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Abstract

We show that the classof monotone2O(
p

log n) -term DNF formulae can be PAC
learned in polynomial time under the uniform distribution from random examples
only. This is an exponential improvement over the best previous polynomial-time
algorithms in this model, which could learn monotoneo(log2 n)-term DNF. We also
show that various classesof small constant-depth circuits which compute monotone
functions arePAC learnablein polynomial time under the uniform distribution. All
of our results extend to learning under any constant-boundedproduct distribution.

� This research was performed while the author was at Harvard University supported by NSF Grant
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1 In tro duction

A disjunctive normal form formula, or DNF, is a disjunction of conjunctionsof Boolean
literals. The sizeof a DNF is the number of conjunctions(also known asterms) which it
contains. In a seminal1984paper [25] Valiant introducedthe distribution-free model of
Probably Approximately Correct (PAC) learning from random examplesand posedthe
question of whether polynomial-sizeDNF are PAC learnable in polynomial time. Over
the past twenty years the DNF learning problem has beenwidely viewed as one of the
most important { and challenging { open questionsin computational learning theory.
This paper substantially improvesthe best previous results for a well-studied restricted
versionof the DNF learning problem.

1.1 Previous Work

The lack of progresson Valiant's original question{ are polynomial-sizeDNF learnable
from random examplesdrawn from an arbitrary distribution in polynomial time? { has
led many researchersto study restricted versionsof the DNF learningproblem. The open
questionwhich motivatesour work is whether polynomial-sizemonotoneDNF formulas
are learnable in polynomial time under the uniform distribution on f 0; 1gn : This is an
intriguing question since,as described below, e�cien t algorithms are known for several
related problems.

It is known that if membership queriesare allowed, then Angluin's exact learning
algorithm [2] for monotoneDNF yieldsan e�cien t algorithm for PAC learningpolynomial
sizemonotoneDNF underany probability distribution. On the other hand, if membership
queriesare not allowed then a simplereduction shows that PAC learning monotoneDNF
under any distribution is as hard as PAC learning arbitrary DNF [17]. This equivalence
is not preserved for distribution-speci�c learning, though, and thus it is possiblethat
monotone DNF are e�cien tly learnable under the uniform distribution while general
DNF are not.

Verbeurgt [26] gave an algorithm which can learn polynomial-sizeDNF (including
monotone DNF) under the uniform distribution in time nlog n . In the model of weak
learning, Kearns et al. [18] showed that the class of all monotone Boolean functions
(including monotone polynomial-sizeDNF) can be weakly learned under the uniform
distribution in polynomial time. However, since weak and strong learnability are not
necessarilyequivalent under speci�c distributions, this latter result doesnot imply that
monotoneDNF are e�cien tly learnableunder the uniform distribution.

A natural approach which several researchershavepursuedis to try to learn monotone
DNF with a limited number of terms under the uniform distribution. It has long been
known [25] that DNF formulas with a constant number of terms can be PAC learnedin
polynomial time under arbitrary distributions. More recently Sakai and Maruoka [24]
gave a polynomial-time algorithm for learning monotoneO(logn)-term DNF under the
uniform distribution. In [8] Bshouty gave a polynomial-time uniform-distribution algo-
rithm for learning a classwhich includesmonotoneO(logn)-term DNF. Later Bshouty
and Tamon [10] gave a polynomial-time algorithm for learning (under any constant-
bounded product distribution) a classwhich includes monotone O(log2 n=(log logn)3)-
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term DNF.

1.2 Our Results

We give an algorithm for learning monotone DNF under the uniform distribution. If
the desiredaccuracylevel � is any constant independent of n (the number of variables),
then the algorithm learns2O(

p
log n)-term monotoneDNF over n variablesin poly(n) time.

The algorithm thus does not quite meet the usual de�nition of strong learning (which
requiresthat any � = 1=poly(n) beachievablein poly(n) time), but meetsa much stronger
condition than that of weaklearning (which only requiresaccuracy1=2� 1=poly(n)). We
note that the algorithm of [10] for learning monotoneDNF with O((log n)2=(log logn)3)
terms also requiresthat � be constant in order to achieve poly(n) runtime. Ours is the
�rst polynomial time algorithm which usesonly random examplesand successfullylearns
monotoneDNF with more than a polylogarithmic number of terms to high accuracy. We
also show that essentially the samealgorithm learns various classesof small constant-
depth circuits which compute monotonefunctions. All of our results extend to learning
under any constant-boundedproduct distribution.

Our algorithm combines ideas from Linial et al.'s in
uen tial paper [21] on learning
AC 0 functions usingthe Fourier transform and Bshouty and Tamon'spaper [10]on learn-
ing monotonefunctions using the Fourier transform. By analyzingthe Fourier transform
of AC 0 functions, Linial et al. showed that almost all of the Fourier \p ower spectrum"
of any AC 0 function is contained in \lo w" Fourier coe�cien ts, i.e. coe�cien ts which
correspond to small subsetsof variables. Their learning algorithm estimateseach low
Fourier coe�cien t by sampling and constructs an approximation to f using theseesti-
mated Fourier coe�cien ts. If c is the sizebound for low Fourier coe�cien ts, then since
there are

� n
c

�
Fourier coe�cien ts corresponding to subsetsof c variables the algorithm

requiresroughly nc time steps. Linial et al. showed that for AC 0 circuits c is essentially
poly(log n); this result was later sharpenedfor DNF formulae by Mansour [22].

Our algorithm extendsthis approach in the following way: Let C � AC 0 be a class
of Boolean functions which we would like to learn. Supposethat C has the following
properties:

1. For every f 2 C there is a set Sf of \imp ortant" variables such that almost all
of the power spectrum of f is contained in Fourier coe�cien ts corresponding to
subsetsof Sf :

2. There is an e�cien t algorithm which identi�es the set Sf from random examples.
(Such an algorithm, which we give in Section 3.1, is implicit in [10] and requires
only that f be monotone.)

We can learn an unknown function f from such a classC by �rst identifying the set
Sf ; then estimating the low Fourier coe�cien ts which correspond to small subsetsof Sf

and using theseestimatesto construct an approximation to f : To seewhy this works,
note that sincef is in AC 0 almost all of the power spectrum of f is in the low Fourier
coe�cien ts; moreover, property (1) implies that almost all of the power spectrum of f
is in the Fourier coe�cien ts which correspond to subsetsof Sf : Consequently it must be
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the casethat almost all of the power spectrum of f is in low Fourier coe�cien ts which
correspond to subsetsof Sf : Thus in our setting we needonly estimate the

� jSf j
c

�
Fourier

coe�cien ts which correspond to \small" subsetsof variablesin Sf : If jSf j � n then this
is much more e�cien t than estimating all

� n
c

�
low Fourier coe�cien ts.

In Section2 weformally de�ne the learningmodel and givesomenecessaryfactsabout
Fourier analysisover the Booleancube. In Section3 we give our learning algorithm for
the uniform distribution, and in Section4 we describe how the algorithm canbe modi�ed
to work under any constant-boundedproduct distribution.

2 Preliminaries

We write [n] to denote the set f 1; : : : ; ng and usecapital letters for subsetsof [n]: We
write jAj to denote the number of elements in A: Barred lowercaseletters denote bit-
strings, i.e. x = (x1; : : : ; xn ) 2 f 0; 1gn : In this paper Boolean circuits are composed
of AND/OR/NOT gates where AND and OR gates have unbounded fanin and nega-
tions occur only on inputs unlessotherwise indicated. We view Boolean functions on
n variables as real valued functions which map f 0; 1gn to f� 1; 1g: A Boolean function
f : f 0; 1gn ! f� 1; 1g is monotoneif changingthe value of an input bit from 0 to 1 never
causesthe value of f to changefrom 1 to � 1:

If D is a distribution and f is a Booleanfunction on f 0; 1gn ; then asin [10, 13]we say
that the in
uenc e of x i on f with respect to D is the probability that f (x) di�ers from
f (y); wherey is x with the i -th bit 
ipp edand x is drawn from D: For easeof notation let
f i; 0 denotethe function obtained from f by �xing x i to 0 and let f i; 1 be de�ned similarly.
We thus have

I D;i (f ) = Pr
D

[f i; 0(x) 6= f i; 1(x)] =
1
2

ED [jf i; 1 � f i; 0j]:

For monotonef this can be further simpli�ed to

I D;i (f ) =
1
2

ED [f i; 1 � f i; 0] =
1
2

(ED [f i; 1] � ED [f i; 0]) : (1)

We frequently useCherno� boundson sumsof independent random variables[12]:

Theorem 1 Let x1; : : : ; xm be independentidentically distributed randomvariableswith
E[x i ] = p; jx i j 6 B ; and let sm = x1 + � � � + xm : Then

m >
2B 2

� 2
ln

2
�

implies that Pr
h�
�
�
sm

m
� p

�
�
� > �

i
6 � :

2.1 The Learning Mo del

Our learningmodel is a distribution-speci�c versionof Valiant's Probably Approximately
Correct (PAC) model [25] which hasbeenstudied by many researchers,e.g. [4, 6, 9, 10,
11, 13, 15, 19, 20, 21, 22, 26]. Let C be a classof Booleanfunctions over f 0; 1gn ; let D
be a probability distribution over f 0; 1gn ; and let f 2 C be an unknown target function.
A learning algorithm A for C takes as input an accuracy parameter 0 < � < 1 and
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a con�dence parameter 0 < � < 1: During its execution the algorithm has accessto
an exampleoracle EX (f ; D) which, when queried,generatesa random labeledexample
hx; f (x)i wherex is drawn accordingto D: The learning algorithm outputs a hypothesis
h which is a Boolean function over f 0; 1gn ; the error of this hypothesisis de�ned to be
error(h; f ) = PrD [h(x) 6= f (x)]: We say that A learns C under D if for every f 2 C and
0 < �; � < 1; with probability at least 1 � � algorithm A outputs a hypothesish which
haserror(h; f ) 6 �:

2.2 The Discrete Fourier Transform

Let U denote the uniform distribution over f 0; 1gn: The set of all real valued functions
on f 0; 1gn may be viewed asa 2n -dimensionalvector spacewith inner product de�ned as

hf ; gi = 2� n
X

x2f 0;1gn

f (x)g(x) = EU[f g]

and norm de�ned askf k =
p

hf ; f i : Givenany subsetA � [n]; the Fourier basisfunction
� A : f 0; 1gn ! f� 1; 1g is de�ned by � A (x) = (� 1)jA \ X j ; where X is the subsetof [n]
de�ned by i 2 X i� x i = 1: It is well known that the 2n basis functions � A form an
orthonormal basis for the vector spaceof real valued functions on f 0; 1gn ; we refer to
this basis as the � basis. In particular, any function f can be uniquely expressedas
f (x) =

P
A f̂ (A)� A (x); wherethe valuesf̂ (A) are known as the Fourier coe�cien ts of f

with respect to the � basis. Sincethe functions � A form an orthonormal basis,the value
of f̂ (A) is hf ; � A i ; also,by linearity we have that f (x) + g(x) =

P
A (f̂ (A) + ĝ(A)) � A (x):

Another easyconsequenceof orthonormality is Parseval's identit y

EU[f 2] = kf k2 =
X

A� [n]

f̂ (A)2:

If f is a Booleanfunction then this value is exactly 1. Finally, for any Booleanfunction
f and real-valued function g we have [10, 21]

Pr
U

[f 6= sign(g)] 6 EU[(f � g)2] (2)

wheresign(z) takesvalue 1 if z > 0 and takesvalue � 1 if z < 0:

3 Learning under Uniform Distributions

3.1 Iden tifying Relev ant Variables

The following lemma,which is implicit in [10], givesan e�cien t algorithm for identifying
the important variablesof a monotoneBoolean function. We refer to this algorithm as
FindVariables .
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Lemma 2 Let f : f 0; 1gn ! f� 1; 1g be a monotone Boolean function. There is an
algorithm which has accessto EX (f ; U); runs in poly(n; 1=�; log1=� ) time stepsfor all
�; � > 0; and with probability at least 1 � � outputs a set Sf � [n] suchthat

i 2 Sf implies
X

A:i 2 A

f̂ (A)2 > �=2 and i =2 Sf implies
X

A:i 2 A

f̂ (A)2 6 �:

Pro of: Kahn et al. ([16] Section3) have shown that

I U;i (f ) =
X

A:i 2 A

f̂ (A)2: (3)

To prove the lemma it thus su�ces to show that I U;i (f ) can be estimated to within
accuracy�=4 with high probability. By Equation (1) from Section2 this can be doneby
estimating EU[f i; 1] and EU[f i; 0]: Two applications of Cherno� bounds �nish the proof:
the �rst is to verify that with high probability a large sample drawn from EX (f ; U)
contains many labeled exampleswhich have x i = 1 and many which have x i = 0; and
the secondis to verify that a collection of many labeledexampleswith x i = b with high
probability yields an accurateestimate of EU[f i;b ]:

3.2 The Learning Algorithm

Our learning algorithm, which we call LearnMonotone, is given below:

� UseFindVariables to identify a set Sf of important variables.

� Draw m labeled exampleshx1; f (x1)i ; : : : ; hxm ; f (xm )i from EX (f ; U): For every
A � Sf with jAj 6 c set � A = 1

m

P m
i=1 f (x i )� A (x i ): For every A such that jAj > c

or A 6� Sf set � A = 0:

� Output the hypothesissign(g(x)); whereg(x) =
P

A � A � A (x):

The algorithm thus estimates f̂ (A) for A � Sf ; jAj 6 c by sampling and constructs a
hypothesisusing theseapproximate Fourier coe�cien ts. The valuesof m and c and the
parametersettings for � and � in FindVariables are speci�ed below.

3.3 Learning Monotone 2O(
p

logn)-term DNF

Let f : f 0; 1gn ! f� 1; 1g be a monotone t-term DNF. The proof that algorithm
LearnMonotonelearns f usesa DNF called f 1 to show that FindVariables identi�es
a small set of variables Sf and usesanother DNF called f 2 to show that f can be ap-
proximated by approximating Fourier coe�cien ts which correspond to small subsetsof
Sf :

Let f 1 be the DNF which is obtained from f by removing every term which contains
more than log 32tn

� variables. (This term sizebound is chosenso that we will ultimately
end up with an �=4 on the right side of inequality (7) below.) Sincethere are at most
t such terms each of which is satis�ed by a random examplewith probability lessthan
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�=32tn; we have PrU[f (x) 6= f 1(x)] < �
32n (this type of argument was �rst used by

Verbeurgt [26]). Let R � [n] be the set of variableswhich f 1 dependson; it is clear that
jRj 6 t log 32tn

� : Moreover, since I U;i (f 1) = 0 for i =2 R; equation (3) from Section 3.1
implies that f̂ 1(A) = 0 for A 6� R:

Since f and f 1 are Boolean functions, f � f 1 is either 0 or 2, so EU[(f � f 1)2] =
4PrU[f 6= f 1] < �=8n: By Parseval's identit y we have

EU[(f � f 1)2] =
X

A

(f̂ (A) � f̂ 1(A))2

=
X

A� R

(f̂ (A) � f̂ 1(A))2 +
X

A6�R

(f̂ (A) � f̂ 1(A))2

=
X

A� R

(f̂ (A) � f̂ 1(A))2 +
X

A6�R

(f̂ (A))2

< �=8n:

Thus
P

A6�R f̂ (A)2 < �
8n ; and consequently we have

i =2 R implies
X

A:i 2 A

f̂ (A)2 <
�

8n
: (4)

We set the parametersof FindVariables so that with high probability

i 2 Sf implies
X

A:i 2 A

f̂ (A)2 > �=8n (5)

i =2 Sf implies
X

A:i 2 A

f̂ (A)2 6 �=4n: (6)

Inequalities(4) and (5) imply that Sf � R; sojSf j 6 t log 32tn
� : Furthermore, sinceA 6� Sf

implies i 2 A for somei =2 Sf ; inequality (6) implies

X

A6�Sf

f̂ (A)2 6 �=4: (7)

The following lemma is due to Mansour ([22] Lemma 3.2):

Lemma 3 (Mansour) Let f be a DNF with terms of sizeat most d: Then for all � > 0
X

jA j> 20d log(2=� )

f̂ (A)2 6 �=2:

Oneapproach at this point is to useMansour'slemmato approximate f by approximating
the Fourier coe�cien ts of all subsetsof Sf which are smaller than 20d log(2=�); where
d = log 32tn

� is the maximum sizeof any term in f 1: However, this approach doesnot give
a good overall running time becaused is too large. Instead we consideranother DNF
with smaller terms than f 1 which also closely approximates f : By using this stronger
bound on term sizein Mansour's lemma we get a better �nal result.

7



More precisely, let f 2 be the DNF obtained from f by removing every term which
contains at least log 32t

� variables. Let c = 20log 32t
� log 8

� : Mansour's lemma implies that

X

jA j>c

f̂ 2(A)2 6 �=8: (8)

Moreover, we have PrU[f 6= f 2] 6 �=32 and hence

4Pr
U

[f 6= f 2] = EU[(f � f 2)2] =
X

A

(f̂ (A) � f̂ 2(A))2 6 �=8: (9)

Let � A and g(x) be asde�ned in LearnMonotone. Using inequality (2) from Section2.2,
we have

Pr[sign(g) 6= f ] 6 EU[(g � f )2] =
X

A

(� A � f̂ (A))2 = X + Y + Z;

where

X =
X

jA j6 c;A6�Sf

(� A � f̂ (A))2;

Y =
X

jA j>c

(� A � f̂ (A))2;

Z =
X

jA j6 c;A � Sf

(� A � f̂ (A))2:

To bound X ; we observe that � A = 0 for A 6� Sf ; soby (7) we have

X =
X

jA j6 c;A6�Sf

f̂ (A)2 6
X

A6�Sf

f̂ (A)2 6 �=4:

To bound Y; we note that � A = 0 for jAj > c and henceY =
P

jA j>c f̂ (A)2: Since

f̂ (A)2 6 2(f̂ (A) � f̂ 2(A))2 + 2f̂ 2(A)2, we have

Y 6 2
X

jA j>c

(f̂ (A) � f̂ 2(A))2 + 2
X

jA j>c

f̂ 2(A)2

6 2
X

A

(f̂ (A) � f̂ 2(A))2 + �=4

6 �=2

by inequalities (8) and (9) respectively.
It remainsto bound Z =

P
jA j6 c;A � Sf

(� A � f̂ (A))2: As in Linial et al. [21]this sumcan
be made lessthan �=4 by taking m su�cien tly large so that with high probability each
estimate � A di�ers from the true value f̂ (A) by at most

p
�=(4jSf jc): A straightforward

Cherno� bound argument shows that taking m = poly(jSf jc; 1=�; log(1=� )) su�ces.
Thus, we have X + Y + Z 6 �: Recalling our boundson jSf j and c; we have proved:
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Theorem 4 Under theuniform distribution, for any �; � > 0; thealgorithm LearnMonotone
can be used to learn t-term monotoneDNF in time polynomial in n; (t log tn

� ) log t
� log 1

� and
log(1=� ):

Taking t = 2O(
p

log n) we obtain the following corollary:

Corollary 5 For any constant � algorithm LearnMonotonelearns 2O(
p

log n) -term mono-
tone DNF in poly(n; log(1=� )) time under the uniform distribution.

As noted earlier, Bshouty and Tamon's algorithm [10] for learning monotone DNF
with O((log n)2=(log logn)3) terms also requires that � be constant in order to achieve
poly(n) runtime.

3.4 Learning Small Constan t-Depth Monotone Circuits

3.4.1 Circuits with Few Relev ant Variables

Let C be the classof depth d; sizeM circuits which computemonotonefunctions on r out
of n variables. An analysissimilar to that of the last section(but simpler sincewe do not
needto introduce auxiliary functions f 1 and f 2) shows that algorithm LearnMonotone
can be used to learn C in time polynomial in n; r (log(M =� )) d

and log(1=� ): As in the
last section the FindVariables procedureis used to identify the \imp ortant" relevant
variables,of which there are now at most r: Instead of using Mansour's lemma, we use
the main lemma of Linial et al. [21] to bound the total weight of high-order Fourier
coe�cien ts for constant-depth circuits:

Lemma 6 (Linial et al. ) Let f be a Boolean function computed by a circuit of depthd
and sizeM and let c be any integer. Then

X

jA j>c

f̂ (A)2 6 2M 2� c1=d =20:

More precisely, �x f 2 C and let R � [n]; jRj 6 r be the variableswhich f depends
on. Clearly i =2 R implies that I U;i (f ) = 0: We may run FindVariables with parameter
settings such that

i 2 Sf implies
X

A:i 2 A

f̂ (A)2 > �=8n

i =2 Sf implies
X

A:i 2 A

f̂ (A)2 6 �=4n:

Consequently we have that Sf � R so jSf j 6 r:
The proof that LearnMonotonelearns C is similar to the proof of Section 3.3 but

simpler. From the secondequation above we get that
X

A6�Sf

f̂ (A)2 6 �=4
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which is an analogueto equation (7). As beforewe get that

Pr[sign(g) 6= f ] 6 X + Y + Z

with

X =
X

jA j6 c;A6�Sf

(� A � f̂ (A))2; Y =
X

jA j>c

(� A � f̂ (A))2; Z =
X

jA j6 c;A � Sf

(� A � f̂ (A))2:

The bound X 6 �=4 follows from the analogueto (7). The bound Y =
P

jA j>c f̂ (A)2 6
�=2 follows from the lemmaof Linial et al. with a suitable choiceof c asdescribed below.
The bound Z 6 �=4 followsby samplingto estimateeach Fourier coe�cien t to high accu-
racy with high con�dence. More precisely, there areat most r c coe�cien ts sowe estimate
each to accuracy

p
�=4r c to obtain Z 6 �=4: Thus taking m to be poly(r c=�; log(1=� )) is

su�cien t.
So all in all, the running time of the algorithm is poly(n; 1=�; r c; log(1=� )) and the

algorithm succeedsin learning provided that 2M 2� c1=d =20 6 �=2 i.e. provided that c >
(20log(4M =�))d: Choosingc appropriately, we have the following theorem:

Theorem 7 Fix d > 1 and let Cd;M ;r be the class of depth d, size M circuits which
compute monotone functions on r out of n variables. Under the uniform distribution,
for any �; � > 0; algorithm LearnMonotonelearns classCd;M ;r in time polynomial in n;
r (log(M =� )) d

and log(1=� ):

3.4.2 Learning Small Constan t-Depth Monotone Circuits

In this section we strengthen Theorem 7 by removing the restriction that the circuits
being learnedhave only r relevant variables. The key idea which enablesthis is that any
AND (respectively OR) gate with many literals as inputs will almost always take value
0 (respectively 1), so ignoring all such gateswill not incur much error.

Speci�cally, let F be a Boolean circuit of depth d and size M which computesa
monotone function. By De Morgan's laws, without loss of generality we may suppose
that F contains only AND and NOT gates. (Recall that monotone functions can be
computed by circuits which contain NOT gates;here we are allowing NOT gatesto be
located anywhere in the circuit, not just at the inputs.) Let F 0 be the circuit obtained
from F by replacing each AND gate which has more than ` distinct literals among its
inputs with the constant 0 (the value of ` will be speci�ed later). For any such AND
gate, this changesits output (for a uniformly random setting of the input variables)
with probability at most 2� ` ; so we have that Pr[F (x) 6= F 0(x)] 6 M 2� ` for uniform
random x: Consequently, given a sampleof t labeled examplesof F; we have that F 0 is
consistent with the samplewith probability at least 1 � tM 2� ` : SinceF 0 has at most
r � M ` relevant variables, by Theorem 7 we have that if LearnMonotoneis run on a
uniform sampleof t =p oly(n; (M `)(log(M =� )) d

; log1=� ) exampleslabeled accordingto F 0;
then with probability at least 1 � � =2 the hypothesis h which it outputs will satisfy
Pr[h(x) 6= F 0(x)] 6 �=2:

Thus, the necessaryconditions on ` are as follows:
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� ` > log(2M =�): this ensuresthat Pr[F (x) 6= F 0(x)] 6 �=2, so an �=2-approximator
h for F 0 will be an � -approximator for F as desired.

� ` > 1 + log(2M t=� ): this ensuresthat the sampleused for learning is consistent
with F 0 with probability at least 1 � � =2:

� t =p oly(n; (M `)(log(M =� )) d
; log1=� ): this ensuresthat LearnMonotonehas enough

examplesto learn successfully.

Taking ` = O((log(M n=� � ))d+1 ) satis�es all of theseconditions. We thus have the
following theorem:

Theorem 8 Fix d > 1 and let Cd;M be theclassof depthd, sizeM circuits whichcompute
monotonefunctions on n variables. Under the uniform distribution, for any �; � > 0; algo-
rithm LearnMonotonelearns classCd;M in time polynomial in (M (log(M n=� � ))d+1 )(log(M =� )) d

and n:

One interesting corollary is the following:

Corollary 9 Fix d > 1 and let Cd be the classof depth d; size 2O((log n)1=( d+1) ) circuits
whichcomputemonotonefunctions. Then for any constant �; � algorithm LearnMonotone
learns classCd in poly(n) time.

While this classCd is rather limited from the perspective of Boolean circuit com-
plexity, from a learning theory perspective it is fairly rich. We note that Cd strictly
includes the classof depth d; size2O((log n)1=( d+1) ) monotonecircuits (i.e. circuits of the
stated sizeand depth which contain only AND and OR gates). This follows from results
of Okol'nishnikova [23] and Ajtai and Gurevich [1] (seealso [7] Section3.6) which show
that there are monotonefunctions which can be computed by AC 0 circuits but are not
computableby AC 0 circuits which have no negations.

4 Pro duct Distributions

A product distribution over f 0; 1gn is characterizedby parameters� 1; : : : ; � n where� i =
Pr[x i = 1]: Such a distribution D assignsvalues independently to each variable, so for
a 2 f 0; 1gn we have D(a) =

� Q
ai =1 � i

� � Q
ai =0 (1 � � i )

�
: The uniform distribution is a

product distribution with each � i = 1=2: The standard deviation of x i under a product
distribution is � i =

p
� i (1 � � i ): A product distribution D is constant-bounded if there is

someconstant c 2 (0; 1) independent of n such that � i 2 [c;1� c] for all i = 1; : : : ; n: We
let � denotemaxi =1 ;:::;n (1=� i ; 1=(1 � � i )) : Throughout the rest of this paper D denotesa
product distribution.

Given a product distribution D we de�ne a new inner product over the vector space
of real valued functions on f 0; 1gn as

hf ; gi D =
X

x2f 0;1gn

D(x)f (x)g(x) = ED [f g]

11



and a corresponding norm kf kD =
p

hf ; f i D : We refer to this norm as the D-norm. For
i = 1; : : : ; n let zi = (x i � � i )=� i : Given A � [n]; let � A be de�ned as � A (x) =

Q
i 2 A zi :

As noted by Bahadur [5] and Furst et al. [11], the 2n functions � A form an orthonormal
basisfor the vector spaceof real valued functions on f 0; 1gn with respect to the D-norm,
i.e. h� A ; � B i D is 1 if A = B and is 0 otherwise. We refer to this basisas the � basis. The
following fact is useful:

Fact 10 (Bahadur; Furst et. al ) The � basis is the basis which would be obtained by
Gram-Schmidtorthonormalization (with respect to the D-norm) of the � basisperformed
in order of increasing jAj:

By the orthonormality of the � basis,any real function on f 0; 1gn can be uniquely ex-
pressedas f (x) =

P
A

~f (A)� A (x) where ~f (A) = hf ; � A i D is the Fourier coe�cien t of A
with respect to the � basis. Note that we write ~f (A) for the � basisFourier coe�cien t
and f̂ (A) for the � basisFourier coe�cien t. Also by orthonormality we have Parseval's
identit y

ED [f 2] = kf k2
D =

X

A� [n]

~f (A)2

which is 1 for Booleanf : Finally, for Booleanf and real-valued g we have ([11] Lemma
10)

Pr
D

[f 6= sign(g)] 6 ED [(f � g)2]: (10)

Furst et al. [11] analyzedthe � basisFourier spectrum of AC 0 functions and gave
product distribution analoguesof Linial et al.'s results on learning AC 0 circuits under
the uniform distribution. In Section4.1 we sharpen and extend someresults from [11],
and in Section 5 we use thesesharpened results together with techniques from [11] to
obtain product distribution analoguesof our algorithms from Section3.

4.1 Some � Basis Fourier Lemmas

A random restriction � p;D is a mapping from f x1; : : : ; xng to f 0; 1; �g which is chosen
randomly in the following way: each x i is mapped to � with probability p; to 1 with
probability (1 � p)� i ; and to 0 with probability (1 � p)(1 � � i ): Given a restriction
� p;D and a Booleanfunction f ; we write f d� to represent the function f (� p;D (x)) whose
variablesare thosex i which are mapped to � and whoseother x i are instantiated as0 or
1 accordingto � p;D : Note that once� p;D has beenchosen,f d� is a speci�c deterministic
function; the randomnessstemsentirely from the choiceof � p;D asdescribed above.

The following variant of H�astad's well known switching lemma [14] follows directly
from the argument in Section4 of [3]:

Lemma 11 Let D be a product distribution with parameters� i and � as de�ned above,
let f be a CNF formula where each clausehasat most t literals, and let � p;D be a random
restriction. Then with probability at least 1� (4� pt)s over the choice of � p;D wehavethat:

12



1. the function f d� can be expressed as a DNF formula where each term has at most
s literals;

2. the terms of sucha DNF all accept disjoint setsof inputs.

The following corollary is a product distribution analogueof ([21] Corollary 1):

Corollary 12 Let D be a product distribution with parameters� i and � ; let f be a CNF
formula where each clausehas at most t literals, and let � p;D be a random restriction.
Then with probability at least 1 � (4� pt)s we havethat gf d� (A) = 0 for all jAj > s:

Pro of: Linial et al. [21] show (in the proof of Corollary 1 in their paper) that if f d�
satis�es properties (1) and (2) of Lemma11 then df d� (A) = 0 for all jAj > s: Hencesuch
a f d� is in the spacespannedby f � A : jAj 6 sg: By Fact 10 and the nature of Gram-
Schmidt orthonormalization, this is the samespacewhich is spannedby f � A : jAj 6 sg;
and the corollary follows.

Corollary 12 is a sharpenedversionof a similar lemma, implicit in [11], which states
that under the sameconditionswith probability at least1� (5� pt=2)s wehave gf d� (A) = 0
for all jAj > s2: Armed with the sharper Corollary 12, the proofs of Lemmas7, 8 and 9
from [11] now directly yield

Lemma 13 For any Boolean function f ; for any integer c;
X

jA j>c

~f (A)2 6 2 Pr
� p;D

[gf d� (A) 6= 0 for somejAj > cp=2]:

Booleanduality implies that the conclusionof Corollary 12 also holds if f is a DNF
with each term of length at most t: Taking p = 1=8� t and s = log 4

� in this DNF version
of Corollary 12 and c = 16� t log 4

� in Lemma 13, we obtain the following analogueof
Mansour's lemma (Lemma 3) for the � basis:

Lemma 14 Let f be a DNF with terms of sizeat most t: Then for all � > 0
X

jA j> 16� t log(4=� )

~f (A)2 6 �=2:

We will also needan analogueof the Linial et al. lemma (Lemma 6) for the � basis.
As in Lemma 2 of [21], by successively applying Lemma 11 and the DNF versionof the
lemma to the lowest levels of a circuit and then applying Corollary 12 we obtain the
following:

Lemma 15 Let D be a product distribution with parameters� i and � , let f be a Boolean
function computed bya circuit of sizeM and depthd; and let � p;D be a randomrestriction.
If

p =
1

22� (8� s)d� 1

then we havethat
Pr[gf d� = 0 for somejAj > s] 6 M 2� s:

13



Pro of sketch: Our proof closely follows the proof of Lemma 2 in [21]. We view the
restriction � asbeing obtained by �rst performing a random restriction in which Pr[� ] =
1=22� , and then d � 1 consecutive restrictions each with Pr[� ] = 1=(8� s):

After the �rst restriction, each original bottom-level gate has fanin greater than s
with probability at most 2� s. To seethis, observe that under the �rst restriction each
literal is set to � with probability p0 = 1=22� and is set to 0 (1) with probability at
least (1 � p0)=� : Now set r = s� =(1 � p0) and considerseparatelyeach bottom-level gate
depending on how its fanin comparesto r :

1. For any gate with fanin at least r , the probability that the gate is not eliminated
(that no literal is set to 0 for an AND, set to 1 for an OR) is at most (1 � 1� p0

� )r 6
e� s < 2� s:

2. For any gate with fanin at most r; the probability that at least s input literals are
assigneda � is at most

� r
s

�
p0s < 2r p0s = 2� s=(1� p0)p0s: This is at most 2� s provided

that 2� =(1� p0)p0 6 1=2 which is easilyveri�ed from the de�nition of p0:

Now we apply d � 2 more restrictions, each with Pr[� ] = 1=(8� s): As in [21] we use
Lemma 11 after each restriction to convert the lower two levels of the circuit from CNF
to DNF (or viceversa),preservingby our choiceof p the property that each clause(term)
hassizeat most s, and incurring a failure probability of at most 2� s for each gate.

After thesed � 2 stages,what remains is a CNF (or DNF) with clauses(terms) of
sizeat most s: We apply the last restriction with p = 1=(8� s), and Corollary 12 implies
that the failure probability at this stageis alsoat most 2� s: Thus, as in [21], with overall
probability at least 1 � M 2� s we have that gf d� (A) = 0 for all jAj > s, and the lemmais
proved.

With Lemma 15 in hand we can prove the following sharper version of the main
lemma from [11]:

Lemma 16 Let f be a Boolean function computed by a circuit of depth d and size M
and let c be any integer. Then

X

jA j>c

~f (A)2 6 2M 2� (c=22� +1 (8� )d� 1)1=d

< 2M 2� c1=d =2(2 � +1) =d (8� ) :

Pro of: The proof closelyfollows the proof of Lemma9 in [11]. From Lemma13 we have
that X

jA j>c

~f (A)2 6 2 Pr
� p;D

[gf d� (A) 6= 0 for somejAj > cp=2]: (11)

Let p and s satisfy p = 1=22� (8� s)d� 1 and s = cp=2: Lemma 15 now implies that
Equation (11) is at most 2M 2� s: Straightforward algebraic manipulations show that
s =

�
c=22� +1 (8� )d� 1

� 1=d
and the lemma is proved.

The versionof Lemma16givenin [11]has1=(d+ 2) insteadof 1=din the exponent of c:
This newtighter bound enablesusto givestrongerguaranteeson our learningalgorithm's
performanceunder product distributions than we could have obtained by simply using
the lemma from [11].
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5 Learning under Pro duct Distributions

5.1 Iden tifying Relev ant Variables

We have the following analogueto Lemma 2 for product distributions:

Lemma 17 Let f : f 0; 1gn ! f� 1; 1g be a monotone Boolean function. There is an
algorithm which hasaccessto EX (f ; D); runs in poly(n; � ; 1=�; log1=� ) time stepsfor all
�; � > 0; and with probability at least 1 � � outputs a set Sf � [n] suchthat

i 2 Sf implies
X

A:i 2 A

~f (A)2 > �=2 and i =2 Sf implies
X

A:i 2 A

~f (A)2 6 �:

Pro of: We show that for each i , with probability 1� � =n the value
P

A:i 2 A
~f (A)2 can be

estimatedto within an additive �=4 in poly(n; � ; 1=�; log1=� ) time steps. By Lemma4.1of
[10]we have that

P
A:i 2 A

~f (A)2 = 4� 2
i I D;i (f ) for any Booleanfunction f and any product

distribution D: Now observe that if a = bc and 0 6 b;c 6 1 and � � 6 � 1; � 2 6 � 6 1,
then we have

j(b+ � 1)(c + � 2) � aj = jbc+ b�2 + c�1 + � 1� 2 � aj 6 (b+ c)� + � 2 6 3� :

Consequently, since0 6 I D;i (f ) 6 1 and0 6 4� 2
i 6 1; in order to estimate

P
A:i 2 A

~f (A)2 =
4� 2

i I D;i (f ) to within an additive �=4 it is su�cien t to estimateeach of I D;i (f ) and 4� 2
i to

within an additive �=12:
First we considerI D;i (f ): Recallingthat I D;i (f ) = 1

2(ED [f i; 1] � ED [f i; 0]); it is su�cien t
to estimateeach of theseexpectationsto within an additive �=12: A standard application
of Cherno� boundsshowsthat poly(1=�; log 1

� 0) randomexampleswith x i = 1 arerequired
to estimate ED [f i; 1] to within �=12 with con�dence 1 � � 0: Since a random example
drawn from EX (f ; D) has x i = 1 with probability at least 1=� , another application
of Cherno� bounds shows that with probability 1 � � 0; at most poly(1=� ; log 1

� 0) draws
from EX (f ; D) are required to obtain a random examplewith x i = 1: Combining these
boundswe canestimateED [f i; 1] to within an additive �=12with con�dence1� �

4n in time
poly(n; � ; 1=�; log 1

� ). The sameis easilyseento hold for estimating ED [f i; 1]: Thus we can
estimate I D;i (f ) to within an additive �=12 in time poly(n; � ; 1=�; log 1

� ) with con�dence
1 � �

2n :
Now we show that � 2

i canbee�cien tly estimatedto within an additive �=48. Cherno�
bounds imply that by sampling we can obtain an estimate ~� i of � i which is accurateto
within an additive error of � � with probability 1 � �

2n in poly(1=� ; log1=� ) time. We
use each estimated value ~� i to compute an estimate ~� i =

p
~� i (1 � ~� i ) of � i . One can

straightforwardly verify that ~� i di�ers from the true value � i by at most
p

� , and thus
~� 2

i di�ers from the true value � 2
i by at most � : Thus it su�ces to take � = �=48; and the

required estimate of � 2
i can be obtained in poly(n; 1=�; log 1

� ) time.

We refer to the algorithm of Lemma 17 as FindVariables2 .
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5.2 The Learning Algorithm

We would like to modify LearnMonotoneso that it usesthe � basis rather than the �
basis. However, asin [11] the algorithm doesnot know the exact valuesof � i soit cannot
useexactly the � basis; instead it approximates each � i by a samplevalue � 0

i and uses
the resulting basis,which we call the � 0 basis. In moredetail, the algorithm is asfollows:

� UseFindVariables2 to identify a set Sf of important variables.

� Draw m labeled exampleshx1; f (x1)i ; : : : ; hxm ; f (xm )i from EX (f ; D): Compute
� 0

i = 1
m

P m
j =1 x j

i for 1 6 i 6 n: De�ne z0
i = (x i � � 0

i )=
p

� 0
i (1 � � 0

i ) and � 0
A =

Q
i 2 A z0

i :

� For every A � Sf with jAj 6 c set � 0
A = 1

m

P m
j =1 f (x j )� 0

A (x j ): If j� 0
A j > 1 set � 0

A =
sign(� 0

A ): For every A such that jAj > c or A 6� Sf set � 0
A = 0:

� Output the hypothesissign(g(x)); whereg(x) =
P

A � 0
A � A (x):

We call this algorithm LearnMonotone2. As in [11] we note that setting � 0
A to � 1 if

j� 0
A j > 1 can only bring the estimatedvalue closerto the true value of ~f (A):

5.3 Learning Monotone 2O(
p

logn)-term DNF under Pro duct Dis-
tributions

For the most part only minor changesto the analysisof Section3.3 are required. Since
a term of sizegreater than d is satis�ed by a random examplefrom D with probability
lessthan ( � � 1

� )d; we now take log �
� � 1

32tn
� = �( � log tn

� ) as the term size bound for f 1:

Proceedingas in Section3.3 we obtain jSf j = O(� t log tn
� ): We similarly set a term size

bound of �( � log t
� ) for f 2: We use the � basisParseval identit y and inequality (10) in

place of the � basis identit y and inequality (2) respectively. Lemma 14 provides the
requiredanalogueof Mansour'slemmafor product distributions; using the newterm size
bound on f 2 we obtain c = �( � 2 log t

� log 1
� ):

The one new ingredient in the analysisof LearnMonotone2comesin bounding the
quantit y Z =

P
jA j6 c;A � Sf

(� 0
A � ~f (A))2: In addition to the sampling error which would

be present even if � 0
i were exactly � i ; we must also deal with error due to the fact

that � 0
A is an estimate of the � 0 basis coe�cien t rather than the � basis coe�cien t

~f (A): An analysisentirely similar to that of Section5.2 of [11] shows that taking m =
poly(c;jSf jc; � c; 1=�; log(1=� )) su�ces. We thus have

Theorem 18 Under any product distribution D; for any �; � > 0; algorithm LearnMonotone2
can be used to learn t-term monotoneDNF in time polynomial in n; (� t log tn

� )� 2 log t
� log 1

� ;
and log(1=� ):

Sincea constant-boundedproduct distribution D has � = �(1) ; we obtain

Corollary 19 For any constant � and any constant-bounded product distribution D; al-
gorithm LearnMonotone2learns 2O(

p
log n) -term monotoneDNF in poly(n; log(1=� )) time.
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5.4 Learning Small Constan t-Depth Monotone Circuits under
Pro duct Distributions

Let f be a monotone function computed by a size M , depth d Boolean circuit with r
relevant variables An analysis similar to that of Section 3.4.1 but using Lemma 16 in
placeof Lemma 6 shows that it is su�cien t for us to take c > 22� +1 (8� log(4M =�))d: We
obtain

Theorem 20 Fix d > 1 and let Cd;M ;r be the class of depth d, size M circuits which
computemonotonefunctions on r out of n variables. Under any constant-bounded product
distribution D; for any �; � > 0; algorithm LearnMonotone2learns classCd;M ;r in time
polynomial in n; (M (log(M n=� � ))d+1 )(log(M =� )) d

and log1=�:

The argument from Section 3.4.2 can be used here as well to show that we do not
needto put an a priori upper bound on the number of relevant variables. We obtain:

Theorem 21 Fix d > 1 and let Cd;M be the classof depthd, sizeM circuits which com-
putemonotonefunctions on n variables. Under any constant-bounded product distribution
D; for any �; � > 0; algorithm LearnMonotone2learns classCd;M in time polynomial in
n and (M (log(M n=� � ))d+1 )(log(M =� )) d

.

Corollary 22 Fix d > 1 and let Cd be the classof depth d; size 2O((log n)1=( d+1) ) circuits
whichcomputemonotonefunctions. Then for any constant �; � and any constant-bounded
product distribution D; algorithm LearnMonotone2learns classCd in poly(n) time.

Thus all of our uniform distribution learning results generalizeto learning under any
constant-boundedproduct distribution.

6 Op en Questions

There are several natural questions for further work. Can the 2
p

log n term bound of
our algorithm be improved to 2(log n)1� �

for any � > 0? Can an algorithm be obtained
which runs in polynomial time for � = o(1) or even for � = 1=poly(n)? These would
be interesting steps toward the more ambitious goal of developing a polynomial time
algorithm for learning poly(n)-term monotoneDNF under the uniform distribution.

Wecloseby noting that in the non-monotonecasemuch lessis known; in particular, it
would bea breakthroughresult to givea polynomial time algorithm for learningarbitrary
t(n)-term DNF under the uniform distribution, from random examplesonly, for any
t(n) = ! (1):
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