terms T; and T; have
a strong di®erence at k if T;[k]; T;[k] 2 f0;1g and T;[k] 6 T;[K] (e.9., X1X5Xs
and XsXeX12X23 have a strong di®erenceat position 6). Two terms have a weak
di®erenee at k if T;[k] 2 f0;1g and T; [k] = = or vice-versa. Two weak di®erences
at positionsk and " are of the samekind if T;[K]; Ti['] 2 f0; lgand T; [K] = T;['] =
o or vice-versa,that is both @'s occurin the sameterm (e.g., XsXg and Xs5XgX12X23
have two weak di®erencesf the samekind at positions 12 and 23). Two weak
di®erencesat positions k and * are of di®erent kinds if T;[k];T;['] 2 f0; 1g and
Ti[kK] = Ti['] = = or vice-versa(e.g., Xsxs and Xsx1» have two weak di®erences
of di®erent kinds at positions 6 and 12).

Now we intro duce somenew terminology. Giveny 2 f0;1g" which satis es
aterm T, we denote by Nt (y) the set consisting of y and all its neighbors that
do not satisfy T: A satisfying assignmen 'y 2 f0;1g" of aterm T in Ais called a
cogent corner point of T if all the neighbors of y that satisfy A satisfy T, and all
the neighbors that do not satisfy T do not satisfy A. Note that if y is a cogert



corner point of T, then ead of the neighbors of y in N1 (y) doesnot satisfy A: A
pair of points y;z 2 f0; 1g" that satisfy aterm T are saidto be antipodal around
T if yx = Zx for all k such that T[k] = =. A pair of points are cogent antipodal
points around T if they are both coger corner points of T and antip odal around
T. This leadsus to our rst preliminary lemma:

Lemma 3. LetA= T;_¢¢¢_Ts be any DNF. Lety be a cogent corner point of
Ti. Any P that coversy and is compatible with N+, (y) mustimply T;.

Proof. Let P be any term that coversy. Obsene that for ead literal ~ in T;,
if P did not cortain * then P would not be compatible with N+, (y) since the
correspnding negative neighbor of y is cortained in N, (y) but would be covered
by P. It follows that every literal in T; is also present in P, and consequetly P
implies T;. u

Two terms are said to be close if they have at most one strong di®erence.
Note that there is no strong di®erencebetween two terms if and only if they
have somesatisfying assignmem in common, and there is one strong di®erence
betweentwo terms if and only if they have neighboring satisfying assignmeits.

Givena Booleanfunction f : f0;1g"!f 0;1g, welet G; denotethe undirected
graph whose vertices are the satisfying assignmems of f and whose edgesare
pairs of neighboring satisfying assignmetts. A cluster C of f is a set of satisfying
assignmeits that form a connectedcomponert in Gs . We sometimesabuseno-
tation and write C to referto the Booleanfunction whosesatisfying assignmets
are preciselythe points in C: We say that a DNF A computescluster C if the set
of satisfying assignmeits for A is precisely C: The DNF-size of a cluster C is the
minimum number of terms in any DNF that computesC. For intuition, we can
view a cluster as being a connectedset of positive points that have a \bu®er"
of negative points separatingthem from all other positive points. The following
lemma is immediate:

Lemma 4. Let f be an elementof Dg, i.e. f is an exactlys-term DNF. Let

4.2 Teaching S

We are now ready to de ne our \nice" (easyto teach) subsetS p D. ¢ of
size-at-mosts DNFs. (We emphasizethat S is a set of functions, not of DNF
expressions.)S consists of those exactly-s-term DNFs (so in fact S p Ds) all
of whoseclusters either: (1) have DNF-size 1; (2) have DNF-size 2; or (3) have
DNF-size k, for somek, and are computed by a DNF A= T;_ ¢¢¢_ T in which
eat T; hasa pair of cogen antip odal points around it.

Note that if a cluster has DNF-size 1, then it clearly satis es condition (3)
above (in fact every pair of antip odal points for the term is cogen). Thuswe can
simplify the description of S: it is the set of all exactly s-term DNFs all of whose
clusterseither: (i) have DNF-size k and are computedby aDNF A= T, _¢¢¢ T,
in which ead T; has a pair of cogen antip odal points around it, or (ii) have



DNF-size exactly 2. (Note that there do in fact exist Boolean functions of DNF-
size 2 for which any two-term represetiation T; _ T, hassometerm T; with no
pair of cogen antip odal points around it, e.g., X1X3 _ X»X3, and thus condition
(ii) is non-redundart.)

The teaching set for functions in S. We will usethe following theorem
due to Balbach [3]:

Theorem 6. Let ¢ be any elementof D, (i.e., an exactly-2-term DNF). The
teaching dimension of ¢ with respect to D. , is at most 2n + 4:

The teaching setspeci ed in [3] to prove Theorem 6 consistsof at most 5 positive
points along with somenegative points. Givenf 2 D,, we de ne BTS(f) to be
the union of the teaching set speci ed in [3] together with all negative neighbors
of the (at most ve) positive points described above (the set speci ed in [3]
already cortains some of these points). With this de nition a straightforward
consequencef the analysis of [3] is the following:

Lemma 5. LetA= T;_ ¢¢¢ Ts be a DNF that hasa cluster C with DNF-size 2.
Let BTS(C) be as descrited atove. Let y be a satisfying assignmentfor A that is
contained in C. Then any term P that coversy and is consistent with BT S(C)
must imply C.

Given any function f 2 S, our teaching set TS(f) for f will be as follows.
For ead cluster C of f , if C:

{ satis'es condition (i): then for eah term T; described in condition (i),
the set TS(f ) cortains a pair y; z of cogert antip odal points for T; (theseare
positive examples)and contains all negative neighbors of thesetwo positive
examples(i.e., TS(f) contains N, (y) and N, (z)). Thus TS(f ) includes at
most k(2 + 2n) many points from suc a cluster.

{ does not satisfy condition (i) but satises (ii): then we will give the
set BT S(C) described above. By Theorem 6 and the de nition of BT S(C),
we have that BTS(C) cortains at most 7n + 4 points.

Lemma 4 now implies that TS(f) cortains at most O(ns) points.

Correctness of the teaching set construction. We now prove that the
set TS(f) is indeed a teaching set that uniquely speci esf within all of D. .

We rst obsenethat any term compatible with T S(f ) canonly cover positive
examplesfrom one cluster of A.

Lemma 6. Lety be any positive examplein TS(f) and let T be any term that
coversy and is compatible with TS(f). Let C be the cluster of A that coversy.
Then if z is any positive examplein T S(f ) that is not covered by C, T does not
cover z:

Proof. If C satis es condition (i) then y must be a cogen corner point and
Lemma 3 givesthe desiredconclusion.If C doesnot satisfy (i) but satis es (ii),
then the conclusionfollows from Lemma 5. t



The next two lemmas shav that any set of terms that covers the positive
examplesof a given cluster must precisely compute the entire cluster and only
the cluster of the original function:

Lemma 7. Let C be any case(i) cluster of DNF-size k: Let P¢ be the intersec-

terms suchthat the DNF P, _ ¢¢¢_B both: (a) is compatible with TS(f ), and (b)
covers every point in Pc: Then it must be the casethat j = k and P, _ ¢¢¢_ B
exactly computesC (in fact each term P is equivalentto T; up to reordering).

Proof. By Lemma 3, aterm P that coversa cogen antip odal point from term T;
cannot cover any of the other 2k | 2 cogen antip odal points from other terms,
and thus we must have j = k since fewer than k terms cannot cover all of Pc:
Moreover, any term P must cover a pair of antip odal points corresponding to
a single term (which wlog we call T;). For ead antip odal pair corresponding to
aterm T;, the covering term P must be of sizeat leastT;j, and sincethey are
cogeri antip odal points, the covering term cannot be any longer than jT;j, soin
fact we have that B and T, are identical. This provesthe lemma. t

Lemma 8. Let C be any case (ii) cluster. Let Pc be the intersection of the

that the DNF P, _ ¢¢¢_ B hoth: (a) is compatible with TS(f), and (b) covers

every point in Pc: Then it must be the casethat j = 2 and P, _ P, exactly
computesC:

Proof. The fact that BTS(C) is a teaching set (for the exactly-2-term DNF
corresponding to C, relative to D. ;) implies the desiredresult, since no single
term or 2-term DNF not equivalernt to C can be consistert with BT S(C), and
any DNF 'b1_¢¢¢_'bJ asspeci ed in the lemmamust be consistert with BT S(C):

u

The piecesare in place for us to prove our theorem:
Theorem 7. For any f 2 S, the set TS(f ) uniquely speci es f within D. .

Proof. By Lemma 6, positive points from ead cluster can only be covered by
terms that do not include any positive points from other clusters. By Lemmas?7
and 8, for ead cluster C, the minimum number of terms required to cover all
positive points in the cluster (and still be compatible with TS(f)) is precisely
the DNF-size of C. Sincef is an exactly-s-term DNF, Lemma 4 implies that
using more than DNF-size(C) many terms to cover all the positive points in any
cluster C will \short-change" someother cluster and causesome positive point
to be uncovered. Thus any at-most-s-term DNF A that is consisternt with T S(f)
must have the property that for ead cluster C, at most DNF-size(C) of its terms
cover the points in Pc; soby Lemmas7 and 8, theseterms exactly compute C,
and thus A must exactly compute f : t



4.3 Av erage-case teaching dimension of DNFs

In this section we will shaw that all but at most a % fraction of functions in

D. s arein fact in S. We do this by showing that at leasta 1 j Oz(f') fraction
of functions in D. 5 are in the easy-to-teat set S, i.e. they belongto Dg and
are such that ead cluster satis es either condition (i) or (ii) from Section 4.2.
Sincewe have shavn that each f 2 S canbe uniquely speci ed within D. g using
0O(ns) examples,this will easilyyield that the averageteaching number over all
of D. 5 is O(ns).

First we show that most functions in D. ¢ are in fact in Ds: We can bound
jDij using the sameapproad aswe did for monotone DNFs.

ni

Lemma 9. For i < (9=7)"3, we have 3 ¢‘°’IL: - Dij - 3

Proof. As in Lemma 2, the upper bound is easy;we may bound the number of
functions in D; by the number of ways to choosei éerms from the set of all 3"
possibleterms over variables xq;:::;x,. This is '3in 3|L|

For the lower bound, we rst note that a DNF formula consisting of i terms
that are all pairwise far from ead other cannot be logically equivalent to any
other DNF over a di®erent set of i terms. We will show that at least half of
all 3" possible sequenceof i terms have the property that all i terms in the
sequenceare pairwise far from ead other; this givesthe lower bound (since each
such set of i terms can be orderedin i! di®erent ways).

3" possibleterms. The probability that T; and T, are closeis the probability
that they have no strong di®erencelus the probability that they have exactly
one strong di®erence.This is (7=9)" + n(7=9)"1 1(2=9) < (n + 1)(7=9)". By a
union bound ovgr all pairs of terms, the probability that any pair of terms is

closeat most "2 (n+ 1)(7=9)" which is lessthan 1/2 for i < (9=7)"=3. t
As in Section 3, as a corollary we have that iDszSijlj , % fors- (9=7)"=3.

We now bound the number of DNFs in D that are not in S. To do this, we
considerchoosing s terms at random with replacemen from all 3" terms:

s terms selected by independently chaosing each T; uniformly from the set of all
3" possibleterms. Let A(T;) denote the eventthat term T; in f has no cogent
antipodal pairs, and B(T;) denote the event that there is more than one other
term closeto T; in f. Then Pr[9T; 2 f : A(Ti)&B(T;)] - 02('15), wher the
prokability is taken over the choice of f .

Using Lemma 10 we can bound the number of functions f 2 Dy }hat are not in
S.If f 2 DgnS, then f must have a DNF formula represenation A= T;_¢¢¢ Ts
in which someterm T;:

1. hasno cogern antip odal pairs, and
2. hasat least two other terms T;; T that are closeto it.



(If there were no such term, then for any represeniation A= T, _ ¢¢¢_ T for
the function f, every T; is cortained in either a cluster of DNF-size 1 or 2, or a
cluster of DNF-size k with a pair of good antip odal points around it. But then
Awould bein S.)

We will call such a syntactic DNF formula \bad." Lemma 10 tells us that
the number of bad syntactic formulas is at most 32—?(5) since there are 3"
syntactic formulas. Notice that any bad formula A must have s distinct terms
(since the function it computes belongsto Ds), and since these terms can be
orderedin s! di®erent ways, there are at least s! bad formulas that compute the
samefunction asA: Consequetly the number of bad functions in Dg, DsnSj, is

at most %22~ By Lemma 9, jDsj is at at least 3. This givesthe following:

iDsnSj  O(s)

Corollary 2. Do o

We now proceedto prove Lemma 10.

Proof. The bulk of the argumert is in showing that Pr[A(T,) & B(T,)] is at
most O(1) ¢2i "; oncethis is shavn a union bound givesthe "nal result.

We condition on the outcome of T;. Using the fact that ead variable occurs
independertly in T, (either positive or negated) with probability 2=3, a Cherno®
bound givesthat Pr[jT;j < :08n]- 21 ", sowe have that

X
PrA(Ty) & B(T1)] - 20 "+ PrIA(T1) & B(T1) j (To = T)]Pr[Ty = T1:
T:Tj, :08n

Next we show that PrlA(Ty) & B(T1) j (T = T)] - O(1) ¢2 " for every T
satisfying jTj , :08n; this implies an O(1) ¢2' " bound on Pr[A(T;) & B(T,)].
To do this we considera third event which we denoteby C(T,); this is the evert
that T, is closeto at most 25 of the terms T,;:::; Ts. Clearly we have that

Pr{A(T1) & B(T1) j (T1 = T)] = Pr{A(T1) & B(T1) & : C(T1) j (T2 = T)]
+ PrIA(T1) & B(T1) & C(T1) j (T = T)I(2)

and we proceedby bounding ead of the terms in (1).

The rst term is at most Pr[: C(T1) j (T1 = T)]. Fix any ® 2 [:08; 1] and any
term T of length ®n, and 'x T1 = T. Then the probability (over a random draw
of T, asin the statemert of the lemma) that T, is closeto T; is the probability
that T, and T, have onestrong d|®erenceplusé®e probaqoty that Tl an%d T, have
no strong di®erencewhich is exactly ®n 3 1 : : Using
the independenceof the terms T,; ::: 'Ts and a union bound |t follows that the
probabﬂ%y that ther& existsany setof K termsin f which areall closeto T; is at
most ¢ (2@n)K " £ . It is not hard to verify that forany 1- s- (9=8)"=25,
any K 26, and any ® 2 [:08; 1], this quartity is asymptotically lessthan 2i "

It remains to bound the secondterm of (1) by O(1) ¢2i ". We do this using
the following obsenation:



and contains at most k = dogK e+ 1 variablesnot already in T;.

Proof. Weshaow that if everyterm in f closeto T, contains morethan k variables,
there must remain somecogert antip odal pair for T1: Let r be the number of
variablesin T; andlet " = nj r. Forany z 2 f0;1g let Qr, (z) denotethe set of
points in f0; 1g" consisting of the antip odal pair induced by z on T; (thesetwo
points ead satisfy T1) and the 2r neighbors of these points that do not satisfy
T1: Thus Qr,(2) = Qr,(2), andthere are2 i  distinct Qr, (z), ea represering
a possiblecogen antip odal pair.

Consideraterm T; that is closeto Ty, and partition its satisfying assignmets
accordingto the 2 assignmers on the * variables not cortained in T;. SinceT;
will only eliminate the cogent antip odal pair represerted by the neighborhood
Qr,(2) if it covers somepoint in Qt,(z), Ti canonly eliminate as many cogert
antip odal pairs as it has partitions. But if T; cortains more than k of the °
variables not already in Ty, then there are fewer than 2 i k di®ereri ways to
set the * bits outside of T, to construct a satisfying assignmen for T;, and T;
has fewer than 2'i ¥ di®eren partitions. Sinceby assumption there are at most
K - 2ki 1 terms closeto T, there are fewer than 2ki 1 ¢2i k = 2'i 1 di®erent
Qt (2) eliminated, and T must have a cogen antip odal pair left. t

By Proposition 1, we know that if A(T;) occurs (T, hasno cogen antip odal
pairs) and C(T;) occurs (T, is closeto no more than K = 25 other terms),
then there must be someterm closeto T; that has at most k = 6 variables
not in T;. Thus we have that Pr[A(T;) & B(T1) & C(Ty) j (T1 = T)] is at
most the probability there exist two terms closeto T;, one of which corntains
at most k = 6 variables not in T;. We saw earlier that the probability that
a randomly chosenterm is closeto T, is at most 2@n(2=3)®". Howewer, the
probability that a randomly chosenterm is closeto T; and contains at most
6 variables not in Ty is much lower (becausealmost all of the (1| ®)n vari-
ables not in T, are constrained to bg_a%serq from the term); more precisely
this probability is at most 2@n' i ®n "' 27N LL¥AI @i 6. A hion hound over

6 3 3
all pogfsible p%irs_of terms gives us that the secondterm of (1) is at most
o@n stii &n el >Cen i, %1 o)n It . o
5 6 s 3 . It is straightforward to ched that this is
at most O(1) ¢2i " for all 1- s- (9=8)"2° and all ® 2 [0; 1].

Thus, we have bounded Pr[A(T;) & B(T1)] by O(1) ¢2i ". A union bound
over the s terms givesthat Pr[9T; 2 f : A(T;) & B(T;)] is at most O(s)2i ", and
the lemma.is proved. t

Theorem 8. Lets - (9=8)""2%. The average teaching dimension of D. g, the
classof DNFs over n variableswith at most s terms, is O(ns):

Proof. Theorem 7 givesusthat the teaching number of any conceptin S %2 Dy is
O(ns). By Lemma 9, we havethat jD. ; 4j - ;‘—nSjDsj. This leavesus with DgnS,



whosesizewe bounded by Oz(ns)jDSj in Corollary 2. Combining thesebounds, we

are ready to bound the averageteaching number of jD. sj. Since we can teach
any bad conceptwith at most 2" examples,the averageteaching number is at
most

O(ns)iSj + 2'(jD. 5; 1j + iDs nSj)  O(ns)iDsj + 2" (iDsj + SiDsj)+
jDsi+ D § 1j iDsi+ D g 1j
- O(ns) + (2=3)" ¢4s+ O(s) = O(ns)

and the theorem is proved. t

As in Corollary 1, we have 2" - poly(s) if s> (9=8)""2%, and thus the worst-
caseteaching number 2" is actually poly(n;s) for suc large s: This givesthe
following corollary:

Corollary 3. Letsbeanyvaluel - s- 2": The classD. ¢ of at-most-s-term
DNF has average teaching number poly(n; s).

5 Teaching Dimension of k-juntas

A Boolean function f over n variables dependson its i-th variable if there are
two inputs x; x°2 f0;1g" that di®er only in the i-th coordinate and that have
f(x) 6 f (x9: A k-junta is a Booleanfunction which dependson at most k of its
n input variables. The classof k-juntas (or equivalertly N CS functions) is well
studied in computational learning theory, seee.g., [4,11,1]. We write Ji to
denote the classof Boolean functions f : f0;1g"! f0; 1g that depend on exactly
k variables, and we write J. ¢ to denote the classJ. x = [ ko. kJko of Boolean
functions over f0; 1g" that depend on at most k variables,i.e., J. i is the class
of all k-juntas.

We analyzethe worst-caseand average-casdeaching dimensionsof the class
of k-juntas, and shaw that while the worst-caseteaching dimension has a log-
arithmic dependenceon n, the average-casedimension has no dependenceon
n. Thus k-juntas are another natural conceptclasswhere there is a substartial
asymptotic di®erencebetweenthe worst-caseand averageteaching dimensions.

Worst-Case teaching dimension of k-juntas. We recall the following:

Denition 1. Letk - n. A setSpu f0;1g" is said to be an (n; k)-universal set
if forany 1. i1 <i:::<ix - n,it holdsthat 8y 2 fO0; 1gk;9x 2 S satisfying

Nearly matching upper and lower bounds are known for the size of (n;k)-
universal sets:

Theorem 9 ([14]). Let k - n: Any (n;k)-universal set has size - (2% logn),
and there exists an (n; k)-universal set of size O(k2 logn).

This straightforwardly yields:



Theorem 10. The teaching dimension of J. i is at least - (2“logn) and at
most O(k2 logn).

Proof. For the lower bound, we show that any teaching set for the identically-0
conceptc ”~ O (which is a k-junta for any k , 0) must be an (n; k)-universal
set. SupposeS p f0;1g" is not an (n; k)-universal set, i.e., there is somei; <

(y1:::yYk). Then the k-junta de ned as

C
Ax) = Lf Oy 2o ) = (Yase i)
0 otherwise

labels S the sameway asc.

asits set of relevant variables (sor - k). We describe a teaching set for c. For
ead relevant variable i; 2 R, there is a pair of examplesx; x°2 f0;1g" that
disagreeonly in their ij-th bit and have c(x) 6 c(x9. Let the set S consistsof
these 2r examplestogether with an (n; k)-universal set; we will arguethat S is
a teaching set for ¢ and thus prove the theorem.

Supposethat c°is somek-junta that is consistert with S. Clearly c® must de-
pend on every variable in R or elseit would label oneof the “rst 2r examplesdif-
ferently from c: We claim that c®cannot depend on any additional variables. Sup-

Givena 2 f0;1¢" and b2 f0;1g°% let V(a;b) = fx 2 f0;19" : (x;, :::x,) = a
and (xj, :::%j,) = bg. Since c® depends on jq;:::;jq , there must be some
a2 f0;1d and b 8 B’ 2 f0;1g” such that all the examplesin V(a;b) take
one value under c® while all the examplesin V (a;b") take the other value under
c®. Furthermore, sinceS is an (n; k)-universalsetand jaj+ jbj - k, S must contain
someexample x! from V(a;b) and someexample x? from V (a; ). But c only

doesnot. Thus c and c® must have the exact samesetofr - k relevant variables.
Sincethey agreeon an (n; k)-universal set, they agreefor every setting of those
r variables, and thus they agreeon all of f0; 1g": t

Av erage-case teaching dimension of k-jun tas. The ideais similar to the
caseof monotone DNF: we shaw that k-juntas with exactly k relevant variables
can be taught with 2¢ examples(independert of n), and then usethe fact that
the overwhelming majority of k-juntas have exactly k relevant variables.

Lemma 11. Letc be any conceptin Ji. Then the teaching dimension of ¢ with
resgct to J. i is at most 2X:

Proof. Givenany k-junta c with exactly k relevant variables, let S be the set of
2% examplesin which all irrelevant variables are always setto 0 and the relevant
variables range over all 2¢ possiblesettings. It is straightforward to seethat S
is a teaching set for c: ti



. 1 . .

Wenow claimthat 2 7 2% - jJ.yj- | 2% : The uppey bound is clearsince
any k-junta can be speci'ed by preseriing k variables (', possibilities) and a
Booleanfunction on thosek variables(22k possibilities). The lower bound (which
is very crude but suzcient for our purposes)follows from the easily veri ed fact
that at least half of all 22° functions on f0; 1gX in fact depend on all k variables.
It is easyto seefrom theseboundsthat jJ gj strictly inc&easeswith k for all k,
and thuswe have jJ . y; 1j - (ki 1)jdk; 1j - (Ki 1)Iki”1 22",

By Lemma 11 we can specify any function in J, with at most 2¢ examples,
and by Theorem 9 we can specify any of the other functions in J. ¢ (i.e., any
function in J. y; 1) with at most O(k2X logn) many examples.It follows that
the averageteaching dimensionof J. i is at most

K: . K . . K . i n ¢ oki 1

23 j+ O(k2logn) ¢ . i 1f O(k2“logn) ¢(ki 1) ,;'; 2

M+ 19 ki %'EYZZk

The secondterm on the right simpli'es to

O(k2¢logn) ¢k(k i 1)
22"*(nj k+ 1)

which is easily seento be o(1) for any k: We have thus proved:

Theorem 11. The averageteaching dimension of the classJ.  of k-juntas is
at most 2% + o(1):

6 Sparse GF, Polynomials

A GF;, polynomial is a multilinear polynomial with 0/1 coezcients that maps
f0;1g" to f0;1g where all arithmetic is done modulo 2. Since addition mod 2
correspondsto parity and multiplication correspondsto AND, a GF, polynomial
can be viewed as a parity of monotone conjunctions. It is well known, and not
hard to show, that every Boolean function f : f0;1g"!f 0;1g has a unique GF»
polynomial represenation. (For example, the parity function has x; © ¢¢¢© xp,
asits GF, polynomial, and x; _ X2 hasx; © X, © X1X2.)

A natural measureof the sizeof a GF, polynomial is the number of monomi-
alsthat it contains. In keepingwith our usual notation, let G; denotethe class
of all Boolean functions f : f0;1g"!f 0;1g that have GF, polynomial represen-
tations with exactly s monomials and let G s denote [ so. sGo. We sometimes
referto functions in G 5 asbeings-sparse GF, polynomials. The classof s-sparse
GF, polynomials has beenstudied by se\eral researdersin learning theory and
complexity theory, seee.g., [12,5,13].

Roth and Benedek[12] showved that any f 2 G ¢ is uniquely determined by
the valuesit assumeson thosex 2 f0; 19" that cortain at leastn (1+ blog, sc)
many 1s. They also showed that it is in fact necessaryto specify the value of
f on every such point even in order to uniquely determine the parity (even or
odd) of jf i 1(1)j wheref rangesover all of G 5. We thus have:



Theorem _12 ([12]).. Fix any1- s- 2": The (worst-case) teaching dimension

. | . . . .
of G gis f0925¢ " (which is nf (99 %) for s sutexpnential in n).

In cortrast, we shaw in the next subsectionthat if s is suxciently small, the
average-casdeaching dimension of G g is O(ns):

Theorem 13. Fix 1- s- (1 2)log,n, wher 2> 0is any constant. Then the
average-@se teaching dimension of G ¢ is at most ns + 2s:

Fors = 1 (1), s< (1 2?)log,n, this gives a superpolynomial separation
betweenworst-caseand average-casdeaching dimension of s-sparseGF, poly-
nomials.

Pro of of Theorem 13. We now de ne the \nice" (easy-to-tead) subsetof
G s, in analogywith S in Section4. We say that a function f = M1 © ¢¢¢OM4 2

the variable x; occursin monomial M; and doesnot occur in any of the other
si 1 monomials. Let | p G denote the set of all functions in Gy that are
individuated.

We rst show that any function in | can be speci ed using few examples:

Lemma 12. For anyf 2 |, the teaching dimension of f with respect to G s is
at mostns+ 2sj 1.

Proof. We intro duce some useful terminology. Given x;:::;x" 2 f0;1g", we
write join(x%;:::;x") to denotethe string z 2 f0; 1g" that hasforalli = 1;:::;n,
z = maxfxl;::;x g

pairwise incomparablew.r.t. the bitwisepartial ordering. Thuswe havef (y') = 1
but f (x) = 0 for any x sud that x < y' for somei. We sometimessay that y is
above x if x - y:

Let S % f0;1g" be the set which cortains: (a) ead y' (which is a positive
example) and all of its neighbors that can be obtained by °ipping a single 1
to O (all of these are negative examples);and (b) the (sj 1) additional points
22 = join(yt;y?); z8 = join(yl;y2;y3); iii; z8 = join(yl;y?;iii;yS) (it is not
hard to seethat Z' is a positive examplefor i odd and a negative example for i

individuated). There are at most (n + 1)s points from (a) and sj 1 points from
(b) sowe havejSj - ns+ 2sj 1:

We will show that S is a teaching set for f and thus prove the lemma. So
supposethat f'= 1,0 ¢eeO M, is someGF, polynomial that is consistert with
S wherer - s: Let uswrite § for the minimal assignmen that satis es M.

We rst obsene that sincey? is a positive example, there must be at least
oney such that ¥ - y!. Sincey! < z? and z? is a negative example, there
must be at leasttwo ¢ such that § - z2: Sincethe labels of z%; z%;::: always



alternate, proceedingin this fashion there must be at leasts many ¥ suc that
¢ - z5. It followsthat r = s, that y?! is above preciselyone ¢!, and that in fact
ead Z' is above preciselyi of the §''s (caII them ¢1;:::;¢97).

Now the negative examplesbelow y* shaw that in fact we must have §* = y*:
Sincez? is above exactly one other Y besidesg! (namely $2), and it is above y?
which is labeled positive, we must have 9 - y?; but sinceall of y2's downward
neighbors are labeled negative, it must be the casethat 2 = y2: Similar logic

applied successnzly to z%;:::;z° shows that ead of 93;:::; 95 must equal the

corresponding y3;:::;yS. Thuswe have B, = M; for i = 1 """ :s, sof = f and

the lemmais proved. ti
i I'I¢ ns n - . . .

Now obsene that jGsj = '25 < Z-, and thus (%) - |G = |Gsj +

G si1i < &+ (si D&y = &+ &zr: Our next lemma shaws that al-
most every funct|on in & (and thus almost every function in G ) is in fact

individuated:

Lemma 13. we havejl j , Z-(1j s¢e "), and thus there are at most s ¢

en ez + 2y many functions in G snl .

Proof. Let (M1;:::;Ms) be a sequenceof s monomials obtained by drawing
eat oneuniformly from all 2" possiblemonomials. We will shawv that of the 2"
possibleoutcomesfor (M1;:::;Ms); at mostan sé' n" fraction havethe property
that the corresponding GF, polynomial M; © ¢¢¢© Mg is not individuated,
and consequetly the number of sequencesfor which the corresponding GF»
polynomial is individuated is at least2" (1j st " ): Each such sequencelearly
consists of s distinct monomials (since no sequencein which some monomial
occurs more than once can be individuated), so accourting for the s! di®erer
orderings of s distinct elemerts, we havethat there are at least2™ (1 sde n’ )=¢
many individuated GF, polynomials.

We say that a variable individuates a monomial M; if it occursin M; but in
no other M; . For any xed variable x;, and xed index1- i - s, the probability
(over the random choice of (My;:::;Mg)) that x; individuates M; is precisely
1=2%, sincex; must occur in M; (probability 1=2) and must be absern from each
of the other s 1 terms (probability 1=25 1). By mdepenlgence the probab|I|ty
that none of the n variables individuates M; is 1j 25 e L
where we have usedthe fact that s- (1 2)log,n. A union bound now gives
that the probability that any of the s monomialsMy;:::;Ms is not individuated
by any variable is at most s ¢ei n*. t

By Lemma 12 we can specify any function in | with at most N examples,
and by Theorem 12 we can specify any of the other functions in G. s with at most
n©0°9 ) many examples.It follows from Lemma 13 that the averageteaching
dimensionof G 5 is at most

ons i n

Njl j + nCo9 ) ¢iG ¢ nlj N+ n0(o9s) ¢(s el " ¢Z + &ar)

jG. s (%)




The secondterm on the right simpli es to sS°009 $) g(s@el " =gl+ 21 "=(s{ 2)1),
which is easily seento be o(1) since 2 is a constart greater than 0 and s -
(1i 2 logn: This proves Theorem 13. t

While our proof technique doesnot extend to s that are larger than logn, it
is possiblethat di®erent methods could establish a poly(n; s) upper bound on
averageteaching dimension for the classG s of s-sparseGF, polynomials for a
much larger range of valuesof s: This is an interesting goal for future work.
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