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ABSTRACT

For S C {0,1}", a Boolean function f : S — {—1,1} is
a halfspace over S if there exist w € R™ and # € R such
that f(x) = sign(w -z — ) for all z € S. We give bounds
on the size of integer weights wi,...,w, € Z that are re-

quired to represent halfspaces over Hamming balls centered

at 0", i.e. halfspaces over S = {0,1}%, def {z € {0,1}" :

z1 + -+ + x» < k}. Such weight bounds for halfspaces over
Hamming balls have immediate consequences for the per-
formance of learning algorithms in the increasingly common
scenario of learning from very high-dimensional categorical
examples which are such that only a small number of fea-
tures are active in each example.

We give upper and lower bounds on weight both for ex-
act representation (when sign(w - z — ) must equal f(z) for
every € S) and for e-approximate representation (when
sign(w - ¢ — 0) may disagree with f(z) for up to an e frac-
tion of points € S). Our results show that extremal
bounds for exact representation are qualitatively rather sim-
ilar whether the domain is all of {0,1}" or the Hamming
ball {0,1}Z,, but extremal bounds for approximate repre-
sentation are qualitatively very different between these two
domains.

Categories and Subject Descriptors

F.1.3 [Theory of Computation]: Computation by Ab-
stract Devices—Complezity measures and classes

General Terms
Theory
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1. INTRODUCTION AND MOTIVATION

Many machine learning problems involve data with Boolean
features. For example, news articles may be classified based
on which words they contain, and analogous “bag of visual
words” representations have become popular for image clas-
sification as well. In many such modern machine learning
problems, the set of all possible features is extremely large
but each example has only a small number of active fea-
tures. For example, in a search engine scenario the set of all
possible features might be the set of all words that appear
in any query, while the active features in a given example
might be the much smaller set of words appearing in that
query. In such a setting, the space of all possible examples is
contained in a Hamming ball centered at the origin {0,1}Z,
where k < n. It is intuitively clear that limiting the domain
in this way may make learning easier; studying the complex-
ity of learning over such domains can potentially lend insight
useful for the design of practical algorithms for learning in
such settings.

Let S be a subset of the Boolean hypercube {0,1}". We
say that a Boolean function f : S — {—1,1} is a halfspace
over S if there exist w € R™ and 6 € R such that f(z) =
sign(w -z — @) for all z € S. The pair (w,6) is an integer
representation of f if w € Z". The weight of an integer
representation is max;—1,....n |w;|. The weight of a halfspace
f over S is the smallest weight of any integer representation
which computes f correctly on all z € S.

In this paper we give a detailed study of the weight of
halfspaces, both exact and approximate, over Hamming balls
of radius k, i.e. we study halfspaces over the domain

S ={0,1}24 = {r e {0,1}" 21+ -+ z, < Kk}
The weight of an integer halfspace is closely related to the
“margin” by which it classifies examples in S. Since halfs-
paces play a central role in machine learning, and the mar-
gin of a halfspace H is an important measure of the difficulty
of learning H, we are naturally motivated to understand the
weight of halfspaces over Hamming balls as an initial step
toward understanding the impact of sparsity in feature vec-
tors on learning complexity.

Many researchers have studied the weight of halfspaces
over the entire Boolean cube (corresponding to taking S =
{0,1}"), see e.g. [10, 9, 12, 4, 13, 11, 14, 8, 6, 1, 16, 3].
Upper and lower bounds have been obtained both for exact
representation as described above, and for a relaxed scenario
in which the integer-weight halfspace sign(w-z—0) need only
e-approximate the function f (i.e. we allow Prycg[sign(w -
x—0) # f(x)] to be at most ¢ for some given approximation



parameter ¢ > 0). We describe these previous results in
detail in Section 1.1.

1.1 Previous Work and Our Results

In this section we review prior work on the weight of
halfspaces (all of the previous work that we are aware of
deals with halfspaces over the entire Boolean cube {0,1}"),
and state our results for halfspaces over the Hamming ball
{0,1}%,.

Prior work on exact representation of halfspaces over
{0,1}"™. It has been known at least since the 1960s [10] that
every halfspace over {0, 1}™ has weight at most nOm (this
fact has been rediscovered several times, see e.g. [7, 12]).
Since there are 2%("*) halfspaces over {0,1}" a counting ar-
gument shows that there exist halfspaces over {0,1}" that
require weight 29" " and specific halfspaces that require
weight 22 have been known for decades [9, 5]. [6] ex-
hibited a specific halfspace that has weight n®*(® and his
construction was subsequently refined by [1]. So the weight
of exact representations of halfspaces over all of {0,1}" is
by now quite well understood.

Our results on exact representation of halfspaces
over {0,1}Z,. We give an essentially complete picture of
the weight of halfspaces over Hamming balls {0, 1}%,, for all
values of k. First, it is easy to see that for k € {0,1} ev-
ery halfspace over {0,1}2, has an integer representation of
weight 1. For k = 2, by analyzing a greedy construction
we show (Theorem 2) that every halfspace over {0,1}%, has
weight O(n), and we observe that a simple explicit halfspace
has weight O(n).

Things get more interesting beyond k£ = 2. Using a linear
programming argument, we show (Theorem 1) that for every
k > 3, every halfspace over {0, 1}%  has an integer represen-
tation of weight (k+2)™"*1/2 and we show that already for
k = 3 there is a simple explicit halfspace for which any inte-
ger representation must have weight 2™, Our main lower
bound result for exact representation (Theorem 4) is a gen-
eral lower bound showing that for every k > 3, there is an
explicit halfspace over {0,1}Z, that requires integer weight
k™) This is established via a construction that carefully
combines Hastad’s halfspace [6] with a “decision list” type
construction. Our lower bound shows that our upper bound
on the weight of halfspaces over {0,1}%, is essentially the
best possible. -

Prior work on approximation over {0,1}". The lower
bound of [6] immediately implies that there is an n-variable
halfspace f over {0,1}" which is such that any halfspace
sign(w-x —6) which satisfies Pr ¢ 0,13 [sign(w-z) # f(z)] <
€ must have weight 1/2(°81°6(1/9) " [16] showed that every
n-variable halfspace over {0,1}" can be e-approximated by a

halfspace of weight \/ﬁ~2(~)(1/52)7 and showed an (y/n) lower
bound for constant €. The upper bound was subsequently
improved (as a function of €) to weight n%/2 - 90(1/e*/%) by
[3], and very recently [2] have further improved the upper
bound to /n - (1/5)O<1°g2(1/5)).

Our results on approximation over {0,1}%,. We study
the weight required to e-approximate halfspaces over {0, 1}%,,
i.e. given a halfspace f we now allow the integer-weight half-
space sign(w -  — ) to disagree with f(z) on an ¢ fraction

of all points in {0,1}%,. (For the informal discussion here k
should be viewed as “small” compared to n; precise bounds
on k are given in the actual detailed theorem statements.)
As our main positive result (Theorem 5), we show that for
every halfspace f over {0,1}Z, there is a halfspace that e-
approximates f and has integer weights each of which is at
most k°%*/%) independent of n. This proof combines lin-
ear programming arguments with upper bounds on the edge
boundary of monotone Boolean-valued functions over the
discrete domain {1,...,t}".

As our main negative result (Theorem 7), we show that
for any constant £ > 3 there is a simple explicit halfspace f
(the “decision list” halfspace, which we denote DL) which is
such that any e-approximator of f over {0,1}Z; must have

weight kQ(l/sl/(kil))‘ This shows that an inverse exponen-
tial dependence on 1/e is necessary in any upper bound.

Finally, we give a detailed analysis of the specific “deci-
sion list” halfspace DL and show (Theorem 8) that for this
particular function the general weight upper bound of The-
orem 5 can be strengthened to k°*/V) This shows that
strengthening the analysis of the DL function that is given in
Theorem 7 will not be enough to improve that lower bound
to match the general upper bound of Theorem 5.

Discussion. Our results show that (as long as k > 3) the
extremal bounds on the weights required for exact repre-
sentation of halfspaces are fairly similar whether the do-
main is {0,1}%; or {0,1}"; in the former case the “right”
weight bound is k®™, while in the latter case it is n®™.
For e-approximate representation, though, our results show
that there are two interesting qualitative differences between
the “right” weight bounds for the two domains. First, our
k9/¢) upper bound (independent of n) for {0,1}%, stands
in contrast with the Q(y/n) lower bound of [16] for {0,1}";
so for Hamming balls no dependence on n is necessary in the
weights, whereas for the Boolean cube a polynomial depen-

dence is required. Second, our k27 E) omer bound
shows that for any fixed constant k, some halfspaces over
{0,1}2, require any e-approximator to have weights that
are exponential in 1/e. This is in sharp contrast with the
recent [2] upper bound, which shows that over {0,1}" it is
always possible to construct an e-approximating halfspace
with integer weights that are only quasipolynomial in 1/e.

Preliminaries. Note that under the correspondence —1 >
0, 1 ++ 1 an integer-weight halfspace sign(w - x — ) over
the hypercube {—1,1}" corresponds to an integer-weight
halfspace sign(2w - x — (0 + w1 + - -+ + wy)) over the hy-
percube {0,1}". So we may work either over the Hamming
ball {0,1}2;, = {z € {0,1}" : &1 + --- + 2 < k} of the
0/1 hypercube, or over the Hamming ball {—1,1}%, = {z €
{-1,1}" s 21+ -+ zx < —n+ 2k} of the +1/ — 1 hyper-
cube; weight bounds obtained for one domain will carry over
to the other one with at most a factor of 2 difference. Simi-
larly we may also work over {—1,1}%,_, = {z € {-1,1}":
1+ -+ xp > n— 2k} sometimes this will be the most
convenient.

Some more useful observations: If sign(w -z —6) is a half-
space with integer coefficients over any subset S C {—1,1}"
or S C {0,1}", then it is easy to see that w.l.o.g. we may
modify the threshold 6 to be of the form (integer +3). We
also note that if sign(w - z — 6) is an integer-weight half-
space with such a threshold that computes a function f



over {—1,1}2,, then sign(—w - x + @) is a halfspace of the
same weight computing —f over {—1,1}%,; so to bound the
weight of f over {—1,1}%, it is enough to bound the weight
of —f.

Finally, we establish some useful notation. We write [n]
to denote the set {1,...,n}. For i € [n| we write e; to de-
note the unit vector in R™ whose only nonzero entry is a 1
in the i-th coordinate. We let DL(z) denote the “decision
list” halfspace over {0,1}" that is defined as follows: DL(z)
equals (—1)%, where 4 is the largest index such that x; = 1.
To see that DL(z) is a halfspace, we observe that it can be
represented as DL(z) = sign(}>"_, (—2)"z;).

2. UPPER BOUNDS FOR EXACT REPRE-
SENTATION

We start with a general upper bound. The proof (see
Appendix A) is a straightforward modification of standard
integer weight upper bound arguments for halfspaces over
{0,1}" (see e.g. [10, 6]) adapted to the domain {0, 1}Z.

THEOREM 1. For3 < k < n, every halfspace over {0,1}2;,
has weight at most (k + 2)(" /2,

We note that the proof given above actually holds for all
k > 1 (not just £k > 3 as in the theorem statement), but
much stronger bounds are possible for £ = 1,2. For k = 1,
it is easy to see that every halfspace over {0,1}%; has an
integer representation of weight 1. For k = 2 Theorem 1
only gives an upper bound that is exponential in n, but the
true upper bound for k£ = 2 is actually linear in n:

THEOREM 2. Ewvery halfspace f over {0,1}2, has weight
O(n).

The proof of Theorem 2 is in Appendix B. Before giving
the proof, here is some some high-level intuition. Since we
are working over {0,1}%,, intuitively in order to set the
weight v; of variable x; correctly the “only constraint that
matters” is how many of the other n — 1 variables x; are
such that f(e; + e;) = 1. The proof shows that a suitable
greedy approach of setting the weights can satisfy all these
constraints taking all the weights to be O(n) in absolute
value.

We note that for odd n the decision list halfspace DL(x) =
sign(}_7_, (—2)"x;) requires integer weight at least (n—1)/2
over {0,1}%,, and thus the O(n) upper bound of Theorem 2
is tight up to a constant factor. To see this, suppose that
sign(v-z —0) has integer weights and computes DL correctly
over {0,1}Z,. By considering inputs of the form e; where i
ranges from 1 to n we see that v; > 6 for i even and v; < 6
for i odd. By considering inputs of the form e; + e;1 we
see that v1 >v3 >v5 > - >vpand ve < vy < vg < -+ <
vn—1, so there are n distinct integer weights and the largest
magnitude weight must be at least (n — 1)/2 as claimed.

3. LOWER BOUNDS FOR EXACT REPRE-
SENTATION

In this section we give lower bounds on the weight required
to exactly represent various halfspaces over {—1,1}%, for
k > 3. We first note that simple counting arguments do not
give very good lower bounds (see Appendix C for details).
An exponential lower bound for a simple function.
We now observe that even for k = 3 a simple halfspace gives
an exponential lower bound. In Appendix C we prove:

PROPOSITION 3. The function DL(x) has weight 2%
over {0,1}Z;.

Proposition 3 gives an exponential lower bound but in
general it does not match the kO™ upper bound provided
by Theorem 1, since the DL function has weight 2™ over the
whole boolean cube. As our main lower bound result for ex-
act representation we match the upper bound of Theorem 1
(up to an absolute constant in the exponent) and prove the
following:

THEOREM 4. Let k be an integer of the form k = 2%, and
let n = rk + 1 for some integer r. There is a halfspace G
(defined explicitly below) over {—1,1}2,, _q,_1 for which the
weight of any integer representation over {-1, 1}gn_2k_1 15
at least 27108 #)/2=0(M) 4 o ),

We recall that in [6] Hastad gave an explicit halfspace
over {—1,1}* and proved that its weight over {—1,1}* is
k®®) . Our construction builds on his construction; indeed
our n = (rk+1)-variable halfspace may be viewed as r copies
of Hastad’s halfspace “concatenated” in a careful way (the
exact meaning of this will be clearer when we describe our
construction in detail below).

Setup. First some notational preliminaries: since k = 2°
we may view a k-bit string as a function from {—1,1}¢ to
{—1,1}, and for f a k-bit string and j € {0,...,k — 1} we
write f(j) to denote the j-th coordinate of such a string.
For f,g € {—1,1}* we write (f, g) to denote the inner prod-
uct Z?;& f(i)g(4). Note that for f,g € {—1,1}* we have
(.9l < k.

Following the notation from [6], for o C [¢] = {1,...,¢}
let po denote the parity function @a(x) = ]_[iEa xz; over the
variables in a. Again following [6], let ap,...,ar—1 be an
ordering of subsets of [¢] such that |a;| < |ai+1| and the
symmetric difference a;Aa;11 always satisfies |a;Aaq1] <
2. Note that ap is the empty set and thus ¢a, is the k-bit
string consisting of all 1’s, while for each j =1,...,k—1 we
have that ¢a; is a k-bit string with exactly half of its entries
—1.

Writing f : {=1,1}* — {=1,1} in terms of its Fourier
representation as f(j) = Zi.:ol f(ai)goai (j) we see that

(f, a;) = kf (i),
so we may view each inner product (f,¢a;) as a scaled
Fourier coefficient of f.
For f € {—1,1}" we decompose f by writing it as

(b, fh s f7)

where b € {—1,1} and each f*is a k-bit string. We some-
times refer to f* as the “i-th block” of f and we write f*(j)
to denote the j-th coordinate of the i-th block of f.

The construction. Let G : {-1,1}3, o, — {-1,1}
denote the n-variable function

r k—1
G, ', ..., ) S sign (bJrZ D (k4 PO (f soaj)> :

i=1 j=1

(Note that the inner sum starts with j = 1 and not 0;
this will be important later.) Since each (f*, ¢a;) is a (£1)-
weighted sum of the coordinates of f?, it is clear that G



is a halfspace with weight at most k. We will show
that any integer-weight halfspace for G over {—1, 1}%,1_2,6_1
must have some weight that is at least k2,

To get some more intuition for the function G, note that
for a block f* we have that (f,0a,) = = (f, Par_,) =
0 if and only if f* is one of the two inputs (1,...,1) or
(=1,...,—1) (this is because the constant +1 function and
the constant —1 function are the only two Boolean functions
that have all nonconstant Fourier coefficients equal to zero).
So in words, given an input f = (b, f',..., f7) the value
G(f) is obtained as follows: If any block is neither constantly
+1 nor constantly —1, let ¢ be the largestAsuch block, and
output the sign of the Fourier coefficient f¢(c;) where j is
the largest index such that j/"\i(aj) is nonzero. Otherwise
output the bit b.

The high-level intuition behind the lower bound is as fol-
lows. Consider a single block i and fix all other bits in
other blocks i’ # i to be 1. By fixing the bit b appropri-
ately, the function G computes exactly Hastad’s halfspace
over the k variables in block 7. (We recall that Hastad’s k-
variable halfspace F over a k-bit input string f € {—1,1}"
is F(f) = sign((f, va,;)) where j is the largest index such
that (f, a;) # 0; equivalently,

k—1
F(f) = sign <Z(k +1)(f, %».))
i=0
gives an explicit representation of the halfspace F.) So ap-
plying Hastad’s weight lower bound for his halfspace F', intu-
itively the variables in block ¢ should require integer weights
growing as k**®). Since higher blocks dominate lower blocks
in G and there are r = (n — 1)/k blocks, intuitively a k%"
growth factor within each of (n — 1)/k blocks means that
overall the weights should grow as (kﬂ(m)("*l)/k = k%0,

Unfortunately, this simple reasoning is not quite right
when applied to the actual weights w;- of the input vari-
ables f*(j). This is because in Hastad’s halfspace all integer
coefficients must be large but they do not actually increase
by much; in fact, the integer coefficients of all k£ variables in
Hastad’s function can be taken to be within a factor of 2 of
each other. But as we shall see the reasoning of the previ-
ous paragraph is essentially correct when a different repre-
sentation is used, namely when it is applied to the “Fourier
transformed” weights v§ that are the coefficients of (f*, Paj)
(see Equation (10) below), and this suffices to give the de-
sired overall weight bound. We will show that the vj’s must
grow very rapidly, and hence some ’U]i- must be large, and
consequently some w§ must be large.

The analysis. See Appendix D for the actual analysis
and proof of Theorem 4.

4. PRELIMINARIES ON APPROXIMATING
HALFSPACES OVER HAMMING BALLS

Let f be a halfspace over a domain S. We say that f has
an e-approximator of weight W over S if there is an integer
vector (v1,...,v,) € Z™ with max; |v;| < W and a threshold
0 € R such that

Prfsign(v-z —0) # f(z)] <e,

where the probability is with respect to a uniform choice of
x from S. In the rest of this paper we prove upper and lower

bounds on the weight of e-approximators over the Hamming
ball {0,1}Z2,, where k is viewed as “small” compared to n.

Related work. In [3] it was shown that for any fixed
p € (0,1) and any halfspace f over {0,1}", there is an e-
approximating halfspace sign(w-x —6) of weight n-20p(1/e%)
for f with respect to the product distribution D,, i.e.

Pr [sign(w - —6) # f(2)] <.

Here the distribution D, is the product distribution over
{0,1}"™ such that each coordinate z; of a draw from D, is
independently set to be 1 with probability p. The “Op” in
the exponent of the weight bound hides a dependence on p.

For constant p € (0,1/2) the distribution D, is somewhat
similar to the uniform distribution on {0,1}Z,, since both
distributions are spread much of their weight equally over
strings of weight pn. In contrast, we give upper and lower
bounds that depend only on k and ¢, independent of n, but
our bounds require that k& be “small” relative to n. Thus
the main difference seems to be that the [3] results may be
viewed as addressing the case where k is “large” (linear in
n) while our results may be viewed as addressing the case
where k is “small.”

In proving our upper and lower bounds it will often be
simpler for us to work with “nice” distributions which are
close to the uniform distribution over {0,1}2,. In Ap-
pendix E we prove some simple observations which we will
use in the following sections:

OBSERVATION 1. Let D denote the uniform distribution
over {0,1}2, and let Dy denote the uniform distribution
over {0,1}2,, the set of all strings with exactly k ones. The
total variation distance ||D — D11 between D and D1 is at
most 4k/n.

Moreover, let Dy denote the distribution over [k]™ defined
as follows: a draw of x ~ Ds is obtained by taking x to be
€i, + ei, + -+ + e;, where each of i1,...,ik is drawn inde-
pendently and uniformly from [n]. Then the total variation
distance |D — Da||1 is at most (k* 4 4k)/n.

We close this section with the following notation which
will be useful later. Let Z,, 1 denote the set
Znk={r=(21,...,%0) €EZ" :2; >0
for all ¢ and 1 + - - - + x,, = k}.
Let @ : [n]* — Z, 1 denote the mapping ®(a) = S5, eq,.

Thus a draw of  ~ D5 is obtained by drawing a uniformly
from [n]* and setting z = ®(a).

S. UPPER BOUND FOR APPROXIMATING
HALFSPACES

In this section we prove our main positive result on ap-
proximating halfspaces over {0,1}Z, using small weights,
which is the following:

THEOREM 5. Let f be any halfspace over {0,1}2,. Let
e,k satisfy %2 < ce where ¢ > 0 is a (small) universal con-
stant. Then there is an e-approzimator for f over {0,1}%,
that has weight k°©*/).

As noted in the introduction, it is easy to see that there
are halfspaces over the entire Boolean cube {0,1}" that re-
quire weight Q(+/n) for e-approximation even when ¢ is (say)



1/5; an example of such a halfspace is sign(z1 + z2 + -+ +
Zpn—1+nxy,) (see [16] for the proof). In contrast, Theorem 5
shows that over Hamming balls of any constant radius, ev-
ery halfspace can be approximated to any constant accuracy
using weights that are independent of n.

Here is some intuition before the formal proof. The proof
works by showing that every halfspace can be approximated
to within /2 with respect to the distribution Dy (this is
sufficient to establish the theorem by Observation 1). To
€/2-approximate an arbitrary halfspace f with respect to
D3, the argument proceeds as follows. After sorting the
weights, we first define a collection of t = O(k/e) “key co-
ordinates” in {1,...,n} (these are just ¢ coordinates which
are evenly spaced out in {1,...,n}). Then we define a set
S C Zy,,, of “key inputs,” which are the elements of Z, j
that have nonzero entries only in the key coordinates. Us-
ing a linear programming argument, we show that there is a
halfspace h’ that depends only on the t key coordinates, has
weight k°® | and agrees with f on all key inputs. An ad-
ditional crucial property of h’ is that its weights are sorted
in the same order as the weights of f. We then define an n-
variable halfspace h by basing the weights of the other n —¢
non-key coordinates in a natural way on the weights that h
assigns to the key coordinates. We use the sortedness of the
weights of h' to characterize the error points of h. Finally,
we upper bound the error of h by using this characterization
together with a simple upper bound on the edge-boundary
of monotone Boolean-valued functions over the domain [t]*.

Proof of Theorem 5. We first note that if & € {0,1}
then there is a weight-1 exact representation of f, so we
henceforth assume that k > 2.

Let wi,...,ws,0 be a weight representation of f over
{0,1}2,, so f(z) = sign(w -z — ") for all z € {0,1}%,. We
may assume that each w; is an integer and that 6’ is of the
form (integer +1/2). Additionally, we may assume that the
weights are sorted w1 < --- < wy, since if this is not the
case we can rename variables to make this condition hold.
We use the representation w,#’ to extend the domain of f
to all of R™, i.e. we define f(z) = sign(w -z — ¢’) for all
x € R™

Key coordinates and key inputs. Let ¢ = O(k/e).
Note that if ¢ > n then by Theorem 1 in fact there is an exact
representation for f over {0,1}%, that has weight k©®*/9);
thus we may assume that ¢ < n. In fact, by the assumptions
on €, k and n in the statement of the theorem we may assume
that k& < n/t; this will be useful later.

We define the set KC C [n],|KC| = t of “key coordinates”
to be a fixed set

KC = {key, = 1,key,, ..., key, = n}

of values in [n] that are equally spaced as much as possible,
i.e. for all j,j" € [t — 1] we have key,;,, — key; = key;/,, —
key; + 1.

We next define the set KI C Z,  of “key inputs” as

Kl={x€Z,: foralli if x;, >0 then i€ KC},

SO & € Zn is a key input if and only if all of its nonzero
coordinates are key coordinates.

A low-weight halfspace h that agrees with f on all
key inputs. Our next step is to establish the existence of
a low-weight halfspace that depends only on the key coordi-
nates and agrees with f on all key inputs. This is done via

a linear programming argument quite similar to the proof of
Theorem 1.

LEMMA 6. There is a halfspace h'(z) = sign(v’-z—0) with
the following properties: (1) For eachi ¢ KC we have v = 0
(so h depends only on the key coordinates); (2) For each
i € KC we have that v} is an integer satisfying |v}| < kO®;
(3) For each j € [t — 1] we have ’U]l<eyj < vlieyﬂ_l; and (4)
K (x) = f(x) for every key input x € K1I.

PRrROOF. We obtained the desired integer weights (v;)ic k¢
and the threshold 6 as the solution to a linear program,
which we now describe. Each key input x € KI defines
a linear constraint f(z) - (3,cxcc viwi —0) > 1 over the
t + 1 variables (v)ickc, 0. The linear program additionally
contains t — 1 constraints of the form vl’<ey]_ < ’Ullteyj+1 for all
j € [t — 1]. This is a feasible linear program, since taking
v = 2w; for all i € KC, v; =0 for all i ¢ KC, and 6 = 26’
is a feasible solution. (To see that this works, observe that
for any = € K the total value of w-z is entirely contributed
by coordinates in KC.) It is clear that any feasible solution
satisfies items (1), (3) and (4) of the Lemma, so it remains
only to show that there is a feasible solution satisfying the
weight bound (2). This follows from the same arguments
used in the proof of Theorem 1 with trivial modifications
(the fact that there are now ¢ + 1 unknowns in the linear
program leads to the claimed bound of k°® rather than
k9 as was the case in Theorem 1). [J

Filling in the other weights. We now define the half-
space h that has weights for all coordinates (not just the
key coordinates). The halfspace h is defined as h(z) =
sign(v - © — ) in a very natural way as follows: for each
key coordinate i € KC we take v; = v;. For each non-key
coordinate i ¢ KC, let j be such that key,; ; <i <key,, i.e.
key; is the first key coordinate immediately after i; we take
v = vf(eyj. For example, if v' = (1/4,0,0,1/3,0,1/2) then
v =(1/4,1/3,1/3,1/3,1/2,1/2). Note that the weights v;
satisfy v1 < v < --- < wy; this will be useful later.

We will show that this halfspace h(x) is the e-approximator
for f claimed in the theorem statement. It is clear that
the weight of h is at most k°® = kO*/9) a5 desired; it
remains to show that Pry~p,[h(z) # f(x)] < /2, or equiv-
alently, that at most an /2 fraction of points a € [n]" have
h(@(a)) # F(®(a)).

Bounding Pr,¢(,x[A(®(a)) # f(®(a))]. We define a func-
tion up : [n — 1] — KC as follows: up(i) = key; where key,
is the smallest element of K'C' satisfying i < key,. Similarly
we define down : [n — 1] — KC as down(i) = key; where
key, is the largest element of K'C satisfying key, <. Each
i € [n — 1] has up(é) = down(s) + 1.

For any a € [n — 1]* we define the “upper key neighbor”
of a and “downward key neighbor” of a as

wkn(a) = (up(as), - ., up(ax)) € (KO,

dkn(a) = (down(ay),...,down(ax)) € (KC)*
respectively. It is easy to see that for each a € [n—1]*, both
®(ukn(a)) and ®(dkn(a)) are key inputs. Thus Lemma 6
ensures that sign(v-®(ukn(a))—0) = sign(w-®(ukn(a))—0")
for all @ € [n — 1], and likewise for ®(dkn(a)).

We next observe that by the monotonicity of the weights
V1,...,Vn, we have that every a € [n — 1]* satisfies

v-®(dkn(a)) <v-®(a) < v-P(ukn(a)).



Consequently if a € [n—1]¥ is such that sign(v-®(dkn(a)) —
0) = sign(v - ®(ukn(a)) — ), then sign(v - ®(a) — ) must
equal the same value, and hence for such an a we have

sign(w - ®(dkn(a)) — ")
= sign(v - ®(dkn(a)) — 0) = sign(v - ®(a) — 0)
= sign(v - ®(ukn(a)) — ) = sign(w - ®(ukn(a)) — (1)

By monotonicity of the weights w1, ..., w, we have that
w - ®(dkn(a)) < w- ®(a) < w - ®(ukn(a)), so, if (1) holds,
all the quantities in (1) above are also equal to sign(w -
®(a) — #’). Thus we have shown that if a € [n — 1]* is such
that sign(v - ®(dkn(a)) — 0) = sign(v - ®(ukn(a)) — 0), then
sign(v-®(a)—0) = sign(w-®(a)—0"), i.e. h(®(a)) = f(P(a)).
We observe that at most a k/n fraction of all inputs a € [n]
have a; = n for any i; by the conditions on k, and n in the
statement of the theorem, k/n may be assumed to be at
most /4. So to finish the proof of the theorem, it suffices
to show the following, which we refer to as statement (*):

(*): At most an /4 fraction of all points a € [n — 1]* have
sign(v - ®(dkn(a)) — 0) = —1 and sign(v - (ukn(a)) —
0)=1.

We first note that for any two elements ¢, € [t — 1] we
have |down™'(key,)|, |[down™"(key;)| € {|n/t], [n/t] + 1}
and we recall from the bounds on ¢ stated at the beginning
of the proof that consequently |down ™' (3)|, |down ™1 (j)| > k.
As a result, for any two vectors (i1,...,%x) € [t — 1]* and
(J1s---,jk) € [t — 1]¥, we have that the two sets

{a € [n—1]": down(as) = i¢ forall £ =1,...,k} and
{be[n—1]":down(b) = je forall £ =1,...,k}

have sizes that differ by at most a multiplicative factor of
1+ %)k < 3. Hence to establish (*) it suffices to show that
at most a £/12 fraction of all vectors (i1, ...,ix) € [t — 1]
have

sign(v - ®(key,,, ..., key,; ) —0) = -1
and sign(v - ®(key,, 1q,...,key; ;1) —0) =1

We define a Boolean-valued function F : [t—1]F — {-1,1}
as follows:

F(i1,..., i) = sign (v~<1>(keyi1,...,keyik) —-0).

The monotonicity of the weights viey,, ..., Vkey,_, implies
that F is a monotone non-decreasing function over [t — 1]*:
if r,s € [t — 1]" satisfy r; < s; for all 4 € [k] then it cannot
be the case that F(r) = 1 and F(s) = —1. Now we upper
bound the desired probability using a union bound:

Pr [F(ih...,’ik)#F(il+17...,ik+l)]S
(i1,--50g ) E[t=1]F
Pr [F(Zl,,lk)7éF(7,1+1,7,2,,Zk)]+
(i1,-505) €[t —1]*
Pr [F(i1+1,42,...,%k)

(41 55 ip)E[t—1]k
#F(i1+1,i2+1,i3,...,ikﬂ
R
Pr [F(ir+1,...,96—1 + 1,ix)

#F(i1+1,...,ik+1)}.

By the monotonicity of F', each of the k probabilities on
the RHS is at most 1/(¢ — 1) (since fixing all the values of
the other k — 1 coordinates, there can be at most one setting
of the remaining free coordinate which causes the value of
F to change). For a suitable choice of the hidden constant
in t = O(k/e), we have that 1/(t — 1) < &/(12k). Thus the
RHS above is at most £/12 as desired. This concludes the
proof of Theorem 5. [

6. LOWER BOUNDS FOR APPROXIMAT-
ING HALFSPACES
Recall that the n-variable halfspace DL is defined as

n

DL(z) = sign(>_(—2)'z:).

=1

Our main result in this section is a lower bound on the weight
of any e-approximator for DL:

THEOREM 7. Let k > 3 and € > 4k/n. Then any e-
approzimator for DL over {0,1}2,, must have weight at least
k@(l)/slﬂ’c*l)q

Discussion. It is easy to see that for all €, the function
DL has an e-approximator over {0,1}" of weight O(1/e).
So Theorem 7 shows that for a specific natural function,
taking k£ to be constant and letting ¢ vary, getting an e-
approximator over the Hamming ball {0,1}2, (for k con-
stant) requires weights that are ezponentially larger than the
weights required for e-approximation over the entire Boolean
cube. Theorem 7 is also in sharp contrast with the recent
upper bound of [2] which shows that there is always an e-
approximator over the entire Boolean cube which has weight
at most quasipoly(1/¢) (as a function of €).

6.1 Proof Sketch of Theorem 7

Since the proof of Theorem 7 is somewhat involved we give
an outline here; please see Appendix F for a detailed proof.
At a very high level, the idea is that in order for an LTF
sign(v - ¢ — 0) to be a good approximator for DL, it should
be the case that (roughly speaking) v; > 0 for even i, v; < 0
for odd 4, and the magnitudes of the weights |v;| increase
sharply with 4; the essence of the proof is to show that if any
of these conditions are “badly violated” then sign(v - x — 6)
must disagree with DL on many inputs.

In more detail, let sign(v - x — 6) be an arbitrary integer
weight halfspace which is a 2e-approximator for DL with re-
spect to D1 (by Observation 1 it suffices to consider such
approximators). We first show (Claim 17) that without loss
of generality we may assume that the threshold 6 is 0 and
the weights v; are positive for even i and negative for odd
i. This is not too difficult; the bulk of our work is to show
that overall the magnitudes of the weights must increase
significantly from smallest to largest, and thus the largest
magnitude weight must be very large (since the smallest
magnitude weight has magnitude at least 1). To do this, we
consider the weights in order of increasing magnitude and
consider disjoint “blocks” of the smallest-magnitude weights,
the next-smallest-magnitude weights, and so on. We show
(Lemma 18) that either there are large weights, or else al-
most all of the blocks are “pure,” meaning that they either
consist almost entirely of positive (even-index) weights, or



consist almost entirely of negative (odd-index) weights. Fi-
nally, the argument concludes by showing that if almost all
of the blocks are “pure” as described above, then in fact the
halfspace must err on a significant fraction of all inputs.

7. AN UPPER BOUND FOR APPROXIMAT-
ING DECISION LISTS

At this point we have established that every halfspace
over {0,1}%, can be e-approximated using weight k°*/2)
and that for the DL halfspace any e-approximator must use
weight £eW/e 1 1t e o natural goal to close the gap
between these upper and lower bounds; while we have not
yet succeeded in doing this, in Appendix G we give a detailed
analysis of the DL halfspace and prove a stronger k°*/ ve)
upper bound for it. This tells us that if the EO/e) upper
bound of Theorem 5 is in fact the “right answer,” then any
lower bound proof establishing this must use a halfspace
other than DL.

THEOREM 8. Let €, k,n satisfy € = w(k?/n). Then there
is an e-approzimator for the function DL over {0,1}2; that

has weight EOF/VE)

8. CONCLUSION

We have studied exact and approximate representations of
halfspaces over the Hamming ball {0, 1}Z,,, giving upper and
lower bounds on the weight of such representations. While
our upper and lower bounds are fairly close, there are still
several open questions that naturally suggest themselves for
followup work. In particular, our Theorem 5 gives a weight
upper bound of k°%*/¢) which is independent of n but de-
pends super-exponentially on k; we suspect that it may be
possible to improve this dependence on k. Even for fixed
k there is a gap between our upper bound, which is expo-
nential in e !, and our lower bound, which is exponential in
eV~ It would be interesting to close this gap.

Finally, a broader goal for future work is to explore the im-
plications of our newly established weight bounds on the ef-
fectiveness of various margin-based learning algorithms over

APPENDIX

A. PROOF OF THEOREM 1

Fix f to be any halfspace over {0,1}Z;. Each point z
in {0,1}%,, with f(z) =y € {—1,1} provides a linear con-
straint

y(wizr + -+ WnTn + Wpt1) > 1

over the weights wi,...,wn+1 which define the halfspace
f(x) = sign(wiz1 + - -+ + WnTn + Wnt1). Since f is a half-
space the above system of Z?:o (”) linear inequalities over
variables w1, ..., wn41 is feasible. A standard result in the
theory of linear programming (see e.g. [10, 6]) implies that
there is a subset of n + 1 of the above inequalities which is
such that if each inequality is replaced with equality, the re-
sulting set of n 4 1 equalities defines a unique weight vector
(Wiy...,Wny1) € R™*! which is a feasible solution to the
entire set of Z?:o (?) inequalities. In other words, there
is a representation sign(w -  + wn41) computing f where

€ R™*! is the solution to a linear system
Aw=1»

where b € {—1,1}"" and Ais an (n+1) x (n+1) 0/1 matrix
in which the first n entries of each row have at most k ones
and the last entry is 1. Let d t(A) be the expression for a
solution w; using Cramer’s rule. Since scaling the compo-
nents of w by the same constant factor does not affect the
behavior of f, setting each w; = det(A;) also works. Fix an
arbitrary 7, let B = A;, and let Bi, ..., Bh41 be the columns
of B. Hadamard’s inequality gives det(B) < H’”L1 | B;l,
where || B;|| denotes the 2-norm of the B; viewed as a vector
in R™™*. Let £; be the number of nonzero components in Bj;

(wl,. .. ,’wn+1)

since these components are all &1, we have || B;|| = \/¢;, so
that det(B) < n+1 v/£;. Each row of B has at most k + 2
nonzero components 0 Z"'H < (k+2)(n+1). Since

"+1 1 \/4; is maximized subject to Z"+1 L < (k+2)(n+1)
when l; = k+ 2 for all j, we have w; = det(B) < (k +
2)(”+1)/2. So f can be realized using integer weights of at
most this magnitude.

B. PROOF OF THEOREM 2

Since f is a halfspace over {0,1}Z,, it has some repre-
sentation as f(x) = sign(w - © — ) where w1, ..., w,, 0 are
real numbers. We will use this representation to construct
an integer-weight representation sign(v - z — ') that agrees
with f on all points in {0,1}%, and where each |v;| < O(n).

By negating f if necessary (which does not change the
integer weight required for a representation) we may assume
that f(0™) = —1. This means that sign(—6) = —1 and thus
we have 6 > 0.

We may suppose without loss of generality that wi; <

- < wyp and all n weights wi,...,w, are nonzero (since
if the weights do not satisfy these conditions they can be
reordered and perturbed to satisfy them). We note that if
wrn < 0 then every input x € {0,1}Z, (and indeed every
input in {0,1}") has w -2 < 0 < 6; in this case f is the
constant-(—1) function and f trivially has a representation
of weight 0. Thus we assume going forth that w, > 0.

Let £ € {1,...,n} be such that we—1 < 0 < we (so £ =1
if w1 > 0). Now,

o Let w' € R*! be (w1, ey we—1,0, We, ..oy wp).
e For each z € {0,1}2,, let

x' € {0, 1};‘;1 = (%1, 00y To—1,0, T, ovvy Thy).

e For each z € {0,1}2, let

z' € {0, 1}’;‘51 = (Z1, ey To—1, 1, Tty vy Twy).
e When z = 0", let =’ € {0,1}""" be (0,...,0).

Note that, for all z € {0,1}%,, sign(w’ -z’ — 6) = sign(w

x — 0), and, for all = except 0", 2’ has exactly two ones.
Furthermore, if we have a weight vector v € R™™* such that
ve = 0, if we define © € R™ by o = (v1, ..., ve— 1,Uz+1,’l}n+1)
then, for all z € {0,1}%, and all real 6, we have sign(v -z’ —
6) = sign(d -« — 0). So, our problem reduces to the problem
of finding a vector v € R™"! with small integer weights for
which v, = 0 and there is a 6’ such that

sign(v-z —0") = sign(w’ -z — 0)



for all 2 € {0™ ™'} U {0,1}73".
Now let us define an (n + 1) x (n + 1) matrix

(M(3,5))s,5e{1,....,n+1}

with entries in {—1,1} as follows. The matrix M will be
symmetric, i.e. M(i,7) = M(4,7). It will also be mono-
tone increasing within each row and column, i.e. for each
value %, the string M (i,1) ... M(i,n + 1) will be of the form
(=1)"(1)™'=" for some r € {0,...,n + 1}. Here is how M
is defined:

e For {i,j} C {1,...,n+ 1} we have M (i,j) =1 if and
only if sign(w’ - (e; +¢;)) = 1.

e Define M (¢,¢) = —1 (recall that f(0") = —1), and
define the other diagonal values, M(i,4) for i # £, as
follows. For ¢ > 1 simply set M (4,4) equal to M (i,i —
1). For ¢ = 1 set M(1,1) equal to M(1,2).

For example, if

then
w' = (=3,-5/2,0,1,4/3,6,7)
and
-1 -1 -1 -1 -1 1 1
-1 -1 -1 -1 -1 1 1
-1 -1 -1 1 1 11
M=| -1 -1 1 1 1 11
-1 -1 1 1 1 11
11 1 1 1 11
11 1 1 1 11

It is easy to check that, in general, the matrix M is indeed
symmetric. By virtue of the fact that wi < --- < we—1 <
0 < wet1 < -+ < wp, we have that M is monotone increas-
ing within each row and column. Finally, the construction
of M ensures that it faithfully reflects the structure of f
over {0,1}%,, in the following sense. Suppose we can define
weights v1 < ... < vn41 and a threshold §’ with v, = 0 such
that

M(i,j) =1 ifand onlyif v;+v; >0 @)
Then the halfspace

. /
sign(vizy +- -+ Vo120 1 F Voo + o+ Vnp 1@ —6)

correctly computes f over {0, 1}2‘51, and therefore correctly

solves the original problem. (In fact (3) is stronger than
what is needed — all of the correct classifications are already
enforced by the off-diagonal elements, with the exception of
0", whose correct classification is enforced by the constraint
associated with M (¢,£).)

In the rest of the proof we will construct the desired
V1, ..., Unt1 satisfying (3) where

v << S =0<v < S ongr, (4)

each v; is an integer, and each v; satisfies |v;| < O(n).
Going forth the following notation will be useful: we write
M; to denote the i-th row of M, which we view as an (n +
1)-character string M (i,1) ... M(i,n 4+ 1) over the alphabet
{-1,1}, and is, of course, the same as the i-th column of

We may assume that M is not the (n + 1) x (n + 1)
identically-(—1) matrix (since if it is then f is the constant-
(—1) function over {0,1}2,), so in particular the bottom
right entry M(n+1,n+ 1) equals 1. On the other hand, we
know that the M (¢, £) entry is —1. Since M is monotone in-
creasing within each row and column, and is symmetric, the
only way that M could have all its rows M; = --- = My41
equal to each other is if M were either the identically +1 or
identically —1 matrix. Since M is neither of these matrices,
there are at least two distinct rows in M.

The weights v1, ..., vn41 are constructed in a greedy stage-
wise fashion that we now describe. We partition the set
{1,...,n+ 1} into 2 < A < n+ 1 intervals I1,...,I4 in the
following way. The interval I is {1,...,41} where i1 is such
that rows 1,...,4 satisfy My = --- = M;, # M;, +1. Let
j1 be such that My = --- = M;, = (—1)"+17j1 171, Then
interval I» is {i1 + 1,...,4i2} where similarly i is such that
M 41 ="+ = M;, # M;,+1. As before jo deno_tes the value
such that M;, 41 = --- = M;, = (=1)"T1792192 (note that
j2 > j1). Continuing in this way we get intervals I1,...,1a
and values 0 < j;1 < --- < ja < n+ 1, where the right end-
point of I4 is n+1. If a < b are both in the same interval I;
then our construction will assign the same weight to v, and
Vp.

Returning to the example shown in (2), we have

Ld 11 = {172}, [2 = {3}, 13 = {475}, ]4 = {6,7}7 and
[ ] i1=2,i2=3,i3:5,i4=7,and
* 1=2,j2=4,j3=5ja=T.

Fix any index ¢ € {1,..., A} and consider any element
a € I;. We have that M(a,n + 2 — j;) = 1 while M(a,n +
1 —7;) = —1. The idea of our construction is that we will
maintain

Vg 4+ Unt2—j; = C and vg + vny1—5, = C — 1, (5)

where C is a fixed integer (the same across all¢ € {1,..., A}
and all a € I;). Together with (4) this ensures that (3) holds
as required, taking 0’ = C —1/2.

In the first stage we set the weights “at the ends” and in
subsequent stages we “work our way in toward the middle.”
More precisely, in the first stage we start with the first in-
terval I;. We take v1 = -+ = v;;, = «, and consequently
to obey the description in the previous paragraph v,y2_j,
must equal C'— « (in fact we set all of vp42—j, through ve41q
to equal C' — ) and vp41—j, must equal C — 1 — « (we will
explain how « is set below). Moving on to the second in-
terval Iz, we set vj;41 = -+ = v, = o+ 1, and we set all
of vpt2—j, through vpp1—j, to C — (o + 1) (note that this
setting of vy41—j, is consistent with the way it was set when
we were dealing with the first interval I7).

During the first stage, the set of indices that get their
weights set to C — « is exactly 4. Each of their columns
has a 1 in the first row of M, and, since M is monotone,
each of their columns has all 1’s, and so they all have the
same columns. Since M is symmetric, they also have the
same rows. However, n+1—j; is not in /4, because column
n+1— 71 has a —1 in the first row. Similarly, in the second
round (if there is a second round), the indices in Ta_; are
exactly the indices whose values are set to C' — o — 1.

From here let us divide our analysis into cases, depending
on whether A is even or odd.



If A is even, after A/2 iterations, all of the weights have
been determined, and to ensure that the second of the con-
straints of (5) holds when ¢ = A/2, we need

a+A/2=(C—a—A/2)—1. (6)

If A is odd, in iteration number (A + 1)/2, we want to set
the weights of I(a41)/2 both to a4+ (A+1)/2 and C — (a +
(A+1)/2), so

a+(A+1)/2=(C—-a—-(A+1)/2),

which is equivalent to (6). Recall that we also need vy = 0.
Let ¢ be the index for which ¢ € I;. Since vy = a+(t—1), we
need @ = —(¢t — 1), and then setting C = A — 2t — 1 satisfies
all of the constraints.

We have constructed v1,...,v,41 that satisfy (4) where
each v; is an integer. It follows easily from the construction
that each |v;| is at most O(n), and the theorem is proved.

C. ANALYSIS OF DECISION LISTS

Counting arguments. We first show that straightfor-
ward counting ar%uments do not give good bounds. Let
N(n, k) denote >°;_ (" ) the number of points in {—1,1}2,
(note that Ny < (en/k)*). Since the VC dimension of halfs-
paces over {—1,1}Z, is known to be n+1, the Sauer-Shelah
lemma [15, 17] says that there are at most

% (Nk) < § ( en/k) > (e(en/lc)’“)n+1
=\ 7 7 n+1
halfspaces over {—1,1}2,. A standard counting argument
says that if there are more than C™ halfspaces over a given
domain S C {—1,1}2,, then some halfspace over S must
require integer weight Q(C). So the strongest weight lower
bound that can be obtained from this kind of counting argu-
ment is O((en/k)"/n). This is actually quite weak; we will
see that much stronger lower bounds can be obtained for
explicit functions.

Proof of Observation 3. Let sign(v-z—#6) be a represen-
tation of DL over {0,1}Z3. As noted in the preliminaries we
may assume 6 is of the form (integer —l—%) so its magnitude
is at least 1/2.

Since DL(0™) = sign(0 — 6) is +1 we have that 6 < 0.
Writing each v; as w;# we may divide through by |0| and
re-express sign(v - x — 0) as sign(w -  + 1). Here the w;’s
may not be integers, but since |6| > 1/2 it suffices to show
that |w,| = 2%,

Since DL(e;) = —1 for j odd we have w; < —1 for j
odd, and since DL(ex—1 + ex) = 1 for k even we have wy >
—wk—1 — 1 and thus wg > 0 for even k. For even k > 4,
since DL(ex + ex—1 + ex—3) = 1 we have

‘wk| =Wk > —Wkg—1—Wk—3—1 = ‘wk—1|+|wk—3|717 (7)
for even k > 4.

For odd k > 5, since DL(ex + ex—1 + ex—3) = —1 we have
wi < —wg—1 — wk—3 — 1, and since wy, is negative for odd k
and positive for even k this means

|lwg| > |wk—1| + |wk—3| + 1 for odd k > 5 (8)

An easy induction using the inequalities (7) and (8) and
the initial condition w; < —1 for j odd gives that |w,| =
22M. O

D. PROOF OF THEOREM 4

Our goal is to prove the following which immediately gives
Theorem 4. (Throughout this section 8 denotes the constant

log,(3/2).)
THEOREM 9. If

for all f € {—=1,1}%,, o1,

r k-1
) = sign (ZZw]

=1 j=0

+ wob — 9) (9)
where each w§ and wo 1s an integer, then for some j €
{0,...,k — 1} we have

w;-" > (6—4k52(klogk)/2—k)(n—1)/k/k,.

Following [6], the main step is to prove the following:

THEOREM 10. Suppose that

r k-1

G(f) = sign (ZZUJ

i=1 5=0

npaJ ) + vob — t>

forall f= (b, f', ..., f7) € {~1,1}%, _ar_4(10)

where each v; and v is an integer. Then

o> (6741&*2@ log k)/27k)(n71)/k.

To show that Theorem 10 implies Theorem 9 we use the
following claim which is a simple consequence of Fourier
analysis (see Lemma 2.3 of [6]):

CLAM 11. Forany f € {—1,1}* and any (wo, . . .
R*, setting

7wk—1) €

k—
Vq %ijcp%j for each a € {0,...,k — 1},
j=0
we have that S w; £(7) = SF7 va (£, 9o
Proof of Theorem 9 using Theorem 10: Suppose that

{wj-},wo7 0 satisfy (9). By Claim 11, for all

fe{-1,1}%, o

we have that
r k—1 ] )
1) = s (3 k)t 0)
i=1 a=0
where v}, = £ Z] o W5pa, (j). We have that kv, is an inte-

ger for all 4,a and so by Theorem 10 we get that kvj,_; >
(674kﬁQ(klogk)/ka)(nfl)/k’ ie.

Y
Zwl‘p“k () > (e kP o (klog k) /2~ k)(n 1)/k

which gives Theorem 9 since |pq, ,(j)| =1 for all 5. O



D.1 Proof of Theorem 10

Throughout this section {v}},vo,t are as in (10). Since
all weights are integers we may assume that t is of the form
integerJr%.

We begin with some straightforward claims that will be
useful later.

CLAM 12. We have vo > 1. Moreover, for eachi € [r—1]
we have vy > Zz"e{z‘,iﬂ},i'em vy —t.

PROOF. First we observe that for b € {—1,1} we have
G(b,Yagy---,Pay) = b, which follows from the fact that
(Pag>Pa;) = 0 for all i # 0. By (10) this means that we
have sign(vob + Y ;_, vop —t) = b so it must be the case
that vo > 0 and since vp is an integer this means vo > 1.
Furthermore, taking b = —1 we find that vo > >;_, v5 — t.

For the second part of the claim, fix any i € [r — 1] and
consider the input f = (=1, f*,..., f") where fi, = @a, for
i' ¢ {i,i+ 1} and f* = —a, for i’ € {i,i+ 1}. This input
f has 2k + 1 bits that are —1 (this is the only place in the

proof where we use an input with this many —1 bits) and
since G(f) = —1 and also

G(f) =sign | —vo + Z vé, vy —vhtt —t

i/ ¢{i,i+1},4' €[r]

we have that vo > 3 a0 1y.0epm vh — v — it —t. Aver-

aging this with the earlier inequality vo > Y ._, vh —t gives

the second statement of the claim. [

CLAIM 13. For every i € [r],j € [k — 1] we have v} > vo
(in particular, all these weights are positive).

ProoOF. Fix ¢ € [r],j € [k —1]. For ,b € {—1,1} con-
sider the input f = (b, f*,..., f") € {=1,1}" defined by
fi= €pa; and fi/ = @a, for i # 4. Since every Pa;
for 5 > 1 corresponds to the truth table of a parity func-
tion over some nonempty subset of £ bits, the string f has
either k/2 or k/2 + 1 entries that are —1 (depending on
whether b is +1 or —1). By the definition of G we have
G(f) = sign(b + (k + 1)*=DHe) = ¢ and, referring to
(10), we have G(f) = sign(ev} + vob + Ditirelr] v — ).
When‘b is sign(}_, e vé —t) and € = —b this implies
that vj > vo + [, e,y o — t| which implies v > vo. [

The proof uses two main lemmas. The first lemma says
that weights do not get smaller as we pass from the i-th to
the (i + 1)-st block:

LEMMA 14. For every i € [r —1] and every j € [k — 1] we
have 'UH'I >k,

Proor. Fix i € [r — 1],j € [k — 1]. Consider the input
=11 f) € {~1,1}" defined by f' = —pa,_;,
[ = ¢a, and f" = o, for i’ ¢ {i,i+ 1}. This f has
exactly k + 1 entries that are —1 and the definition of G
implies that G(f) = 1. So G(f) = sign(v] iy +

i liit1),i el vy —wvo — t) = 1, which implies that

z+1

. )
7 2
v; vy +vo+1t2>vg_1,

i/ ¢{i,i+1},i €[r]

>Uk 1 —

where the final inequality follows from the second statement
of Claim 12. []

The crucial lemma for us is Lemma 16, which says that
the v} weights grow quite significantly (by a factor of k20
from the “beginning” to the “end” of each block i. Because
of the way the function G has been set up we will be able
to show this by a reduction to a weight lower bound that
Hastad proves for his halfspace over k = 2¢ variables.

DEFINITION 15. Let to be the index of the first set in the
enumeration of subsets of [£] such that ay, has size 2.

LEMMA 16. For every i € [r] we have

i —akB o(klogk)/2—k i
vp_1 > e olklogk)/ - Vg -

PROOF. Fix any ¢ € [r]. Consider the (k + 1)-variable
function defined as

A(b, )
def 1
G( 300405"'7900407.]“7300405"'7$0110) (11)
k—1 ) ) ,
= sign vob+2v;(fz7gpaj)+ Z kvg —t |(12)
j=0 i#i! €[r]

where in line (11) f° appears in the i-th of the r blocks
and all other blocks are set to a,. The equality (12) holds
because for each i’ # i we have that (@aq,®a;) is 0 for
j # 0 and is k for j = 0. For every (b, f*) € {—1,1}**! the
corresponding input to G in (11) has at most k+ 1 variables
set to —1, so by the definition of G we have that

(13)

AW, f) = Fi(f") if f is neither @q, nOr — Qa,
’ R if f*is either @a, Or — Pay

where Fy is Hastad’s function on k variables, Fi(f’) =
sign((f*, ¢a;)) where j is the largest index such that

(f7§0aj) #0

Recall that since ¢., is the constant 1 function, we have
(f's Pag) = Z;:é f(4). Thus (13) gives us that

A (sign (Z fl(j)> ,fi> = Fu(fY) forall f' e {—1,1}".

Now it is clear that flipping the value of b changes the
value of A(b, f*) only if f* is either po, or —pa,. By (12)
this implies that for all f* ¢ {pa,, —Ya,} We must have

k—1
‘U0| < Z f (10(1] Z k’UO —tl.
7=0

i1 €[r]
But this means that the k-variable function A’ : {—1,1}* —

{_17 1}

j=0
k—1

V(e + > Rkl —t | (14)
Jj=0 i#i’ €[r]

must equal Fr(f*) for all f* € {—1,1}*, because + Zf;& i)

is always at most 1 in magnitude and equals sign (Zf;& ‘(5 ))



when f% is @a OF —@a,. Scaling the argument to sign(-) by
a factor of k in (14), we get

sign U()Zf(j + k Zvjf $ay) + Z kvo—t ,

i#i! €[r]

a halfspace over {—1, l}k that computes precisely Hastad’s
function Fj. As Hastad notes (Lemma 2.2 of his paper) we
t) with-
out changing the function. Recalling again that (£, Pag) =
E?;é fi(4), we rewrite the resulting expression for A’(f?)
as

may remove the constant term k(3_, ;. kvo —

A'(f') = sign (Z o5 (f @aj)>

where v} equals kv; for j # 0 and equals kv§ 4 vo for j = 0.
Since these coefficients are all integers, we are in precisely the
situation of Hastad’s Theorem 2.4. The proof of that theo-
rem explicitly establishes (see the second to last highlighted

—4kP glklogk)/2—k 1

equation on p. 489) that vj,_; > e gy, and

the lemma is proved. []

Applying Lemmas 14 and 16 repeatedly and taking j in
Lemma 14 to be tp each time, we get that

kB (k1o ks (n—
iy > (e~ 17 gk 108 k) /2= Ry ( 1)/kvt10

which is at least (674]“[;2(’“logk)/%k)(’“l)/’C since v/, is at
least 1 by Claim 13. This proves Theorem 10. [J

E. PROOF OF OBSERVATION 1

For the first claim, if k& > n/4 then the claimed bound
is trivially true so we assume that k < n/4. We recall that
(;2)/(}) = j/(n —j + 1), and that this is at most 1/2
for 5 < n/4. So induction gives us that ( " ) < l( " )

k—2 2\k—-1/"
(."3) < 3(,",), and so on, so

k—1
n 1 n n
{0,132 <D 57 X O 1} 2] < 21{0, 132k .
3=0

and hence
{0, 13 %1 _ 2[{0, 132, 4] _ 2[{0,1}24 4]
10,112, = Ho.1}2, | = [O,1}2,]
2 n
= (") < 4k/n. (15)

(%)
So, the total variation distance between D and D; is

Y. (D) -Di(2)

«:D(z)>D1 (x)
_ {0,132, — {0, 132,
a {0, 132,
~ HO, 12|
— Ho 1
For the second claim, let dup be the event that z; > 1 for
some . We have

< 4k/n.

k—1 .
sup) = 3 L < HEZL, (16)
=1 n

Conditioned on the event (—dup), the distribution D is
identical to D;. Thus for any event F we have

|D1(E) — D2(E)|
= |D1(E) — D2(E | ~dup)D2(~dup)

—D>(E | dup)D2(dup)|
< |D1(E) — D2(E | ~dup)D2(—~dup)| + D2(dup)
= |D1(E) — D1(E)D2(—dup)| + D2(dup)
=Di(FE) - (1 — D2(—dup)) + D2(dup)
<1 —Dy(—~dup) + D2(dup) = 2D2(dup)
k(k—1)

I

<
n
by (16). So ||D2 — D1y < 251 which together with the
first claim and the triangle inequality for variation distance
gives the desired bound.

F. PROOF OF THEOREM 7

Let € > 4k/n, and assume that sign(v - * — 0) is an
integer-weight halfspace which is a 2e-approximator for DL
with respect to D;. (Recall that D; is the uniform distri-
bution over {0,1}2,.) We will show that if no |v;| ex-

169(1)/61/(’“1)—1 -x — ) cannot be a 2e-

ceeds then sign(v
approximator for DL.

We first observe that if ¢ > 1000™* then the claimed lower
bound holds trivially, so we assume henceforth that ¢ <
1000~%. Note that together with the lower bound on ¢ in
the theorem’s premises this means that we may assume k <

log n; such an upper bound on & will be useful later.

CLAIM 17. We may assume without loss of generality that
all of the following conditions hold:

1. 6 =0;
2. each coordinate v; is a monzero integer;

8. v; >0 for i even and v; <0 for i odd.

PRrROOF. We first show how to obtain conditions (1) and
(2) at the cost of only a multiplicative-factor increase of © (k)
in the weights (this factor of ©(k) corresponds to the “—1” at
the end of the exponent of the weight bound of Theorem 7).
Then we show how to further obtain condition (3) at the
cost only of decreasing n from its original value down to
some n’ € [n/2,n] and of increasing ¢ from its original value
by at most a factor of 2.

As noted in the preliminaries we may assume that 6 is
of the form (integer)+1/2. Let u € R™ denote the vec-
tor u = (1,...,1). It is easy to verify that the halfspace
sign ((2kv — 260u) - ) agrees with sign(v - z — ) on every
x € {0,1}2,, because for z € {0,1}2, we have

(2kv — 20u) - = 2kv - — 2k0 = 2k(v - = — 0).

Next, we observe that since 2kv; is even and 26 is odd, we
have that each coordinate of (2kv—26u) is a nonzero integer.
Thus we have achieved conditions (1) and (2) at the cost of
at most a O(k) multiplicative factor for each weight.

So, let us suppose that sign(v - z) achieves conditions (1)
and (2); we now deal with the signs of the weights. Let
P C [n] be the set of positive weights, P Lef {i :v; >0}, and

= [n] \ P be the set of negative weights N = {i : v; < 0}.



Let E C [n] denote the set {2,4,...,2|n/2]} of even indices
and O = [n] \ E denote the set of odd indices in [n].

We claim that we have [INNE| < 5557
To see why this must be true, suppose [INNE| > 55 . Then
there are at least 5557 - (5558 — 1) -+ - (5505 — (K — 1)) inputs
xz € {0,1}2 of the form x = e;; + - -+ e;, where i1,..., 1%
are distinct and all belong to NN E. For each such x we have
v -z < 0 (because all the weights which contribute to v -
are negative) but DL(z) = 1 (because all the bits that are
set to 1 in = are in even coordinates), and hence sign(v - x)
is in error on each such x. This means that sign(v - ) has
error rate at least

200k

n

ot (e = D)+ (o = (= 1) _ (e — (k= 1)"

(%) ()
(17)

From our bounds on ¢,k and n, the quantity (17) is > 2¢;
but this contradicts the assumption that sign(v - z) is a 2e-
approximator of f over {0 1}2,. Thus it must indeed be
the case that |N N E| < 5557 The same argument works for
PNO. Thus, we have established that indeed |[NNE| <
and [P NO| < 556z

So an overwhelming majority of the even ¢ lie in P and
an overwhelming majority of the odd i lie in N. Let G’ be
defined as G’ = (PN E) U (N N O); intuitively, G’ is the
set of “good” indices ¢ for which v; has the “right” sign. The
preceding paragraph gives us that |G| > (1 — 1557 )n.

Viewing the elements of G’ as being sorted in increasing
order, it may be the case that G’ contains multiple consec-
utive even elements or multiple consecutive odd elements,
i.e. we could have G’ = {1,3,5,7,8,10,11,14,... } and the
first 4 points in G’ would all belong to O. Let G be the
subset of G’ obtained by going through the points of G’
from smallest to largest and greedily keeping the first (odd,
even, odd, even, ...) points of alternating parity that we
encounter (so if G’ were as in the above example we would
have G’ = {1,8,11,14,...}). For a point i (like 3 in the
above example) to be discarded from G, it must be the case
that < — 1 does not belong to G'. Since at most &= points
do not belong to G’, we have that the number of points in G’
that are discarded in constructing G from G’ is at most o0k -
Thus overall we have that |G| > (1 — = )n. Consequently,
of the (Z) points in {0, 1}2,, at least

(=) =0) > (1 ) n-eo0)

of them are of the form x = Zle ei; where all k of the
distinct indices i1, ...,ix belong to G. By the upper bound
on k given in the statement of the theorem, this is at least
half of the points in {0,1}Z,. Let us restrict the halfspace
sign(v-z) to the domain {0, 1}<,. Even if all the error points
of sign(v - ) were to lie in {0,1}%,, since sign(v - =) has
error rate at most 2 over {0,1}23, it must have error rate
at most 4e over {0,1}%,. Moreover, since the points in G
(going from smallest to largest) alternate parity (odd, even,
odd, even, ...) we have that DL over the domain {0,1}¢
is completely isomorphic to DL over the domain {0, 1}/€!.
Thus it suffices to analyze the halfspace sign(v - ) over the

2()0k

domain {0, 1}‘:62 As claimed in the first paragraph of the
proof the number of variables has gone down by at most a
factor of 2 (from n to |G|) and the error bound has at most
doubled from 2¢ to 4e, so the claim is proved. [

Using the above claim, for the rest of the proof we as-
sume that the halfspace sign(v-z) satisfies conditions (1)-(3).
Next, as described in the overview at the start of this sub-
section, we divide the weights into disjoint blocks according
to their magnitudes and show that almost all the blocks are
“pure” (almost entirely comprised of even-indexed weights,
or almost entirely comprised of odd-indexed weights).

Fix 7 : [n] — [n] to be a permutation which sorts the
weights v1, ..., v, in increasing order of magnitude, i.e. 0 <
vy < |vr@y] < -0 < |Urmy|- (If the weights v; have all
distinct magnitudes then there is a unique such permutation

m, and otherwise we fix any such 7.) Let b = et O(1)/et/ k=1,
If any weight has |v;| > (k/2)%/1°% then we are done, so we
assume that each i has |v;| < (k/2)%/1°%°. We partition [n]
into b blocks Si,...,5S, whose sizes are as nearly even as
possible, i.e.

S1={r(1),...,7(|S1])},..., S = {m(n—|Sp|+1),...,7(n)}

where there is a fixed value s = n/b such that |S;| € {s, s+1}
for all 1 < ¢ < b. Note that S; consists of the smallest-
magnitude weights, S2 consists of the next-smallest-magnitude
weights, and so on.

We say that a block S; is pure if at least % of the
coefficients (vj)jes; have the same sign; equivalently, S; is
pure if at least this fraction of the elements of S; have the
same parity (almost all are even, or almost all are odd). We
say that a pure block is “pure odd” (“pure even”) if % of
its elements are odd (even). A block which is not pure is
said to be impure.

We have the following lemma:

LEMMA 18. At least 1909080b blocks are pure.

PrOOF. We introduce a different notion, that of a block
being “narrow,” and use this notion to prove the lemma. We
show that at least % of all blocks are narrow, and that
at most 1000 of all blocks are both narrow and impure; this
gives the lemma.

For a block S; let R; > 1 denote the ratio (largest mag-
nitude of any weight in the block)/(smallest magnitude of
any weight in the block), i.e. Rj = |vr(i)|/|[Vr(ir)| Where
m(i1),m(i2) € S; and |vry)| < |vrn| S |vrgy| for all
w(i') € S;. (Note that this ratio is well defined for all
j = 1,...,b because each weight v; is nonzero.) We say
that a block S; is narrow if R; < k/2.

We first show that at least 1909090 b blocks are narrow. Recall
that [vr| < (k/2)°°. Since |vrny)| > [vr(m]/|vxy] >

HI; 1 Ri it must be the case that at least 999 b blocks are

1000
narrow, since otherwise we would have Hi:l Ri > (k/2)b/1000,

We next claim that if more than b/1000 blocks S; are both
narrow and impure then we have Pryeqo,1}n, [sign(v - z) #
DL(x)] > 2e. To see this, fix any block £ that is both narrow
and impure. Consider an input x = E?:l
formly from {0, 1}2, conditioned on i1,. .., all belonging
to S¢. Some sign — either positive or negative — must con-
stitute the majority of the largest 2000 elements of {Uz}zesg,
say that sign is positive. With probability at least 4000 the
element v;, will belong to this positive subset of the ﬁ
largest elements of {v;}ics,. On the other hand, the small-
est (1 — of the elements of {v;}ies, must also contain
at least 555 - |S¢| negative elements, (because Sy is impure),
and with probability ﬁ the elements v;,, ...

ei; chosen uni-

1
2000 )

, Uiy, will



all belong to this set of negative elements. Thus, under the
conditioning on x described above, with probability at least
1/2°%® we have that

(DT == (CR A DY, ()

ie. 41,...,ik—1 all have the same parity (odd or even) but
ir has the opposite parity (even or odd respectively). How-
ever, since S is narrow, the magnitude of v;, can be at most
k/2 times the minimum magnitude of any of v;,,...,v;,_,.
Since k > 3, it follows that we have that sign(v-z) = (—1)%;
but this is incorrect since DL(z) = (—1)* (because iy, is the
largest value in 41,...,4x). Thus, conditioned on i1, ...,
all belonging to S, we have that z is classified incorrectly by
sign(v - ) with probability at least 1/2°®) . The probability
(over a random z € {0,1}2,) that all k coordinates of x be-
long to Sy is at least ©(1)/b*. Assuming that at least /1000
blocks are both narrow and impure, we get that overall the
error rate Pryeqo,13n, [sign(v - ) # DL(z)] is at least

b o(1) 1
1000 bk 200
which exceeds 2¢ by our choice of b.
From the above paragraph, we may conclude that at most
b/1000 blocks S; are both narrow and impure. Since at least
99 b blocks are narrow, at least 295 of the b blocks are

1000 1000
both narrow and pure, and Lemma 18 is proved. []

At this point we have shown that at least 998/1000 of the
b blocks are pure. Let pure; < pure, < --- < pure,, be the
indices of the pure blocks, where from the above lemma we
have b’ > 1909080b To conclude the proof we now show that if
there are so many pure blocks then the error of sign(v - x)
must exceed 2¢.

The following terminology will be useful: Given an index
k € [n—1] we define the “up-shift” up(k) to be up(k) = k+1.
For a set S C [n] we define up(S) to be the set

up() = {j+1:j € S},

It is clear that |up(S)| = | S| for all S, and that if a p fraction
of S is even (odd) then a p fraction of up(S) is odd (even).

Consider any £ € {1,. b'} for which Spure, is a pure even
block. (There are at least o such £’s, since half of all indices
are odd and half are even and 99.8% of all indices belong
to a pure block.) We say that Spure, is upshift-decreasing if
at least 14050 of the elements j € Spure, are even and have
up(j) € Sy for some £’ < purez, and we say that Spure, is
upshift-increasing if at least 100 of the elements j € Spure,
are even and have up(j) € Sy for some ¢ > pure,. Since
(at least) 99.9% of the elements j € Spure, are even, and
thus have up(j) odd, at least 99.8% of the elements Jj €
Spure, are even and have up(j) in some block Sy with k #
pure,, o Spure, must be either upshift-decreasing or upshift-
increasing.

We consider two cases:

Case I: at least half of all pure even blocks Spureﬁ are
upshift-decreasing. In this case, there are at least ——b pure
even upshift-decreasing blocks Spuree.

For Spure, a pure even upshift-decreasing block, let

200

Gpureg C Spure[
denote the set
Gpure, = {j € Spure, : j is even and up(j) € S/

for some ¢’ < pure,}

50 |Gpure,| > 1% 3 (since |Spure,| = %) Let Lpure, denote
the lower half of the elements in Gpure, and Upure, = Gpure, \
Lyure, denote the upper half of the elements (so for every

o € Lpure, and 3 6 Upure, We have a < B). We have

n

| Ly s Upue, | = 3 - 2.

Fix an £ such that Spure, is a pure even upshift-decreasing
block. Consider the set of all inputs © = e;; + -+ +¢e;, €
{0,1}Z, for which 41,...,ix—1 all belong to Lpure, and ix
belongs to up(Upure, ). By the cardinality bounds of the pre-
vious paragraph there are at least

k—2
2 n 2 n .
(E'E) 'JI:IO <E'E_J)

possible such outcomes for x, so the probability that a ran-

dom z € {0,1}7, is of this sort is at least 2@(k) . For such
an  we have that vi,, viy,...,v5,_, >0 (bince T
are even), v;, < 0 (since iy is odd), and |vs, |, ..., |vi,_,| >

|vi),| (since i belongs to Sy for some ¢’ < pure, and
N

all belong to Spurez). These conditions together give that
sign(v - (ei; + -+ + €5,)) = +1. But since we have iy €
up(Upure,) and 41, . .. ,ik—1 € Lpure,, it must be the case that
T1y...,0g—1 < ig; since ix is odd this means DL(z) = —1,
so sign(v - ac) is incorrect on such x. Taking a union bound
across all 2001) possibilities for £ that make Spure, a pure
even upshift-decreasing block, we get that overall

49 1
vetoyn, PENC ) #DLEI 2 5060 sau
which is larger than 2e.

We now turn to

Case II: at least half of all pure even blocks Spure, are
upshift-increasing, so there are at least = 500 A9 p pure even upshift-
increasing blocks Spurez. Recall that in a upshift-increasing
block, at least 10 of the elements j € Spure, are even and
have up(j) € Sy for some ¢ > pure,.

This analysis of this case is quite similar to Case I; the
difference is that we consider a slightly different event. For
Spure, @ pure even upshift-increasing block, let Gpure, C
Spure, denote the set

Gpure, = {J € Spure, : j is even
and up(j) € S¢ for some £ > pure,}

L so |Gpure,| > 14—0 %+ As before, let Lpure, denote the lower
half of the elements in Gpure, and Upure, = Gpure, \ Lpure,
denote the upper half of the elements (so for every a €
Lpure, and § € Upure,Z we have a < ). As before, we have
[Lpure s Ve, | > 5 - 2.

Fix an ¢ such that Spure, is a pure even upshift-increasing
block. Consider the set of all inputs z = e;; + -+ €5, €
{0,1}2, for which 41,...,ix—1 all belong to up(Lpure,) and
ir belongs to Upure, - 2 As in Case I there are at least

k—2
2 n 2 n .
(%) (%5 9)
7=0
possible such outcomes for x, so the probability that a ran-

dom z € {0,1}2, is of this sort is at least 2(_)1(k) 7%+ For such

!Note that in Case I we had “¢’ < pure,” where now we have
> pure,” in the definition of Gpure,
2Note the difference from Case 1.



an = we have that v;, > 0 (since iy is even), vy, ..., v, <
0 (since i1, . ..,ik—1 are all odd), and |vi, |, ..., |vi,_, | > |vi|
(since i1,...,ix—1 belong to Sy, and S, respectively for
some £1,f> > pure, whereas A belongs to Spure,). These
conditions together give that sign(v- (e;; +---+e;,)) = —1.
But since we have ix € Upure, and 41,...,ik—1 € up(Lpure,)
it must be the case that i > 41,...,4ix_1; since i, is even
this means DL(z) = 41, so sign(v-z) is incorrect on such an
z. The rest of the argument (analyzing the probability) pro-
ceeds exactly as in Case I: taking a union bound across all
49 p, possibilities for £ that make Spure, a pure even upshift-

200
increasing block, we get that overall
. 49 1
vy, 80 # DL 2 5550 Satip

which is larger than 2e. We are done in Case II, and done
with the proof of Theorem 7.

G. PROOF OF THEOREM 8

Recall that the obvious halfspace representation for DL

as
sign(Z(fQ)lxi)
i=1

has weight 2. We first present a simple construction with
an easy analysis that gives an €/2-approximator of weight
kC®/2) under distribution Dy (this yields an e-approximator
over {0,1}2, by Observation 1 and our choice of ). This
of course only recovers the general result of Theorem 5, but
then we will sharpen this D L-specific simple construction
and analysis to prove the theorem.

We assume that € is of the form 1/integer and we define

r k/e. Note that r < n by the assumed lower bound on

€.
We partition [n] into r blocks Si,...,S, whose sizes are
as nearly even as possible, i.e.

Sy ={1,.. 1S}, S ={n— S| +1,...,n}

where there is a fixed value s &~ n/r such that |S;| € {s,s+1}
for all 1 < ¢ < r. For j € [n] let bl(j) € [r] denote the
index of the block Sy ;) that contains j. For 1 < j < n
let w; ef (—1)7(2k)P @) Tt is clear that max;jepn |w;| =
(2k)" = (2k)*/¢.

We claim that sign(w - z) is an O(e)-approximator for
DL(z) over Da. To establish this, consider an input z = e;, +
-+ + e, drawn from Dy, i.e. (i1,...,4x) is drawn uniformly
from [n]*. Let b* denote max{bl(i1),...,bl(ix)}. Since the
weights increase by a factor of 2k between successive blocks,
it is easy to see that if there is precisely one index j € [k] for
which bl(i;) = b*, then sign(w - z) = (—1)™>{#1%} agrees
with the value DL(z). So we have that Pry~p, [sign(w-z) #
DL(z)] is at most the probability that there are at least two
distinct indices j1,j2 € [k] such that bl(i;,) = bl(ij,) = b*.
It is clear that for each ¢ € [r], the probability that both
(none of bl(i1),...,bl(ix) lie in [+ 1,...,7]) and (at least
two of bl(i1),...,bl(ix) equal £) is at most

o(1) - (f)k : ’%j

Summing over £ = 1,...,r we get that Pryp, [sign(w-z) #

DL(z)] is at most

ézr;ou) : %j AP =0 (é) =0(e)

by our choice of » = k/e. This concludes the initial simple
construction and analysis.

We now build on the above simple construction to prove
Theorem 8. The idea is to have the magnitude of the weights
increase gradually within each block while keeping the sign
of each weight correct as in the earlier construction. This
lets us argue that in order for an input to be misclassified,
it must have the “top two” bits that are set to 1 being quite
close to each other, as well as a third input bit set to 1 that
is also close to these top two. This more stringent condition
lets us give a stronger bound on the probability of failure,
which lets us use smaller weights to achieve an overall failure
probability of €.

We now take r = k/+/c. As before we may assume this
is an integer which is less than n. We define r blocks of
variables S1,..., S, and bl(-) as before.

We define integer weights wi, ..., w, as follows. For each
j§ the sign of w; is (—1)?. The magnitude of the weights is
defined as follows: first, |wi| = (2k)". If the first weight in
block S; (say its index is «; + 1) has |wa,;+1| = C, then the
magnitudes of weights increase linearly in that block from
C to (2k)C, i.e. for j € {1,...,|Si|} we have

sl =0+ 0 | BT

so the final weight in block S; has magnitude |wq,+|s,|| =
(2k)C. If the final weight wq,4|s,| of block S; has magnitude
(2k)C then the first weight wa,4|s;/+1 = Wa,,,+1 of the
next block has magnitude (4k%)C (so there is a factor-of-
(2k) increase in the weights between each pair of successive
blocks). It is clear that all weights are integers and that the
largest one has magnitude |w,| < (2k)"-(2k)?" = k°("). The
halfspace we consider is sign(w - x).

Consider an input © = e;;, + -+ + e;, drawn from D3, so
(i1,...,ix) is drawn uniformly from [n]". As before let b*
denote max{bl(i1),...,bl(ix)}. As before, the only way that
it is possible for sign(w-z) to disagree with DL(z) is if there
is some £ € [r] such that both (none of bl(i1), ..., bl(ix) lie in
[+1,...,7]) and (at least two of bl(i1),...,bl(ix) equal £).
(Our subsequent analysis will impose even more conditions
that must be satisfied in order for sign(w - ) to be incorrect
on z.)

Fix any ¢ € [r]. The probability that both

none of bl(1),...,bl(ix) iein [€+1,...,7]
and

at least two of bl(i1),...,bl(ix) equal £
is at most k2 times the probability that both

none of bl(i1),...,bl(ix) liein [(+1,...,7]
and

bl(i1) = bl(i2) = ¢

let us condition on this event. Let us write i1 = ay + j1 and
i2 = ayg + j2; we have that ji,j2 are selected independently



and uniformly from {1,...,]S|} ~ {1,...,n/r}. This means
that ||w;, | — |wi,|| is essentially distributed as
(2k —1) - (jr — j2)

|Se

wcxg+1 .

(we have omitted ceiling operators for readability; it is easy
to check that this omission does not significantly affect the
subsequent analysis), and consequently z is classified incor-
rectly only if at least one of the k —2 values (w;;|)j=3,....k is

(jTS_z 12) , for otherwise the cumulative effect

at least ‘waﬁl .

of the other k—2 weights would not be large enough to offset
the effect of w;, and w;,.
Let ¢ € {0,1,...,} be such that

1 = d2l/ISel € ((2k) ™Y, (2k) 7],

Since every possible outcome for |j1 — j2| (where ji,j2 are
drawn independently from {1,...,|S|} has probability at
most O(1)/|Se|, we have that for each ¢ the value Pr[|ji1 —
2| /|Se] € ((2k) TV (2k)~°] is at most O((2k) ™). Because
the weights increase by a factor of 2k between successive
blocks, this means that the only way that |w;;| can be at

least ‘walﬂ . %‘ is if bl(i;) belongs to {£ —c—1,¢ —
¢, ..., L} (recall that because of our conditioning we have
bi(i;) < £). Because of the conditioning described earlier,
for each fixed j € {3,...,k} this occurs with probability
O(1+c)/¢. Taking a union bound over k—2 different j’s, the
probability that any |w;;| is as large as would be necessary
to cause an error is at most O((1 + ¢)k) /2.

Putting all the pieces together and summing over all pos-
sible values £ = 1,...,r, we have that

1~P£2 [sign(w - ) # DL(x)]

<> 0 (é) % S o((2k)7) - M
£=1 c=0

=0(1)- ]:7 E_Zle’“—**; (12;:;

=0(1)- g

which is O(g) by our choice of r. The theorem is proved.
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