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for testing signed majorities
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Abstract

A signed majority function is a linear threshold function f :
{+1,-1}" — {41, -1} of the form f(x) = sign(}_;, oizs)
where each o; € {+1,—1}. Signed majority functions
are a highly symmetrical subclass of the class of all lin-
ear threshold functions, which are functions of the form
sign(d-1, wix; — 6) for arbitrary real w;, 6.

We study the query complexity of testing whether an
unknown f : {+1,—-1}" — {+1,—1} is a signed majority
function versus e-far from every signed majority function.
While it is known [26] that the broader class of all linear
threshold functions is testable with poly(1/€) queries (inde-
pendent of n), prior to our work the best upper bound for
signed majority functions was O(y/n) - poly(1/e€) queries (via
a non-adaptive algorithm), and the best lower bound was
Q(logn) queries for non-adaptive algorithms [27].

As our main results we exponentially improve both these
prior bounds for testing signed majority functions:

e (Upper bound) We give a poly(logn, 1/¢)-query adap-
tive algorithm (which is computationally efficient) for
this testing problem;

e (Lower bound) We show that any non-adaptive algo-
rithm for testing the class of signed majorities to con-

stant accuracy must make n®) queries. This directly
implies a lower bound of Q(logn) queries for any adap-
tive algorithm.

Our testing algorithm performs a sequence of restrictions
together with consistency checks to ensure that each succes-
sive restriction is “compatible” with the function prior to
restriction. This approach is used to transform the origi-
nal n-variable testing problem into a testing problem over
poly(logn,1/€) variables where a simple direct method can
be applied. Analysis of the degree-1 Fourier coefficients plays
an important role in our proofs.

1 Introduction

1.1 Background and motivation. Over the last
few decades property testing has emerged as an im-
portant line of research in sublinear-time algorithms,
with close connections to related research topics such
as learning theory, PCPs, coding theory, computational
geometry, and more. The goal in property testing is to
determine whether an unknown “massive object” has
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a particular property while inspecting only a tiny por-
tion of the object. Given this ambitious goal, the suc-
cess criterion required of such algorithms is necessarily
an approximate one: a testing algorithm should accept
if the object has the property in question, and should
reject if the object is far from every object with the
property. Many different types of “massive objects”
have been studied from this property testing perspec-
tive, including graphs, (code)words (for certain error-
correcting codes), sets of points in a metric space, prob-
ability distributions, and (last but not least) Boolean
functions, which are the subject of this work. For sur-
veys see [13, 311 [32, [17].

Some of the earliest and best-known results in
property testing, such as the well-studied “linearity
test” of Blum et al. [6], deal with testing Boolean
functions. Any property of Boolean functions can be
equated with the class of all functions that have the
property (for example, the linearity test for Boolean
functions corresponds to the class of all parity func-
tions). Over the past decade testing algorithms and
lower bounds have been given for many natural classes
of Boolean functions, such as monotone Boolean func-
tions [I8 [I1], 15 [II 22| [7], literals, conjunctions and
s-term monotone DNF [30], juntas [14] B, 4], general s-
term DNF, size-s decision trees, and size-s circuits [10],
small-width OBDDs [33], [16] [§], low-degree GF(2) poly-
nomials [2 24, 23], functions with sparse or low-degree
Fourier representations [20, [I0] (real polynomial repre-
sentations over domain {+1, —1}"), and more.

Most of the classes described above have either a
“logical /combinatorial” flavor (such as DNF formulas
and decision trees) or an “algebraic” flavor (such as
low-degree GF'(2) polynomials and functions with low-
degree or sparse Fourier representations). An exception
is the work of [26], which gives a testing algorithm for
a class of Boolean functions with a natural geometric
definition, namely the class of all linear threshold func-
tions (LTFs). An LTF is a function f : {+1,-1}" —
{+1, -1} defined by f(z) = sign(>_i, w;xz; — 0) for
some real values wy,...,w,,#d, i.e. its output is deter-
mined by whether the input « € {+1, —1}" lies on one



side of a hyperplane in R"™. The main result of [20] is a
poly(1/€)-query algorithm (independent of n) that tests
whether any f: {+1,-1}" — {+1,—1} is an LTF ver-
sus e-far from every LTF.

Subsequent to [26], [27] studied the testability of a
natural subclass of LTFs, namely the class of signed
majority functions. These are LTFs in which each
weight w; is either +1 or —1 and the threshold 6 is
0. Equivalently, a signed majority function is computed
by a Maj gate with n inputs where the i-th input is
either the literal x; or —x;. Signed majority functions
are of interest for several reasons: for one thing, they are
arguably the simplest and most symmetrical LTF's that
depend on all n input variables. They have the largest
total influence (equivalently, edge boundary) of all LTFs
(or even of all unate functions), and they have a natural
interpretation as fair voting systems where each voter
has equal weight and one of two opposing orientations
(such as Liberal/Conservative).

Perhaps surprisingly, the class of signed majority
functions is provably harder to test than the general
class of all LTFs. [27] gave an O(y/n) - poly(1/e)-query
non-adaptive testing algorithm for the class of signed
majorities, and proved an Q(logn)-query lower bound
for non-adaptive algorithms. Thus, while [27] showed
that signed majorities are indeed harder to test than
general LTFs, their upper and lower bounds for this
class were exponentially far apart.

1.2 Our results: Near-optimal algorithms and
lower bounds for testing signed majorities. Our
main positive result improves the query complexity of
the [27] algorithm by an exponential factor (by utilizing
adaptivity), and our main negative result improves
the [26] lower bound by an exponential factor. We thus
give upper and lower bounds for testing signed majority
functions which are tight up to polynomial factors (in
terms of the dependence on n).

In more detail, our main positive result is the
following:

THEOREM 1. There is a poly(logn, 1/¢€)-query adaptive
algorithm for testing whether an arbitrary and unknown
fA{+1, =1} — {+1, -1} is a signed majority function
versus e-far from every signed majority function. The
algorithm runs in poly(n,1/€) time.

Our main lower bound result shows that any non-
adaptive algorithm must use exponentially more queries
(as a function of n) than our adaptive algorithm:

THEOREM 2. Any non-adaptive algorithm for testing
whether an unknown black-boz f {+1,-1}" —

{+1, -1} is a signed majority function versus ©(1)-far
from every signed majority function must make n?()
queries.

It is well-known that that the nonadaptive query
complexity of any testing problem for Boolean func-
tions is at most exponentially larger than the adap-
tive query complexity (since a nonadaptive algorithm
can simply carry out all possible executions that an
adaptive algorithm would perform given any possible
sequences of answers to its queries). Consequently The-
orem [2| implies that any adaptive algorithm for ©(1)-
testing SMAJ must make Q(logn) queries, and hence
the poly(logn,1/€) query complexity of Theorem [1] is
optimal up to polynomial factors.

1.3 A high-level discussion of the ideas behind
our algorithm. We first briefly discuss the approach
taken in [27] for testing signed majority functions, and
then present the techniques we apply, which give us an
exponential improvement in the dependence on n.

It is well known that if f: {+1,—-1}" — {41, -1}
is a signed majority function over n variables, then all
degree-1 Fourier coefficients of f, which we denote by

Fa), .. f

, f(n) have the same absolute value, which we
denote by J/M\(n) = O(1/4/n) (see Section . On
the other hand, Matulef et al. [27] show that if f is e-
far from every signed majority function then at least
an Q(e?)-fraction of the degree-1 Fourier coefficients
of f are smaller than (1 — Q(¢2))M(n) in magnitude.
Hence, their algorithm works by selecting ©(1/¢2) in-
dices ¢ € [n] uniformly at random, and for each i
selected, determining (with high probability) whether

~

|f(i)] < (1 —Q(e?))M(n), in which case the algorithm
rejects. The latter task is performed by taking a sam-

ple of size © (lozg/(\ﬁ) =0 (w) so as to es-
e2M(n) €

timate |f(z)|. The linear dependence on 1/]\//.7(n) =
©(y/n) seems inherent in this approach since the degree-
1 Fourier coefficients of f may indeed be very close to
+M(n) so that obtaining a good estimate of them re-
quires a sample of size Q(l/]\/j(n))

How can we avoid the polynomial dependence on
n? Roughly speakinézl, we show that if f is e-far from
every signed majority function, then one of the following
holds: (1) We can find (statistical) evidence to the fact
that f is not a signed majority function without having
to consider individual degree-1 Fourier coefficients but
rather by considering the degree-1 Fourier coefficients
“collectively” (by estimating the sum of certain powers

TIn particular, in all that follows we make statements that hold

with high probability, without explicitly stating this.



of these coefficients); or (2) We can find a very large
Fourier coefficient (i.e. of size poly(e/log(n))), which
gives evidence that f is not a signed majority function;
or (3) We can find a restriction f’ of f such that f’ is
defined over approximately n/2 variables and f’ is €'-
far (for € very close to €) from every signed majority
function (over the appropriate number of variables). In
the first two cases we are done. In the third case we
continue iteratively, working with f’.

In each iteration we either find evidence that the
current function h (which is a restriction of f) is not
a restriction of any signed majority function (recall
that we are considering the case in which f is far
from every signed majority function), or we obtain a
restriction i’ of h on approximately half the number of
variables, where I’ is still far from every signed majority
function. This condition on A’ is ensured by performing
certain consistency checks relating the degree-1 Fourier
coefficients of h to those of h’. The iterative process
stops once the function we are dealing with has only
poly(logn,1/€) input variables , at which point we can
afford to run an “end-stage” algorithm with polynomial
dependence on the number of input variables.

For the completeness argument (the case in which
f is a signed majority function), it is clear that any
restriction of f is a signed threshold function (see
Definition . Our restrictions are constructed in such
a way that if h is a signed threshold function with a
small-magnitude threshold, then the restriction h’ is
also such a function. This ensures that the degree-
1 Fourier coefficients of the restriction will behave
appropriately, and that at each iteration the restriction
I/ will pass the consistency check with h. Finally,
once we have only poly(logn,1/¢) input variables, the
restricted function is close to a signed majority function
over those input variables (since it is a signed threshold
function with a small-magnitude threshold), and the
“end-stage” algorithm accepts.

2 Preliminaries

2.1 Basic definitions and the class of functions
we are interested in. We consider functions whose
domain is {41, —1}" and whose range is {+1,—1}. We
let [n] ={1,...,n}.

DEFINITION 1. (DISTANCE BETWEEN FUNCTIONS)

The distance between two functions f,g: {+1,—1}" —
{+1, -1}, denoted dist(f,g), equals Pr[f(x) # g(x)],
where the probability is taken over x that is selected
uniformly from {+1,—1}". We say that  and g are e-
far from each other if dist(f, g) > €, otherwise they are
e-close. For a family of functions F,, (from {+1,—1}"

to {+1,—1}), we let dist(f, F,) def minge g, {dist(f, g)},

and we say that f is e-far from F, if dist(f,F,) > €
(otherwise f is e-close to F,).

DEFINITION 2. (PROPERTY TESTING) For n > 1 let
F, denote a family of functions from {+1,—1}" to
{+1,-1}. A Property Testing algorithm for (member-
ship in) a family of functions F = J,,~, Fy is given n,
a distance parameter € > 0, and black-box query access
to an unknown function f : {+1,—1}" — {+1,—-1}. If
f € F,, then the algorithm should accept with probabil-
ity at least 2/3, and if f is e-far from F,,, then it should
reject with probability at least 2/3.

A property testing algorithm is non-adaptive if it
selects all its query strings (possibly using randomness)
before making any queries; it is adaptive if for some
j > 1 the j-th query made by the algorithm depends
on the response received from the black-box oracle to
previous queries.

The class that we shall be interested in testing is
the class of all signed majority functions.

DEFINITION 3. (SIGNED MAJORITY FUNCTIONS)

Fix n > 1. For each o € {+1,-1}", the
Signed Majority Function Maj, is defined by
Maj,(z) = sign(};,oix;) (where sign(y) = +1
if y > 0 and sign(y) = —1 otherwise). We denote
the family of all 2™ signed majority functions over
{+1,—-1}" by SMAJ,,, and we write SMAJ to denote
U,>1 SMAJ,.

For the sake of readability we will often suppress the
dependence on n and simply write SMAJ to denote the
set of all 2" signed majority functions over {+1,—1}".
In the analysis of our testing algorithm for SMAJ, we
will have occasion to consider the following generaliza-
tion of signed majority functions.

DEFINITION 4. (SIGNED THRESHOLD FUNCTIONS)
Fiz n > 1. For each integer 6 € [—n,n], and for each
o € {+1,—-1}", the Signed Threshold Function Thr? is
defined by Thr® (x) = sign (3.1, oux; — 0). We denote
the family of n-variable signed threshold functions with
threshold 6 by by STHRY.

As with signed majority functions, for readability we
will often suppress the “n” and simply write STHR?Y
for the class of all n-variable signed threshold functions
with threshold 6.

Notation for substrings and restrictions. For
u € {+1,-1}" and S C [m] we write ug to denote



the length-|S| string consisting of u restricted to the
coordinates in S. We shall use the notation {+1, -1}
for a set S C [m] to denote length-|.S| substrings that
are indexed by indices i € S. For h : {+1,—-1}"" —
{+1,-1}, S C [m] and y € {+1,—1}° we write hg._,
to denote the restriction of f obtained by fixing the
coordinates in S according to y.

2.2 Fourier coefficients. See [29] O] for excellent
surveys on Fourier analysis over {41, —1}"; here we
state only the very basics which we require.

DEFINITION 5. (FOURIER COEFFICIENTS) For  each
subset S C [n], the function xs : {+1,-1}" —
{+1,-1} is defined by xs(x) o [Licgzi- Given a
function f @ {+1,-1}" — {+1,—1} we define its
Fourier coefficients by ]?(S) o E[f(z)xs(x)], where the

expectation is taken over a uniformly selected x, and

~

we have that f(z) =3 g f(S)xs(@).

We shall be interested especially in the degree-1
Fourier coefficients f(S) for |S| = 1; with a slight
abuse of notation we use the notation f(z) instead
of f({i}) for such coefficients. For = € {+1,—1}",
let 2t = (21,...,2-1,+1,%41,...,7,) and 27¢ =
(x1,...,%i—1,—1,Zi41,...,2,). Observe that for each

i € [n] we have that

(21) f()) = Elf(x)- =]
= Prf(at)=+1& f(a7") = —1]
—Pr [f(gc'“) =—-1& f(z7") = +1] .
In particular, if f € SMAJ (that is, f = Maj, for some
o € {+1,—1}"), then for each i € [n] we have

(22)  fli) =o0i Pr[f(at) # f(@™)] = 0;- M(n),

where M (n) denotes the value of the degree-1 Fourier
coefficient 1\//15(1) of the n-variable majority function
sign(zq +- - - +x,) (this value is the same for all i € [n]).
A well-known consequence of Stirling’s formula (see

[35]) is that Z\/Z(n) = /2 — %5, where § < ¢, < 3.

We shall also use the notation M (n) L. (J\/Z(n))2 s0
that
— 2
(2.3) M(n) == —-0(n").
7r

We sometimes refer to M (n) as “the level-1 Fourier
weight of SMAJ.”

The following lemma of Matulef et al. [26, Lemma
15] says that it is possible to efficiently estimate certain
sums of products of degree-1 Fourier coefficients; we will
use this in our testing algorithm.

LEMMA 1. ([26]) Let p > 2. Suppose we have black-
box access to fi,..., fp : {+1,—-1}" — {+1,—1}. Then
for any T C [n] we can estimate the sum of products of
degree-1 Fourier coefficients

Y Al o)

i€T
to within an additive n, with confidence 1 — 8, using
O(p-log(1/68)/n*) total calls to the black-box oracles for

f17"'7fp'

2.3 Results from probability. We briefly recall
some useful bounds from probability theory. The first
of these is the following standard Chernoff bound (see
Theorem 1.1 of [12]):

THEOREM 3. Let Y1,...,Y,, be m independent random
variables which take on values in [0, 1], where E[Y;] = p;,
and 37" pi = P. Then for any v > 0, we have the
additive bounds

> Vi > P+ym| < exp(—2y*m),

=1

(2.4) Pr

Pr

n
Y Yi<P- vm] < exp(—2y°m)
=1

and the multiplicative bounds

(2.5) Pr in > (1+7)P| < exp(—~*P/3)
and
(2.6)  Pr ZY < (1 —7)P| < exp(—*P/2).

Note that by an appropriate shifting and scaling it is
possible to apply the above Chernoff bounds to sums of
independent random variables which take on values in
any interval [a, ], and in particular we often apply the
bounds to the interval [—1,1].

We will also use the Berry-Esséen theorem, which

is a version of the Central Limit Theorem with explicit
error bounds:

THEOREM 4. (Berry-Esséen) Let X1,...,X, be a se-
quence of independent random wvariables satisfying
E[X;] =0 for alli, /Y, E[X?] = 0, and }_, E[| X;|?] =
p3. Let S = (X1 4+ -4+ X,,)/0o and let F denote the
cumulative distribution function (cdf) of S. Then

sup|F(z) — ®(x)| < Cps/o”,



where ® is the cdf of a standard Gaussian random
variable (with mean zero and variance one), and C' is a
universal constant. It is known [34] that one can take

C = .7915.

3 Useful Technical Claims

We note that in our technical claims about functions
that are e-far from SMAJ we will always be dealing
with the case that e > 1/n where ¢y > 0 is a small
(unspecified) absolute constant. This is because for
€ < 1/n% it is possible to non-adaptively test the class
SMAJ using poly(1/e¢) queries and poly(1/e) time since
poly(1/e) = poly(n,1/€) in this caseﬂ

The following technical lemma states that if f is far
from every signed majority function and f does not have
“too little” Fourier weight at level 1, then the level-1
Fourier coefficients of f must be far from those of every
signed majority function. The proof of the lemma is
similar to the proof of [26, Theorem 34].

LEMMA 2. Lete > 1/n. If f: {+1,-1}" — {+1,-1}
is e-far from SMAJ and Y7, (f(i))? > M(n)—-, then
for every o € {+1,—1}" we have that

fXﬂn—mihmf>§§—w

i=1

(3.7)

Proof._We first observe that the left-hand-side of Equa-
tion is minimized when o; = sign(f (7)), and hence
it suffices to prove the inequality for this setting of o,
which we denote by of. For this setting we have:

(3.8)

> 2 <J\7(n) — M(n)-

where we have used the premise of the lemma concern-

ing -1, (7))

?This can be done either by running the O(y/n - poly(1/e))-
queries algorithm of [27] (which runs in poly(n,1/e) time), or
by simply running a proper learning algorithm with time and
query complexity poly(n,1/e) for the class SMAJ and applying
the well-known result that the query complexity of testing a class
of functions is essentially upper bounded by the query complexity
of proper learning the class [Prop. 3.1.1][19]. To properly learn
a function f € SMAJ, ie., f = Maj, for o € {+1,—-1}", it
suffices to find o; for each ¢ € [n] and this can easily be done by
performing poly(n) queries.

Let wif def azf M (n) and consider the linear function

o (x) def > wzf - x;. We next relate the right-hand-
side of Equation (3.9) to this linear function. First, we
observe that

39) E[¢()|] = E wam]
i=1

< M(n)+0(n?).

The final equality above is by symmetry of {+1,—1}",
and the inequality can be obtained either by using
Proposition 32 of [26] (which gives a fairly simple proof
using the Berry-Esséen theorem) or by using Theorem 2
of [25] (which has a more involved proof providing a
sharper constant in the low-order term, which we will
not need here). On the other hand, we also have that

(310)E [f(z) - (2)] =

i=1
= > wl J0)
= M) 3 If0,

where in the second equality we applied the definition

o~

of f(i), and in the third equality we applied the defi-
nition of wa . By combining Equation 1) with Equa-

tions (3.9) and (3.10) we get that

n

311 Y (f(i) —a{.ﬂ(n))Q

i=1

> 2B (1)) - Blf () - ¢ (2)]) = — O(n~Y/2)
Since the range of f is {+1,—1}, we have that

(3.12) E[|¢/ ()] - E[f(2) - ¢/ (2)]

= 2. > 2107 ()]

a:f (z) #sign(ef ()
< - (Prlf(x) # sign(¢/ (2))]
—Pr[2|¢f (2)] < ¢/8]) .

Y]
I

Since f is e-far from SMAJ, it is in particular e-far from
sign(¢/), so we have Pr[f(x) # sign(¢/(z))] > €. On the



other hand, we have

(3.13) Pr [2¢/ (z)] < /8]

< £ +O(n~

where the equality is by the definition of ¢/(z) and
the symmetry of {+1,—1}", and the first inequality
follows from the Berry-Esséen Theorem. We thus get
that the right-hand-side of Equation is lower

bounded by £ (23¢ — O(n=1/2)), and the lemma follows

by combining this inequality with Equation (3.11)) and
recalling the assumed lower bound on e. W

We next prove a simple claim concerning binomial
coefficients.

CrLAM 3. For any two integers m and j such that
m >0 and 0 < 5 < +/m, when m is even we have

o2 (=50) (o) = (oes) = (o)
and when m is odd we have
(=25 (i)

((m/; +j) : ((m%w) |

Proof. We prove the claim for even m. The proof for
odd m is very similar. For any k € [0,m/2 — 1],

(oY)

m/2—k m
B m/2+k+1'<m/2+k>
_ m/2+k+1(2k+1).< m )
m/2+k+1 m/2+k

(25 (')
Hence

(i) ) ()

v

and we get that

(3.15) (1 - 23;) : (m%) < (m/?+j> < (m%) :

as claimed. WM

As a corollary of Claim [3] we get:

LEMMA 4. Let Xq,..., X, be iid. {+1,—1}-valued
random wvariables with Pr[X; = +1] = 1/2 for all i.
For any o, such that —1 < a < 8 < 1 and where
ay/m and By/m are even integers when m is even and
odd integers when m is odd, we have that:

(3.16)
f—« - f—«
o SPriavm <) X <pVm| < —+1/v/m.
i=1
Proof. Let X f >t X;. Consider the case that

m is even (the case that m is odd is very similar).

Observe that for any even k we have that Pr[X = k] =
2—m (m/;_’f_km). Therefore,

(3.17)
B B2 .
Prlaym <X <pvm]=2"" 3 (m/2+.).
J=eii/2 J

The upper bound on Pr[ay/m < X < 3y/m] now fol-
<

lows simply because (,, /"gﬂ.) (m’%) and since

27" (m772) = /-2 — O(m=3/%). For the lower bound

we apply (the lower bound in) Claim [3[to get that

Pr[ay/m <X < gyvm]
B/m/2 972
S (-E)

= ()

and we use 27" (m"/’2) = /=% — O(m~3/2) once again.
[

In the following lemma [ > 0 should be thought of
as “large” and k > 0 as “small”, and the values for a > 0
which make the claim non-trivial are essentially those
which satisfy o > x/83. Intuitively, the lemma says that
if a set of small non-negative weights have average value
[, then summing a random subset is extremely likely to
yield a value which is very close to $ times the number
of weights in the subset.

LEMMA 5. Let 0 < wy,...,w, € R be such that
w; < km for alli = 1,....,m and Y ;- w; = Pm.



Let X4,...,X,, be i.i.d. Bernoulli random wvariables
with Pr[X; = 1] = 1/2 for all i, and let X def
S Xi. For any o € [0,1], with probability at least
1 — exp(—Q(a?B/k)) we have that

i U)Z'Xi — ﬁy

i=1

(3.18) < afX.

Proof. We define m random variables, Y7,...,Y,,
where Y; = (w; X;)/(km). By the premise of the lemma,
Y; € [0,1], and E[Y>.", Y;] = (8/2k). By applying a
multiplicative Chernoff bound (see Theorem 7

m

Vi (8/2m)| < v(ﬂ/%)]

1—2exp(—(1/3)7*(8/2~))
= 1—exp(-Q(¥°8/r))

By the definition of Y;, this implies that

Pr

Y

(3.19) Pr

ZwiX" —(8/2)m

> 1—exp (—Q(*B/r)) -

By applying another multiplicative Chernoff bound, this
time to X = 7" | X;, we have that

(3.20)

Pr[|X — m/2| < y'm/2] > 1-2exp(—(1/3)(+)*m/2) ,

< 7(ﬂ/2)m1

which is of course equivalent to

Pr HﬁY— Bm/2| < ﬁ’y'm/?}
> 1-2exp(—(1/3)(7)’m/2) .

We thus have that with probability

exp (—Q(v*8/k)) —exp (=Q((v/)*m)),
(3.22)

i=1

(3.21)

1 —

T+ %
— X

< (v+9")B(m/2) <

The lemma follows by setting v = 4 = «/3 and
observing that m > (/s (since > ", w; = fm and
w; < km) so that a?m > o?B3/k).

We end this section by recording some properties
of signed threshold functions (with a small-magnitude
threshold) that will be useful later. Since two threshold
functions Thrg and Thrzl can be equivalent even though

0 # 6, when we write h = Thrg, we consider the
minimal |#] for which h has threshold 6.

LEMMA 6. Let h : {+1,-1}" — {+1,-1}, h = Thr?
where |0] < ay/m, a <1, and o € {+1,—-1}".

1. For everyi € [m] we have that (1—a?/2) J/W\(m) <
h)| < M(m).

2. [E[h]| < a+1/vm.

On the other hand, suppose that h' : {+1,—1}™ —
{+1,-1}, W = Thrg, is a signed threshold function
where |E[W]| <. Then:

3. 10'] < 3yy/m.

Proof. For the first item, assume m is even. The odd
case is proved similarly. As noted in the text preceding
the lemma, we consider the minimal |f| defining h, so
that 0 is even. Since h = sign (3 ,_, o;z; — ), we have
that

(m/znie/z) (m/2+0/2)
m2m71

(3.23) h(i) =

Using (m/ngrk) = (m/gik) (since 6 might be negative),
the first item now follows by applying Claim [3]and using

N (m) = (aiz),
The second and third items follow from Lemma [4]

by observing that

|E[R]| € [Pr l Zaz

|

m
E 0iTq
i=1

< 0] —1/v/m,

<0

v

and the lemma follows. W

4 A poly(logn,1/e)-Query Adaptive Testing
Algorithm for SMAJ

4.1 A high-level overview and intuition for our
approach. As explained in the introduction, our test-
ing algorithm (Algorithm works in an iterative
manner. At the start of the j*™ iteration it holds a
function fU~1) that is a restriction of the tested func-
tion f, and is defined over a set of variables TU~1 C [n]
(where f(© = f and T = [n] for the first iteration).
In the course of the j* iteration, the algorithm selects
a restriction fU) of fU~=1) where the size of the subset
of variables over which f) is defined, that is, 77, is
a constant fraction of the size of TU—1. The iterative
process ends once |TW)| goes below a certain threshold
that is poly(logn,1/¢), at which point we can afford
running a procedure whose query complexity is linear
(or even polynomial) in the number of variables.

In each iteration, the restriction is selected by
calling a procedure (Algorithm [4.1)) that ensures (with



probability at least 1 — &) that if U~ is a signed
threshold function with a small threshold (so that its
bias |[E[fU~Y]| is small) then the same is true of f().
If fO = fis a signed majority function (ie., a
signed threshold function with O threshold), then by
calling Algorithm each time with § = O(1/logn)
we have that with high probability all restrictions f)
are signed threshold functions with a small threshold.
This is essentially what ensures the completeness of the
algorithm, since in each iteration the checks performed
on the new restriction fU) should pass (with high
probability) when fU) is a signed threshold function
with a small threshold, and the same is true of the
final procedure. The main focus of what follows is
to explain what the algorithm does in each iteration
(as well as initially and after the last iteration) so as
to ensure the algorithm’s soundness, where we point
out in the appropriate places how this is done without
compromising the completeness of the algorithm.

Consider the vector vf % (]?(1),..., (n)) of
degree-1 Fourier coefficients of f. First recall that
by Lemma [ if f is e-far from SMAJ then either
[vf 13 = S0 (f(4))? is significantly smaller (i.e., by
Q(e?)) than M(n) = n(M(n))? ~ 2/, or |v/ —

. — AN
oMalo |3 = Y (f(z) - aiM(n)> is relatively large
(i.e., is Q(€?)) for every o = {+1,—1}". By Lemma
(setting p = 2 and f; = fo = f), the first case can be
detected by performing only poly(1/e) queries to f.

However, the first case does not necessarily hold,
and |[vf]|2 might actually be very close to “what it

should be” (i.e., M(n) ~ 2/m). We thus turn to the
second case where ||v/ — vM?is||2 is relatively large (for
every 0 = {+1, —1}"). Suppose first that there exist few
(possibly just one) degree-1 Fourier coefficients f(z) that
are relatively large, that is, of the order of poly(e) (or
even poly(e/logn)). In such a case we call a procedure
(Algorithm [£.2)) that detects (with high probability) the
existence of such a large coefficient (note that if f is
a signed majority function, then no such large Fourier
coefficient exists).

We are left to deal with the case in which [jv/]|3
is close to M. (n) and f(z) is not very large for every
i € [n]. As explained in the foregoing discussion, this
implies that ||/ — vM®+|2 is relatively large for every

o € {+1,—1}" (but no individual f(z) is very large). In
this case we show that if we select each ¢ independently
with probability 1/2, then with high probability, the
restriction of v/ to the subset of selected indices T' =

TM | which we denote by ”|fT7 is relatively far from

every |T'|-dimensional all—(:I:JT/[\ (IT])) vector (recall that

vMais s an n-dimensional all-(+£M(n)) vector). The
algorithm performs such a selection of T and then finds
an assignment y to the subset of remaining variables,
R=RW (by calling the aforementioned Algorithm
thus obtaining a restricted function f() = fRey.

As noted previously, such an assignment y is se-
lected so as to ensure (with high probability) that when
f € SMAJ, then f(U) is a signed threshold function with
a small threshold (though this is immaterial to the case
that f is e-far from SMAJ). The algorithm now esti-

mates |Jvf @ |2 as well as appropriately scaled versions
of ||v‘fT||§ and <vf(1>,v‘fT
viates from 2/ by more than a small amount. In the
analysis we show that this ensures (with high probabil-
ity) that va(l) — vMao |12 s relatively large for every
o € {+1,—1}7l. The algorithm then calls a procedure
for detecting the existence of any large degree-1 Fourier
coefficient of f(1), and if no such coefficient is detected,
then the algorithm continues to the next iteration with
.

Since the number of relevant variables decreases
by a factor of approximately 1/2 in each iteration,
after O(logn) iterations (in which the algorithm does
not reject) this number goes below a sufficiently small
threshold s = poly(logn,1/e). At this point, the final
function obtained, h, is tested for having any degree-1
Fourier coefficient that deviates by a sufficiently large
multiplicative factor (1 £ ¢) from M(k), where k < s
is the number of variables over which h is defined. We
show that if f is e-far from SMAJ, then (with high
probability over all the iterations), h must have at least
one such coefficient. On the other hand, if f € SMAJ
then (with high probability over all the iterations), all
degree-1 Fourier coefficients of h are sufficiently close to
M (k). The algorithm can distinguish between the two
cases by performing a number of queries to h that is
polynomial in k and 1/e.

), and rejects if any of them de-

4.2 Some useful subroutines for our testing al-
gorithm. In this subsection we describe several sub-
routines that are used by our testing algorithm.

4.2.1 Finding small-bias restrictions.

DEFINITION 6. (BIASED RESTRICTIONS) Let

h o {+1,-1}" — {+41,—-1}. We say that a re-
striction hg—, (where S C [m], y € {+1,-1}) is a
~-bias restriction of h if |E[hg—,]| < 7.

As described in the intuitive overview in Section 4.1
our approach involves constructing small-bias restric-
tions to signed threshold functions that have a small-



magnitude threshold. This is done using Algorithm
It is given query access to a function h : {+1, —1}TVE
and disjoint sets T, R C [n] of input variables to h. It ei-
ther fails, or else outputs an assignment y € {+1, —1}%
to the variables in R. The key property of the algorithm
is that if h is a signed threshold function which itself has
small bias, then with high probability it outputs an as-
signment y € {+1, —1}% such that hp., is similarly a
small-bias restriction of h. The algorithm works simply
by trying random assignments for y and estimating the
bias of hr., for each try (giving up if there are too
many unsuccessful tries).

ALGORITHM 4.1. (FINDING
TIONS)

SMALL-BIAS RESTRIC-

(Input: query access to a function h : {+1, —1}TYF —
{+1,—1} over a set of variables T'U R and parameters
0 and )

1. Repeat the following at most s =
times:

O(log(1/8)/7)

(a) Select y € {+1,—1}% uniformly at random
and let b’ : {+1,—1}T — {+1,—1} be I/ :=
hiey.

(b) Estimate E[h/] to within an additive error of
v with confidence 1 — §/(4s) (by performing
©(log(s/8)/(7)?) queries to h’), and denote
the estimate by pu.

(c¢) If |u| < 2v then return y.

2. Return failure (this step is reached if |p| > 2 in all
s repetitions above).

LEMMA 7. Let h : {+1,—1}TYE be a signed threshold
function satisfying |E[h]| < 3v where T,R C [n] are
disjoint sets that satisfy ¥|T UR| < |T|,|R| < 2|T UR].
Suppose that [T U R| > C/~v* (for a sufficiently large
absolute constant C').  Then

1. Algorithm makes O (M) queries
to h.

2. With probability at least 1—8, Algorithm[4.1] outputs
an assignment y for which hr—, is a (3v)-bias
restriction of h.

Proof. Part (1) is immediate from inspection of the
algorithm.

We now turn to part (2). First observe that given
the sample size used in Step [IB] of the algorithm, by an

additive Chernoff bound (see Theorem for each fixed
choice of y selected in Step with probability at least
1-4/(2s) (for an appropriate constant in the sample size
©(:) notation) we have |E[hg._,] — | < 7. By taking
a union bound over the (at most s) choices of y, we
have that with probability at least 1 —§/2 all estimates
i are within « of their expected value. Assume from
this point on that this is indeed the case. This implies
that the algorithm will not return an assignment y for
which |E[hgy]| > 37. It remains to show that with
probability at least 1—4/2, for some estimate p we have
that |u] < 24 so that the corresponding assignment y
is returned. To this end we show that the probability
over a single choice of y that |[E[hr—y]| < v is Q(7),
implying that the probability that no y is selected in
s = O(log(1/0)/v) iterations of Step [I]is at most §/2.
By the premise of the lemma, h is a |T'U R|-variable
signed threshold function h = Thri’;:,, with |E[h]| < 37,
where |T'U R| > C/~? for some large constant C. By
Part 3 of Lemma l6| we have that the threshold 6" sat-
isfies |0"| < 9v/|TUR|. By the definition of h we
have that h(z) = sign (3o ola + 3, cpola; — 0").
For any assignment y to R, let "(y) = Y. polu;.
Thus, for b’ = hr., we have that k' is a signed thresh-
old function (over the variables in T') with threshold
0" = " — 7" (y). It remains to lower bound (by Q(7))
the probability (over the choice of ) that [6"| < ~v/|T.

The constraint |0"'| < ~v+/|T], that is, —y\/|T| <
0" < 4\/|T], is equivalent to 0" — v+/|T] < 7"(y) <

0" + 4/|T|]. Since |0"| < 3v\/[TUR], v >
VC/\/ITUR|, and |R|,|T| > |T U R|/3, we can ap-
ply Lemma and get that Pr[|0"| < v/|T[] = Q(7).
|

4.2.2 Detecting the existence of large degree-
1 Fourier coefficients. Recall that by Lemma [6] if
h is a signed threshold over m variables with a small-

magnitude threshold, then [h(i)| < M\(m) < /= for
every i € [m]. Hence, if given query access to a function
h over m variables we can detect that |h(¢)] is signifi-

cantly larger than |/-2- for some i € [m], then we have

evidence that h is not such a signed threshold function.
In this subsection we present a simple procedure (see Al-
gorithm that (roughly) performs such a detection.
The precise claim regarding Algorithm is stated in
Lemma [§] We note that the procedure is called by the
testing algorithm (Algorithm on restrictions h of
the tested function f, i.e., h = fr., for some R C [n]
and y € {+1,—1}T. Thus, each such h is defined over
{+1,-1}T for some T = [n] \ R. By reordering the



variables, we may view h as being over {+1, —1}".

ALGORITHM 4.2. (FINDING LARGE FOURIER COEFFI-
CIENTS)

(Input: query access to a function h : {+1,-1}" —

{+1,—1} and parameters 6 > 0 and v > C'y/(logm)/m

for some large constant C')

1. Let Zi,...,Z; be an arbitrary partition of [m] into
t = ©(log(1/7)/7?) disjoint subsets, each of size

[m/t] or [m/t] (which is ©((+?/log(1/7))m)).
2. For j =1 to t do:

(a) Initialize d; := 0 and repeat the following
s = O(log(t/5)/7?) times:
i. Select an assignment y to the variables in
[m] \ Z; uniformly at random, and two
assignments, z and 2z’ to Z; uniformly at
random.
ii. If h[m]\Zj<—y(Z) #+ h[m]\zjhy(z’) then
dj = dj + 1.
(b) If d; > (y/4)s, then return fail (and exit).

3. Return pass (this step is reached if d; < (y/4)s for
all 7).

LEMMA 8. Let h : {+1,-1}" — {+1,—-1} and v >
C+/(logm)/m for some large enough constant C.

1. Algorithm makes O (W%) queries
to h.

2. If there exists i € [m] such that |ﬁ(z)| > v then
with probability at least 1 — & Algorithm[{. returns
fail, and if h is a signed threshold function then with
probability at least 1 —§ Algorithm[{.3 returns pass.

In order to prove Lemmal[8 we recall the well-studied no-
tion of the variation of a set of variables (see e.g., [14]).

DEFINITION 7. (VARIATION) For a function h
{+1,-1}" — {+1, -1} and a set of variables Z C [m)]
the variation of the set Z with respect to h, denoted
vi'(2), is

Pry .o [hmpzy(2) # himpzy ()]

where y is selected uniformly at random in
{+1,-1}"\? and 2,2 are selected uniformly at
random in {+1,—1}2. When Z = {i}, we use the
shorthand notation V" (i) for V" ({i}).

By the definition of the degree-1 Fourier coefficients (see
Equation ), we have that Vr™(i) > |B(z)|/2, where
the factor of 1/2 is due to the event that z = 2’ for the
assignment to variable . We shall use the fact that the
variation is monotone, so that in particular, for every
nonempty subset Z of variables, and every variable ¢ in
Z, we have that Vr"(Z) > Vi"(i).

Proof of Lemma Part (1) is immediate from
inspection of the algorithm.

In order to prove part (2), first observe that what
the algorithm does is simply estimate the variation of
each subset Z;. Given the setting of the sample size
s, by an additive Chernoff bound and a union bound
over all ¢ subsets we have that with probability at least
1 -4 all j € [t] satisfy |dj/s — Vi"(Z;)| < ~/8. Assume
from this point on that this is in fact the case. It
remains to verify that if |h(i)] > + for some i € [m]
then Vi"(Z;) > ~/2 for some subset Z;, while if h is a
signed threshold function, then Vi"(Z;) < /8 for every
subset Z;.

The first statement follows directly from the mono-

tonicity of the variation by considering the subset Z;
that contains 7. To establish the second statement, we
sign (Ziezj o + Zie[m]\zj 0T — 9).
For an assignment y to [m] \ Z; let 7'(y) =
Zie[m]\ 7, Oilis and similarly define 7"(z) for an assign-
ment z to Zj. If hyypz—y(2) # Rm)\z—y(2") then this
means that 7"(y) + 7"(z) — 0 has a different sign from
Th(y) + 7"(2’) — 0. Since the probability (taken over
the random choice of y, z and z’) of such an event de-
creases with || we may consider the case § = 0. Let
m' = m — |Z;j| = (1 — ©(y?))m. For any choice of
ﬂ € (_15 1)

(4.24) Pr [sign(Th(y) + 7(2)) # sign(t" (y) + Th(Z/))]
< Pr[i(y)| < V] +Pr e ()] > 6V |
+Pr [|Th(z’)| > ﬁ\/nﬂ .

write h(z) =

By Lemma [ the first term on the right-hand-side
of Equation is upper bounded by O(8). Tak-
ing 0 to be a sufficiently small constant multiple of
7y, this term is at most v/16. Observing that vm/! >
V|Z;1log(1/7)/(~/c) for some sufficiently large con-
stant ¢ > 1, by an additive Chernoff bound, the second
and third terms are upper bounded by v/32 each, and
the lemma follows. W

4.2.3 Dealing with functions on few variables.
As described in Section 4.1} our algorithm works by suc-
cessively fixing more and more variables, until eventu-



ally we are working with a restriction f’ of the original
function f which has only & = poly(logn,1/¢) input
variables left unrestricted. At this point the algorithm
checks whether all the degree-1 Fourier coefficients of f’
are sufficiently close in magnitude to M (k) (as is the
case when f’ is a small-bias signed threshold function).
The procedure for performing this task is Algorithm [4.3]
and the following lemma states the properties of this al-
gorithm. (As in the case of Algorithm Algorithm
is called on a restriction h : {+1,—1}7 of the tested
function f, but for simplicity we let T' = [k].)

LEMMA 9. Given query access to h : {+1,—-1}F —

{+17 _1} and C S (Oa 1);

1. Algorithm makes O (klgggk) queries to h.

]\//.T(k) for ev-
accepts

then  Algorithm

2. 1f R € [(1=OME),(1+¢)
ery i € [k,
with probability at least 9/10, and if |h(i)| ¢
[(1—2()]\7(@'),(1—#2@)]\7(@‘)} for some i € [K],
then Algorithm [{.3 rejects with probability at least
9/10.

Proof. The bound on the query complexity (the first
part of the lemma) follows immediately by inspection
of the algorithm.

For the second part, consider any specific degree-
1 Fourier coefficient h(i) of h and recall that h(i) =
E[h(x)z;]. By an additive Chernoff bound, given that
the sample size s satisfies s = ©(klogk/¢?)), the
probability that |h; — /i\z(z)| > (/(4VE) is at most
1/(10k). By taking a union bound over all i € [k],
with probability at least 9/10 we have that |h; — h(i)] <
¢/(4Vk) for “every i € [k]. The lemma now follows since

1/(4VEk) < M(k)/2. W

ALGORITHM 4.3. (DETECTING DEVIATION OF

FOURIER COEFFICIENTS FROM i]\//f(k))

(Input: query access to a function h : {+1,—-1}F —
{+1, -1} and parameter ¢ € (0,1).)

1. Draw s = O(klog(k)/¢?) strings z!,...,z° inde-
pendently and uniformly from {+1, —1}* and query
h(z7) for each j € [s].

2. For each i € [k] let h; := M
3. If for any i € [k} it holds that |h;| ¢ [(1 — 3¢/2) -
M(k) (1+3¢/2- M( )] then return reject, otherwise

return accept.

4.3 The Algorithm. In this subsection we present
our algorithm for testing signed majority functions — Al-
gorithm Lemmas [10] and [T1] establish completeness
and soundness of the testing algorithm, respectively.

ALGORITHM 4.4. (DETECTING DEVIATION
FOURIER COEFFICIENTS FROM +M (k))

OF

1. Let ¢ = O(1/logn), s =
6((log n)*(loglog n) (log(logn/e)) /¢*), v =
6(/(1ogn)?), 72 == ©(c/((logn)*Ioglogn)),
v := O(e/ logn).

2. Obtain an estimate of Y . (A( f(i))? to within addi-
tive error v; and with conﬁdence 1 —0 by applying
Lemma |1} If this estimate deviates from M (n) by
more than 4y, then output reject (and exit).

3. Call Algorithm with query access to f and
parameters & and v = ~. If it returns pass then
continue, otherwise output reject (and exit).

4. Tnitialize j := 0, fO:= f, T? := [n], (¥ = n

5. While t7 > s do:

(a) Increment j :=j+ 1.
(b) Select a subset TU) C TU-Y by indepen-
dently putting each i € TU~Y into TV) with
probability 1/2. Set ) = [T(j)| and RU) .=
TU=DN\ TG, If t0) ¢ [%t(J—l),%t(J—l)] then
output reject and exit.
Call Algorithm with query access to
fU=1 the pair of sets of variables TU) and
RU) and the parameters § and v = 3. If it
returns failure then output reject (and exit).
Otherwise, let ) be the assignment it re-
turns to RY) and set fU) := f(jmiy(j)-

2
Let (i) 6, be ( (t9)) /M (16~ 1>)) times

— 2

an estimate of >, () (f(jfl)(i)) ;
(ii) ¢§j) be an estimate of
Sreror (FO) s and
(i) %), . be M (1)) /A?(N—l)) times

an estimate of ZleT(]) f/(J\l( ) - f(J)( ).

All estimates are obtained via Lemma [I] with
additive error v; and confidence 1 — 4. If any
one of qSS-j_)l, (j)(j) or QS(]) deviates from 2/7
by more than 291, then output reject (and

exit).



(e) Call Algorithm with query access to ()
and parameters d and v = . If it returns pass
then continue, otherwise output reject (and
exit).

6. Let £ = j be the index of the last iteration of the
“while” loop (Step [5). Run Algorithm with
query access to f©) and ¢ = €/8, and output what
it outputs.

LEMMA 10. (COMPLETENESS) If f € SMAJ,
Algorithm accepts with probability at least 2/3.

then

Proof. By the premise of the lemma f = Maj, s for
some of € {+1,-1}". We consider a collection of
failure events (whose total probability is at most 1/3)
and show that if none of the failure events occurs then
the algorithm accepts.

We first note that the algorithm may reject in
Step[5H]if the random subset TW) of U1 ever has size
smaller than 1 \T )| or larger than 2 |T(J |. Since Step
is only performed when |TU=1| > s, at each iteration of
Step [6b| the probability of such an “unbalanced split” is
at most 1/n“™) by a standard additive Chernoff bound.
Given that the splits are all roughly balanced (between
% and %), the “while” loop of Step |5[is carried out at
most O(logn) times, and thus the probability that the
algorithm ever outputs reject and exits in Step is at
most 1/n<™),

We next observe that the algorithm computes vari-
ous estimates in Steps [2] and [5d] on a total of O(logn)
occasions. The probability that any of these estimates
deviates by more than the allowed error from the correct
value is O(0 - log(n)), which is at most 1/20. The al-
gorithm also performs O(logn) calls to Algorithm
Each call is with a restriction of f (which is a signed
threshold function because f € SMAJ) over at least
s/3 variables, and parameters 0 and 2. By Lemma
(note that the relation between 7, and the number of
variables is as required), the probability that any call
rejects is O(6 - log(n)), which is at most 1/20. For the
rest of this proof we may assume that all estimates are
indeed as required and that all calls to Algorithm
return pass. (In particular the algorithm does not reject
in Stepor Step and reaches the while loop in Step )

Since f € SMAJ, by the definition of fU) it holds
that fU) e STHR?" for all j. For j = 0 we have that
6 = 0, so |[E[fY)]| < 343 as required by Lemma
Indeed, Lemma [7| gives that if [E[fU~D]| < 3v3 then
fU) (defined in Step also satisfies |E[f()]| < 373
except with failure probability at most § = ©(1/logn).

Since Step [5dis executed O(log n) times, the probability
that the algorithm ever outputs reject in Step [bc| is at
most 1/10.

At this point we have established that we may
assume that at each iteration of Step [5d] both
fU=D and fU) are signed threshold functions, with
thresholds #U—1) and 0\ respectively, which satisfy
[E[fU~D]|, [E[fW)]| < 3y3. Part (3) of Lemma@implies
that [00~1] = O(33VtG=D) and [99)| = O(33Vi),
so that by Part (1) of Lemmalf]

(4.25)

(1= O((7s)?) MV~ < J-D (i) < M (1U~Y)

and

(4.26) (1 —O((rs)2)M(tD) < FOI(i) < M (1)) .

By Equation ,

@) Y (F90) = (- 0(()?) - M)
€T ()

Given that gbgj ) is accurate as required, recalling that
v1 = Q((73)%) and that M(m) = 2/7—O(m™?), we see
that the algorithm does not reject in Step because

of a large deviation of ¢>§j ) from 2/m.  Similarly, by

Equation ,
Z (fj D (i )

( A//T )
M t(J 1) Py

= (1—=0((7s)*)M(tY)

and by Equations (4.25)) and ( -,

t(ﬂ)
fol )- FO0)
€T ()
= (1 —0((73) )M (D) .
Given that (;55]3 ; and (b;] )1 j are accurate as required (as
well as y1 = Q((73)2) and M (m) = 2/7 — O(m~1)), the

algorithm does not reject in Step because of large
deviations of these estimates as well. Recall that we
have already bounded the probability that the algorithm
rejects in Step el due to a failed call to Algorithm

Finally, by Lemma |§| (using Equation for
j = ¢ and the fact that Algorithm [£.3]is called with ¢ =
€/8 = w((y3)?)), the algorithm rejects in Step |§| with
probability at most 1/10. Summing all probabilities
of failure we see that the overall probability that the
algorithm rejects is at most 1/n“(M) 4+ 1/10 + 1/10 +
1/10 < 1/3, and the lemma is proved. W



LEMMA 11. (SOUNDNESS) If dist(f,SMAJ) > ¢, then
Algorithm rejects with probability at least 2/3.

Proof. Fix f : {+1,-1}" — {+1,—1} to be any
function that is e-far from every n-variable signed
majority. As in the proof of Lemma the probability
that any estimate computed by the algorithm has an
additive error greater than indicated is O(dlogn), so
we may assume from this point on (incurring failure
probability at most 1/20) that all estimates are indeed
within the desired additive error. In particular, this
means that > (f(i))? > M(n) — 2v;. By Lemma
for every o € {+1,—1}" and for ¢y = %2

i( )—o;- (n))2>60.

By Lemma [§] for each call to Algorithm [4.2] on some
@) (1e in Steplfor § = 0 or in Step |5¢| for j >i

— 271, we have

(4.28)

if |f )(i)] > 72 for some i € TV, then Algorlthm

returns fail with probability at least 1—9. Thus we may
assume from this point on (incurring failure probability
O(dlogn) < 1/20) that for each j, if Algorithm

reached iteration j, then |fU—1(i)] < ~y for every
ieTUY,

We next define the following vectors:

a0 (f0)0))

for j > 0,
€T ()

. M@tW) ——
pl) = </\(t1) . f(J—l)(i)) for j > 1,
M(t(]_ )) ieT ()

and for each o € {+1, fl}T(j),

) = (Ji . M(N)))

Recalling that f©@ = f, T® = [n] and t© = n,
Equation (4.28) implies that

— 0|3 > €

for 5 > 0.
€T ()

(4.29) |a®

for each o € {41, —1}". Observe that ¢§j31, d)m

qu 1; are, respectively, estimates of 163, ||a(3)||2

and (a¥), b)), From the foregoing discussion at the
start of the proof we may assume that these estimates
are all within additive error at most -; of the true
values; moreover, we may assume that each estimate
is within +2v; from 2/7, or else the algorithm would
reject. Consequently we have that all j satisfy

(4.30)

||a(J) _ b(J)”2

1DD13 + laD )13 — 2(at),6D) < 8, .

Similarly, by the assumption concerning the correctness
of the executions of Algorithm [£.2] if we have reached
iteration j, then [aU=1(i)| < 7o for every i € TU~D),
(a; - 1)) (72)? for each i € T\,

We have reached the main step of the proof, which
is establishing the following claim.

which implies that

CLAIM 12. There is an absolute constant C such that
the following holds: for each fized j > 1, given that

(4.31) all o € {+1,-1}77""
a9=D Vs > veg- (1~ Cv/anfe)

and that

satisfy

(@?"")2 < (12)? for eachie TV |

with probability at least 1 — 6 over the random choice of
TG CcT6D gll o € {+1,-1}T7

|a) — D)y > /e - (1 - C\/M)

(4.32)

satisfy
(4.33)

Since there are O(logn) iterations of the “while” loop
(Step , Claim [12| implies (given that all estimates are
as required as described above) that conditioned on the
algorithm not rejecting in Step [2] or Step [3| or in any
iteration of the whlle loop, with probability at least
1-0(6logn) > 25 (over all choices of 7)) the following
holds: once the algorithm exits the “while” loop, the
final vector a(®) (corresponding to f(*)) satisfies (recall
that eg = 7€%/32 — 2v;)

(4.34) [a! =13 = eo-(1=C /71 /e0)?

for all 0 € {+1, —1}T<£). But if this is the case then we
claim that Step [6] will reject with probability at least
9/10 by Lemma [9] because for at least one i € [k] it

holds that |fO(i)| ¢ [(1—e/4> (k), (1 = ¢/0) M (k)|
(recall that Algorithm is called with ¢ = €/8).
To verify this, assume in contradiction that |f¥)(i)] €

(1—e/4)M(k), (1 — 6/4)]/\4\(16)} for every i € [k]. But

then, setting o; = sign(f()(i)) we get

(logn) > 62/8

—

M(k))?

which (using M\(k) < 1/Vk) is less than €2/8. Conse-
quently the overall probability that the algorithm out-
puts reject is at least 2/3.

Thus, to complete the proof of Lemma it
remains to prove Claim

(4.35) la = D5 < k- (/16)(



Proof of Claim [12t Recall that b@) is obtained
from a?—1 by selecting each coordinate of /=) inde-
pendently with probability 1/2, and multiplying it by
M () /M(t0=1). Given a vector o € {+1,—1}7"",
we shall write the i*" coordinate of aU~1 (that is,
FU-D(0) as (1 + po(i)) - o M(tG=D). Using this no-
tation we have

(4.36) |aU=D) — U=1))2

12
- ¥

((1 + po (1)) - o M($UD)
€T (—1)

— 2
_O-iM(t(J—l)))

Z (pa(i>)2 .

ieT@—1)

= (M)

Recalling that Equation 1) (the first premise of the

claim) gives ||a i=D ™ 1)||2 > /e (1- C’\/’m
by Equation (4 we get (recalhng that (M( ))? S
—2-) that for each oe{+1,-1}797",

Y (pe(D))?

ieT(G-1)

(1= Cy/n/e0)?i=h.

o).,
ieT@

{+1,—-1}7Y we have that for all o € {+1,—1}7",

(4.37) = Bt~

for B, > 5 - €0

Recalling that c(] ) = for o €

(4.38) bW —¢
= Y (1)),

ieT ()

913

(14 po (i) - o M(£0~1) — giﬁ(t(j))>2
= (MED)? > (pali).

€T ()

We also know from Equation (4.32]) (the second premise
of the claim) that (agj_l))2 < (92)? for each i; since
aof ™V = (14 pali) - M0, _
M(m)? > -2 —c/m?/? for some constant ¢ and tU~1) =
Q(s), we get that for each o € {+1,—1}7"""
(pa(1))? < 2(72)*U~ 0.

Now let us define a “distinguished” vector of signs
o~ € {+1,—1}* by o/ ™" = sign(ay’ "), s0 o1
is the sign vector whose coordinates match the signs
of the degree-1 Fourier coefficients of fU—1. We apply
Lemma [5| where the (p,-1) (i))?’s play the role of the
w;’s, 2(72)? plays the role of “s”, B,¢-1) plays the role
of 67, and tU=1 plays the role of m, taking o to be

recalling that

we have

Y1/ Bot-1) - Lemma gives us that

> (o0 (@)

€T ()

(4.39) > (B,6-1 — )t

with probability at least 1—exp(—Q(7v?/(B,u-1(72)?)))
(where the probability is taken over the random choice
of TU) from TU-Y). We now observe that Equa-

tions and imply that §,;-1) is certainly
upper bounded by O(1) (recall that a/~) and =1
are vectors of norm at most 1), so the bound ~; =
Q(+/log(1/d) - v2) implies that the above probability is
at least 1 — 0 as desired.

We now observe that for every o € {+1, 71}T(j—1>
and every i € TU~Y we have

(4.40) 1o (D) = [po6-2 (D).

(This follows easily from the facts that a(] o=
sign(a;’ ) and a ™" = (1 + o) 0 B (#6-1).)
Consequently, Equatlon 9)) yields that Wlth proba—
bility at least 1 — 5 over the random choice of T, every

o€ {+1,—1}T""" satisfies

(4.41) D (pe()? = By — )t

€T ()
Using Equation (4.38) this gives

(4.42) b9 — |3

> (M@EY)2- (B,u-1 —m) - t9)

= M) (Bya-v —m)
MU=y (1 -0/t D)) (B, — 71)
Byi—n - MEY™D) (1 — O(1)/t0=) — 4

IV 1V

where the first inequalities follow from the deﬁmtlon
and bound on M () glven in Equatlon Com-
bining Equations and (| we may re-express
|ab—1) — c((fjfl)Hg as @,(171)]&/(75(]‘_1))7 and thus the fi-
nal inequality above yields

69 — |3

> a7 = - (1- 0/t ) = .

Combining with Equation (4.31]) (and using the elemen-
tary identity \/r —y > 2 — VY for 0 <y < z), we get

169 — 1l

> Ve (1-Cymn/e)™ —O0M)/ti=1 — .



Now the fact that ||a?) — b0)||5 < /851 (which follows
from Equation (4.30)) implies that

Veo - (1—=Cy/m/eo)

V1= 0/ = 37 — /8o

Veo - (1= Cvm/e)’

for a suitable absolute constant C', and Claim [T2]follows.

@ = @2 >

(4.43) >

(Claim and Lemma

THEOREM 5. Algorithm [{4) is a testing algorithm for
Signed Majority functions. Its query complexity is

poly(logn,1/¢).

Proof. The correctness of the algorithm follows by Lem-
mas [10] and Inspection of the algorithm and the pa-
rameter settings shows that the query complexity is the
query complexity is

Step 5d Step 5e Step 5¢
log 1 log(5i)log - log(§)log(5)
O | logn 72 72 73
(7)* (72)* (73)3
Step 6
slog s

-0 ( (logn)®(log(logn/e))* >

€8

where the dominant contribution comes from the
(O(log n) many) executions of Step |

5 A poly(n) lower bound for non-adaptive
testing of SMAJ

In this section we prove the following lower bound which
yields Theorem [2] of Section

THEOREM 6. There is a universal constant €9 > 0 such
that any mon-adaptive algorithm for testing SMAJ
with distance parameer ¢o must make at least Q(n'/*2)
queries.

Theorem [f] gives an exponential improvement over
the lower bound of [27], which showed that any non-
adaptive algorithm for €p-testing SMAJ must make
Q(logn) queries. The theorem is proved via an improved
analysis of the construction of [27], using ideas from [5]
and [2I]. In Section [5.1| we first recall the construction
and then in Section [5.2] we prove Theorem [6]

5.1 The construction. The construction is based
on two distributions Dyes and Dy, over functions from
{+1,-1}" to {+1,—1}. As defined in [27], the dis-
tribution Dyes is uniform over all 2™ signed major-
ity functions, so a function fyes drawn from Dyes is
fyes(x) = sign(oi1x1 + ---0nxy,) where each o; is in-
dependently and uniformly drawn from {+1,—1}. The
distribution D, is similarly a distribution over half-
spaces of the form fo(x) = sign(v1z1 + -+ - vpzy), but
each v; is independently chosen to be £4/1/2 or :I:m
each with probability 1/4.

Lemma 4 of [27] gives the following:

LEMMA 13. (LEMMA 4 oF [27]) Let fno be a random
function drawn from Dy,. With probability at least 1 —
o(1) we have that fy, is €o-far from SMAJ, where eg > 0
is some fized constant independent of n.

In the next subsection we will prove the following
lemma:

LEMMA 14. Let T be any deterministic non-adaptive
q-query algorithm for testing whether a black-box f :
{+1,-1}" — {+1, -1} is a signed majority. Then
(544) |PrfycsNDycs [
Pry, o, [T accepts foo)] = O(6%? /%),

T accepts fyes)

A standard argument using Yao’s minmax
method [36] yields Theorem [] from Lemmas [13] and

5.2 Proof of Lemma [14l Fix 7 to be a determin-
istic g-query non-adaptive tester. We may view its ¢
queries as a ¢ X n query matrix @ € {+1, —1}2*". Fol-
lowing the terminology of [5], we define a “Response
Vector” random variable Ryes € {+1, —1}7 which is ob-
tained by drawing a random o € {41, —1}", evaluting
sign(o - ) on the ¢ different choices of x corresponding
to the g rows of ), and writing down the results as the ¢
entries of Rys. Similarly we define a “Response Vector”
random variable Ry, € {+1, —1}? which is obtained by
drawing a random coefficient vector v uniformly from
{+1/1/2,4/3/2}, evaluating sign(v - ) on the ¢ rows
of @, and writing down the results as the ¢ entries of
Rpo.

By the definition of total variation distance, the
left-hand side of Equation is upper bounded
by drv(Ryes, Rno), the total variation distance be-
tween the random variables Ry.s and R,,. Let S de-
note the column vector Qo and let T' denote the col-

umn vector Qv where o, v are uniform over {+1, —1}¢
and {£+/1/2,+1/3/2}7 respectively as described above.



The Response Vector Rycs is determined by the orthant
of RY in which S lies, and the Response Vector R, is
determined by the orthant of R? in which T lies. So as
in [5], to prove Lemma |14|it suffices for us to prove the
following:

LEMMA 15. For S, T as defined above and O any union
of orthants in R, we have

(5.45)  |Pr[S € O] - Pr[T € O] = O(¢*/?/n'/®).

We proceed to prove Lemma [T5] We have that

S=X;+---+X,

where each X is a vector-valued random variable which
is independently Q! (the i-th column of Q) with prob-
ability 1/2 and —Q* with probability 1/2. Similarly we
have that

T=Y,+ - +Y,

where each Y; is a vector-valued random variable which
is equiprobably independently i\/gQi, i\/gQi.
Similar to [5], we will prove Lemma (15 using mul-
tidimensional invariance principle tools. The following
lemma is a combination of Lemmas 4.5 and 4.6 in [5],

which in turn are respectively essentially Theorem 4.1
in [28] (see [21]), and a result established in [21].

LeMMA 16. ([28], 21]) Let O be any union of orthants
in RY9. Let S = S; + -+ + S, where the S;’s are
independent R9-valued random wvariables and let T =
Ty + - - - + T, similarly.

Assume that for each i € [n], S; and T, have
matching means and covariance matrices, i.e. E[S;] =
E[T;] and Cov]S;] = Cov[T;]. Given a multi-index J =
(J1,---,Jq) € N7 and a vector U € RY, let U’ denote

uit...... U3e, and let |J| denote jy + -+ + j,.
W, :={z € RY: |z;| <r/2 for some i € [q]}.

Then we have

(5.46)  |Pr[S € O] —

< Pr[SeW,]+

O(1/r*) - > (El(S)’

i=1[J|=3

Pr[T € O]

E[[(T:)”)-

A suitable application of Lemma will give us
Equation as desired. To show that the condi-
tions for Lemma are satisfied, we begin with the
following straightforward lemma, which is analogous to
Lemma 4.7 of [5]:

LEMMA 17. For all j € [n] we have E[S;] = E[T;] =0
and Cov[S;] = Cov[T}].

Proof. Tt suffices to prove the desired equalities for
7 = 1. We have

E[Si] = E[(X1 + -

since each (X;); is independently equally likely to be
(@M1 or —(Q%);. Similarly, we have

E[N] = E[(V1 +---

since each ( )1 s 1ndependently equally likely to be
:t\/ 1 or :|:\/ Qi

For the covariances, fix i,i € [¢]. Let us write ¢ to
denote the i-coordinate of vector Q' and ¢’ to denote
the i’-coordinate of Q. Similarly, let us write = for the
i-coordinate of vector X and z’ for the #’-coordinate of
X1.

Observing that p, := E[z] = 0 and u,s := E[2/] =
0, we have that

Cov[Si]iw = E[(z — p12)(2" — por)] = E[22]

o 1 ’ 1 N o

= 5ed) +5(=9)(~¢) = qq"
Similarly let us write y for the i-coordinate of Y1 and 3/
for the ¢’-coordinate of Y;. Observing that p, := Efy] =
0 and f,r := E[y’] = 0, we similarly have that

Cov[Th]iiw = E[(y— py) (' — py)] = Elyy/]

(0 < )

(5.47) = q¢,

and the lemma follows. W

As in Lemma [16] let W, = {z € R? : |z;| < r
for some i € [g]} be the region around the orthant
boundaries. Recalling that the binomial distribution
B(n,1/2) puts probability mass at most O(1/4/n) on
each outcome, it is easy to see that for » > 1 we have

O(qr/v/n),

where the factor of ¢ comes from a union bound over
the ¢ coordinates.

(5.48) Pr[S € W,] =



Finally, to apply Lemma it remains only to

observe that for any |J| < 3 the quantities E[|X/|]
and E[|Y;7|] can be bounded uniformly by an absolute
constant for all i. Putting the pieces together Lemma
gives that

|Pr[S € O] — Pr[T € O]| < O(qr/y/n) + O(ng*/r?).

Taking r = n3/8¢Y/2, we get that the bound is
O(¢*/?/n'/®) as desired. This concludes the proof of
Lemma [4
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