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Abstract

We shaw that the classof monotone 20 B8 _term DNF formulae can be PAC
learnedin polynomial time under the uniform distribution from random examples
only. This is an exponertial improvemert over the best previous polynomial-time
algorithms in this model, which could learn monotone o(log? n)-term DNF. We also
show that various classef small constart-depth circuits which compute monotone
functions are PAC learnablein polynomial time under the uniform distribution. All
of our results extend to learning under any constart-b ounded product distribution.
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1 Intro duction

A disjunctive normal form formula, or DNF, is a disjunction of conjunctions of Boolean
literals. The sizeof a DNF is the number of conjunctions (also known asterms) which it
cortains. In a seminal 1984 paper [25] Valiant introducedthe distribution-free model of
Probably Approximately Correct (PAC) learning from random examplesand posedthe
guestion of whether polynomial-sizeDNF are PAC learnablein polynomial time. Over
the past twenty yearsthe DNF learning problem has beenwidely viewed as one of the
most important { and challenging { open questionsin computational learning theory.
This paper substartially improvesthe best previousresults for a well-studied restricted
version of the DNF learning problem.

1.1 Previous Work

The lack of progresson Valiant's original question{ are polynomial-sizeDNF learnable
from random examplesdrawn from an arbitrary distribution in polynomial time? { has
led many researbersto study restricted versionsof the DNF learning problem. The open
guestionwhich motivates our work is whether polynomial-sizemonotoneDNF formulas
are learnablein polynomial time under the uniform distribution on f0; 1g": This is an
intriguing question since, as descriked below, e cient algorithms are known for se\eral
related problems.

It is known that if menbership queriesare allowed, then Angluin's exact learning
algorithm [2] for monotoneDNF yieldsan e cien t algorithm for PAC learning polynomial
sizemonotoneDNF underany probability distribution. On the other hand, if menbership
gueriesare not allowed then a simple reduction showns that PAC learning monotoneDNF
under any distribution is as hard as PAC learning arbitrary DNF [17]. This equivalence
is not presened for distribution-speci c learning, though, and thus it is possiblethat
monotone DNF are e cien tly learnable under the uniform distribution while general
DNF are not.

Verbeurgt [26] gave an algorithm which can learn polynomial-size DNF (including
monotone DNF) under the uniform distribution in time n'°e". In the model of weak
learning, Kearns et al. [18] shaved that the class of all monotone Boolean functions
(including monotone polynomial-size DNF) can be weakly learned under the uniform
distribution in polynomial time. Howewer, since weak and strong learnability are not
necessarilyequivalert under speci ¢ distributions, this latter result doesnot imply that
monotoneDNF are e cien tly learnableunder the uniform distribution.

A natural approad which seeral researbershave pursuedis to try to learn monotone
DNF with a limited number of terms under the uniform distribution. It haslong been
known [25] that DNF formulas with a constart number of terms can be PAC learnedin
polynomial time under arbitrary distributions. More recerly Salkai and Maruoka [24]
gave a polynomial-time algorithm for learning monotone O(logn)-term DNF under the
uniform distribution. In [8] Bshouty gave a polynomial-time uniform-distribution algo-
rithm for learning a classwhich includes monotone O(log n)-term DNF. Later Bshouty
and Tamon [10] gave a polynomial-time algorithm for learning (under any constart-
bounded product distribution) a classwhich includes monotone O(log? n=(log logn)?3)-



term DNF.

1.2 Our Results

We give an algorithm for learning monotone DNF under the uniform distribution. If
the desiredaccuracylevel is any constart independent of n (the number of variables),
then the algorithm learns2°¢ °9M_term monotoneDNF over n variablesin poly(n) time.
The algorithm thus doesnot quite meet the usual de nition of strong learning (which
requiresthat any = 1=poly(n) beadievablein poly(n) time), but meetsa much stronger
condition than that of weaklearning (which only requiresaccuracyl=2 1=poly(n)). We
note that the algorithm of [10] for learning monotone DNF with O((log n)?=(loglogn)?)
terms alsorequiresthat be constart in order to achieve poly(n) runtime. Ours is the
rst polynomial time algorithm which usesonly random examplesand successfulljearns
monotoneDNF with more than a polylogarithmic number of terms to high accuracy We
also shov that essetially the samealgorithm learns various classesof small constart-
depth circuits which compute monotonefunctions. All of our results extend to learning
under any constart-b ounded product distribution.

Our algorithm combines ideasfrom Linial et al.'s in uential paper [21] on learning
AC? functions usingthe Fourier transform and Bshouty and Tamon'spaper [10]on learn-
ing monotonefunctions using the Fourier transform. By analyzingthe Fourier transform
of ACP? functions, Linial et al. shaved that almost all of the Fourier \p ower spectrum"
of any AC? function is cortained in \low" Fourier coe cients, i.e. coe cients which
correspnd to small subsetsof variables. Their learning algorithm estimatesead low
Fourier coe cient by sampling and constructs an approximation to f using these esti-
mated Fourier coe cients. If c is the sizebound for low Fourier coe cien ts, then since
there are 2 Fourier coe cien ts correspnding to subsetsof ¢ variables the algorithm
requiresroughly n¢ time steps. Linial et al. showved that for ACP circuits c is essetially
poly(log n); this result was later sharpenedfor DNF formulae by Mansour [22].

Our algorithm extendsthis approad in the following way: Let C  AC° be a class
of Boolean functions which we would like to learn. Supposethat C has the following
properties:

1. For ewery f 2 C thereis a setS; of \imp ortant” variables suc that almost all
of the power spectrum of f is cortained in Fourier coe cien ts correspnding to
subsetsof S; :

2. Thereis an e cient algorithm which iderti es the setS; from random examples.
(Sud an algorithm, which we give in Section 3.1, is implicit in [10] and requires
only that f be monotone.)

We can learn an unknown function f from sud a classC by rst identifying the set
St ; then estimating the low Fourier coe cien ts which correspnd to small subsetsof S
and using these estimatesto construct an approximation to f: To seewhy this works,
note that sincef isin AC? almost all of the power spectrum of f is in the low Fourier
coe cien ts; moreover, property (1) implies that almost all of the power spectrum of f
is in the Fourier coe cien ts which correspnd to subsetsof S;: Consequetly it must be
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the casethat almost all of the power spectrum of f is in low Fourier coe cien ts which
correspnd to subsetsof S;: Thusin our setting we needonly estimate the ’Sg’ Fourier
coe cien ts which correspnd to \small" subsetsof variablesin S¢: If jS;j  n then this
is much more e cient than estimating all ’; low Fourier coe cien ts.

In Section2 we formally de ne the learningmodel and give somenecessaryacts about
Fourier analysisover the Booleancube. In Section3 we give our learning algorithm for
the uniform distribution, andin Section4 we descrite how the algorithm canbe modi ed
to work under any constart-b oundedproduct distribution.

2 Preliminaries

of AND/OR/NOT gateswhere AND and OR gates have unbounded fanin and nega-
tions occur only on inputs unlessotherwise indicated. We view Boolean functions on
n variables as real valued functions which map f0;1g" to f 1;1g: A Boolean function
f:f0;1g" ! f 1;1gis monotoneif changingthe value of an input bit from 0 to 1 newer
causeghe value of f to changefrom 1to 1

If D is adistribution andf is a Booleanfunction onf0; 1g"; then asin [10, 13]we sa&
that the in uence of x; on f with respct to D is the probability that f (X) diers from
f (Y); wherey is X with the i-th bit ipp edand X is drawn from D: For easeof notation let
fi.0 denotethe function obtainedfrom f by xing x; to O andlet f;.; be de ned similarly.

We thus have 1

lo:i(f) = Prifio(X) € fi1(X)] = SEplifis  Tioll:
For monotonef this can be further simpli ed to

104(1) = 3Eolfin fiol= 3 (Eoltia]  Eolfiol): @

We frequerlly useCherno boundson sumsof independen random variables[12]:

E[xi] = p;jxij 6 B; andlet sy, = x; + + Xm: Then

2 h i
m > %Ing implies that Pr Sﬁm p> 6

2.1 The Learning Mo del

Our learning model is a distribution-speci ¢ versionof Valiant's Probably Approximately
Correct (PAC) model [25] which hasbeenstudied by many researbers, e.g. [4, 6, 9, 10,
11, 13,15 19 20, 21, 22 26]. Let C be a classof Booleanfunctions over f 0; 19"; let D
be a probability distribution over f0; 1g"; and let f 2 C be an unknown target function.
A learning algorithm A for C takes as input an accuracy parameter0 < < 1 and
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a con dence parameter0 < < 1: During its execution the algorithm has accessto
an exampleoracle EX (f ; D) which, when queried, generatesa random labeled example
hx; f (X)i whereX is drawn accordingto D: The learning algorithm outputs a hypothesis
h which is a Boolean function over f 0; 1g"; the error of this hypothesisis de ned to be
error(h;f) = Prp[h(X) 6 f (X)]: We sa& that A learns C under D if for every f 2 C and
0< ; < 1; with probability at least1 algorithm A outputs a hypothesish which
haserror(h;f) 6 :

2.2 The Discrete Fourier Transform

Let U denotethe uniform distribution over f0; 1g": The set of all real valued functions
onf0; 1g" may be viewed asa 2"-dimensionalvector spacewith inner product de ned as

X
higi=2" f (x)9(x) = Eu[f g]

x2f 0;1g"

and norm de ned askf k = P I ;fi: Givenany subsetA [n]; the Fourier basisfunction

A f01g" ! f 1;1gisdened by A(X) = ( 1)A'*J; where X is the subsetof [n]
dened by i 2 X i x; = 1 It is well known that the 2" basisfunctions , form an
orthonormal basis for the vector spaceof real valued functions on f0; 1g"; we refer to
this bagisasthe hasis In particular, any function f can be uniquely expressedas
f(X)= 4 f(A) A(X); wherethe valuesf(A) are known asthe Fourier coe cien ts of f
with respectto the basis. Sincethe functions , form an orthgnormal basis,the value
of f(A) is Hf; ai; also,by linearity we have that f (X) + g(X) = A(f'\(A) + 0(A) A(X):
Another easyconsequencef orthonormality is Parsewal's idertit y

X
Eulf 4 = kf k? = f(A)?:
A [n]

If f is a Booleanfunction then this value is exactly 1. Finally, for any Booleanfunction
f and real-valued function g we have [10, 21]

PI[f & sign@] 6 Eul(f  0)7] (2)

wheresign(z) takesvalue 1 if z > 0 and takesvalue 1if z< O:

3 Learning under Uniform Distributions

3.1 Identifying Relevant Variables

The following lemma, which is implicit in [10], givesan e cien t algorithm for idertifying
the important variablesof a monotone Boolean function. We refer to this algorithm as
FindVariables .



Lemma 2 Letf : f0;1g" ! f 1;1g be a monotone Boolean function. There is an
algorithm which has aacessto EX (f; U); runs in poly(n; 1=;logl=) time stepsfor all
;> 0; and with prolability at least 1 outputsa setS;  [n] suchthat

X X
i 2 S implies f(A)?> =2 and i2S implies f(A)?6 :

Aii2A Aii2A

Pro of: Kahn et al. ([16] Section3) have shavn that

X
lui(f) = (A)%: (3)

Ati2A

To prove the lemma it thus suces to shav that 1y.;(f) can be estimated to within
accuracy =4 with high probability. By Equation (1) from Section2 this can be doneby
estimating Ey[fi.1] and Eyl[fi.o]: Two applications of Cherno bounds nish the proof:
the rst is to verify that with high probability a large sample drawn from EX (f ; U)
cortains many labeled exampleswhich have x; = 1 and many which have x; = 0; and
the secondis to verify that a collection of many labeled exampleswith x; = b with high
probability yields an accurate estimate of Ey[f i ]: [ |

3.2 The Learning Algorithm

Our learning algorithm, which we call LearnMonotong is given below:
UseFindVariables to identify a setS; of important variables.

Draw m labeled examplesix?; f (gl)i;:::;mm;f (xM)i from EX (f;U): For ewery
A S with jAj6 cset o= = 1 f(X') a(X'): For every A suc that jAj > ¢
OrA6 S set o =0:

P
Output the hypothesissign(@(x)); whereg(X) = 5 A a(X):

The algorithm thus estimatesf'(A) for A S;;jAj 6 ¢ by sampling and constructs a
hypothesisusing theseapproximate Fourier coe cien ts. The valuesof m and ¢ and the
parametersettingsfor and in FindVariables are specied below.

[
3.3 Learning Monotone 2°C '°9n)_term DNF

Let f : f0;1g" ! f 1;1g be a monotone t-term DNF. The proof that algorithm
LearnMonotonelearnsf usesa DNF called f; to shov that FindVariables iderti es
a small set of variables S; and usesanother DNF called f, to show that f can be ap-
proximated by approximating Fourier coe cien ts which correspnd to small subsetsof
S

Let f, be the DNF which is obtained from f by removing every term which contains
more than log 32" variables. (This term sizebound is chosenso that we will ultimately
end up with an =4 on the right side of inequality (7) below.) Sincethere are at most
t sud terms ead of which is satis ed by a random examplewith probability lessthan
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=32n; we have Pry[f (X) 6 fi(X)] < 55 (this type of argumen was rst used by
Verbeurgt [26]). Let R [n] be the set of variableswhich f; dependson; it is clearthat
jRj 6 tlog32™: Moreover, sincely;(f;) = 0 for i 2 R; equation (3) from Section 3.1
implies that f1(A) = 0 for A 6 R:

Sincef and f, are Boolean functions, f  f, is either 0 or 2, so Ey[(f f1)?] =
4Pry[f 6 f1] < =8n: By Parsewal's identity we have

X
Eul(f  1)7] (F(A)  fi(A))?

X X
(A fuA)Z+  (F(A) Ti(A)?

A R A6 R

= (f(A)  fiA)2+  (f(A)?
A R A6 R

< =8n:

P
Thus  ,erT(A)? < & and consequetly we have
X
i 2R implies f(A)? < o (4)
Ali2A n

We set the parametersof FindVariables sothat with high probability

X
i2S  implies f(A)? > =8n (5)
J2A
i 2S  implies f(A)? 6 =4n: (6)
Aii2A
Inequalities(4) and (5) imply that S;  R; s0jS¢j 6 tlog322: Furthermore, sinceA 6 S
impliesi 2 A for somei Z S ; inequality (6) implies

f(A)2 6 =4 7)

A6 S
The following lemmais due to Mansour ([22] Lemma 3.2):

Lemma 3 (Mansour) Letf bea DNF with terms of sizeat mostd: Thenfor all > 0

f(A)? 6 =2

jAj>20dlog(2=)

Oneapproad at this point isto useMansour'slemmato appraximate f by appraximating
the Fourier coe cien ts of all subsetsof S; which are smaller than 20dlog(2=); where
d = log32" is the maximum sizeof any term in f;: Howe\er, this approad doesnot give
a good overall running time becaused is too large. Instead we consideranother DNF
with smaller terms than f; which also closely approximates f: By using this stronger
bound on term sizein Mansour'slemmawe get a better nal result.
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More precisely let f, be the DNF obtained from f by removing every term which
cortains at leastlog 32 variables. Let ¢ = 20log 32 log 8: Mansour'slemmaimplies that

X
f2(A)* 6 =8 (8)

jAj>c
Moreover, we have Pry[f 6 f,] 6 =32 and hence

X
aprlf 6 f]= Eol(f )%= (f(A) f2(A)?6 =8 9)
A

Let A andg(X) be asde ned in LearnMonotone Using inequality (2) from Section2.2,
we have

X
Prisign(g) 6 116 Eul(g )= (a fAN’=X+Y+2Z;
A

where
X

X = (a AN
jQGC;AGSf

Y = (a fA)Z
jAj>c

z = (a f(A)Z
jAj6 C;A St

To bound X ; we obsenethat 5 = Ofor A6 S ; soby (7) we have

X X
X = f(A)? 6 f(A)? 6 =4

jAj6 C;AB St A6 St

To bound Y; we note that , = 0 for jAj > c and henceY = f(A)2 Since

f(A)26 2(f(A) f2(A)2+ 2f5(A)2, we have

jAj>c

X X
Y 6 2 (f(A) fyA)2+2  yA)?
JAj>c jAj>c
6 2 (f(A) fiA)2+ =4
A
6 =2

by inequalities (8) and (9) re§pectively.

It remainsto boundZ = ,\i50a 5 ( A f(A))2: Asin Linial etal. [21]this sumcan
be madelessthan =4 by taking m su ciently large so tBat with high probability ead
estimate A diers from the true value f'(A) by at most. =(4jS;|°): A straightforward
Cherno bound argumen shaws that taking m = poly(jS¢j€; 1=; log(1= )) su ces.

Thus,wehave X + Y + Z 6 : Recallingour boundson jS¢j and c; we have proved:
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Theorem 4 Underthe uniform distribution, for any ; > 0; the algorithm LearnMPnotone
can ke usel to learn t-term monotoneDNF in time polynomial in n; (t log )'°9 “log * and

log(1=):
Takingt = 20 g we obtain the following corollary:

. P
Corollary 5 For any constant algorithm LearnMonotonelearns 2°¢ °9M -term mono-
tone DNF in poly(n;log(1=)) time under the uniform distribution.

As noted earlier, Bshouty and Tamon's algorithm [10] for learning monotone DNF
with O((log n)?>=(loglogn)?) terms also requiresthat be constan in order to achieve
poly(n) runtime.

3.4 Learning Small Constan t-Depth Monotone Circuits
3.4.1 Circuits with Few Relevant Variables

Let C bethe classof depth d; sizeM circuits which computemonotonefunctionsonr out
of n variables. An analysissimilar to that of the last section(but simpler sincewe do not
needto introduce auxiliary functions f; and f,) shows that algorithm LearnMonotone
can be usedto learn C in time polynomial in n; r®M=)% and log(1=): As in the
last sectionthe FindVariables procedureis usedto identify the \imp ortant” relevant
variables, of which there are now at most r: Instead of using Mansour's lemma, we use
the main lemma of Linial et al. [21] to bound the total weight of high-order Fourier
coe cien ts for constari-depth circuits:

Lemma 6 (Linial et al.) Letf be a Boolean function computel by a circuit of depthd
and sizeM and let ¢ be any integer. Then

f(A)2 6 2M2 ©7=20;

jAj>c

More precisely x f 2 C andlet R [n];jRj 6 r be the variableswhich f depends
on. Clearly i 2 R impliesthat 1y.(f) = 0: We may run FindVariables with parameter
settings sud that

X

i 2 S implies f(A)? > =8n
N2A

i 2 S implies f(A)2 6 =4n:

Aii2A

Consequetly we havethat S R s0jS;j 6 r:
The proof that LearnMonotonelearns C is similar to the proof of Section 3.3 but
simpler. From the secondequation above we get that

f(A)2 6 =4

A6 S¢



which is an analogueto equation (7). As beforewe get that
Pr[sign(@) 6 f]16 X + Y + Z
with
X= O (a fA)E Y= (a4 fa)E Z= (s fAYZ

jAj6 C;AB St jAj>c jAj6 C;A St

The bound X 6 =4 follows from the analogueto (7). The bound Y = P iAj>c f(A)2 6
=2 follows from the lemmaoof Linial et al. with a suitable choiceof c asdescriled below.
The boundZ 6 =4 follows by samplingto estimateead Fourier coe cien t to high accu-
racy with high cop dence. More precisely there are at mostr ¢ coe cien ts sowe estimate
eat to accuracy =4rc¢to obtain Z 6 =4: Thustaking m to be poly(r¢=;log(1=)) is
sucient.

Soall in all, the running time of the algorithm is poly(n; 1=;r¢ log(1=)) and the
algorithm succeedsn learning provided that 2M 2 =206 =2 je. provided that ¢ >
(20log(4M = ))9: Choosingc appropriately, we have the following theorem:

Theorem 7 Fix d > 1 and let Cqy. be the classof depthd, size M circuits which
compute monotone functions on r out of n variables. Under the uniform distribution,
for any ; > 0; algorithm LearnMonotonelearns classCgy.y . in time polynomial in n;

rleaM=)" and log(1= ):

3.4.2 Learning Small Constan t-Depth Monotone Circuits

In this sectionwe strengthen Theorem 7 by removing the restriction that the circuits
beinglearnedhave only r relevant variables. The key ideawhich enablesthis is that any
AND (respectively OR) gate with many literals asinputs will almost always take value
0 (respectively 1), soignoring all sud gateswill not incur much error.

Speci cally, let F be a Boolean circuit of depth d and size M which computesa
monotone function. By De Morgan's laws, without loss of generality we may suppose
that F cortains only AND and NOT gates. (Recall that monotone functions can be
computed by circuits which cortain NOT gates; here we are allowing NOT gatesto be
located anywherein the circuit, not just at the inputs.) Let F°be the circuit obtained
from F by replacing each AND gate which has more than ~ distinct literals amongits
inputs with the constart 0 (the value of * will be specied later). For any suc&x AND
gate, this changesits output (for a uniformly random setting of the input variables)
with probability at most 2 ; sowe have that Pr[F(x) 6 F{x)] 6 M2 ~ for uniform
random x: Consequetly, given a sampleof t labeled examplesof F; we have that F%is
consistem with the samplewith probability at least1 tM 2 : Since F° has at most
r M’ relevant variables, by Theorem 7 we have that if LearnMonotoneis run on a
uniform sampleof t =p oly(n; (M *)®sM=)":|0g1= ) exampleslabeled accordingto F°
then with probability at least 1 =2 the hypothesish which it outputs will satisfy
Pr[h(x) 6 F{x)] 6 =2

Thus, the necessaryconditionson ~ are as follows:
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"> log(2M=): this ensuresthat Pr[F(x) 6 F{x)] 6 =2, soan =2-appraimator
h for FOwill be an -approximator for F asdesired.

"> 1+ log(2Mt=): this ensuresthat the sampleusedfor learning is consister
with FOwith probability at leastl =2

t =poly(n; (M )sM=)10g1=): this ensuresthat LearnMonotone has enough
examplesto learn successfully

Taking * = O((log(M n= ))%1) satis es all of these conditions. We thus have the
following theorem:

Theorem 8 Fixd> l1landlet Cy\y betheclassof depthd, sizeM circuits whichcompute
monotonefunctions on n variables. Under the uniform distribution, for any ; > 0; algo-
rithm LearnMonotonelearns classCq.y in time polynomialin (M (log(M n=))@+1)teg(M=))¢
and n:

One interesting corollary is the following:

Corollary 9 Fix d > 1 and let Cq4 be the classof depthd; size 2°((0a M) circyits
which computemonotonefunctions. Then for any constant ; algorithm LearnMonotone
learns classCyq in poly(n) time.

While this classCy is rather limited from the perspective of Boolean circuit com-
plexity, from a learning theory perspective it is fairly rich. We note that Cq4 strictly
includesthe classof depth d; size 2°0(g M*“) monotone circuits (i.e. circuits of the
stated sizeand depth which cortain only AND and OR gates). This follows from results
of Okol'nishnikova [23] and Ajtai and Gurevidh [1] (seealso[7] Section3.6) which showv
that there are monotonefunctions which can be computed by ACP? circuits but are not
computableby ACP? circuits which have no negations.

4 Pro duct Distributions

A product distribution over f0; 19" is characterizedby parameters i;:::; , where ; =
Pr[xi = 1]: Sud a distributionQD assignévaluesindependenly to ead variable, so for
a2 f0;1g" we have D(a) = a1 | a=o(l i) : The uniform distribution is a
product distributionpwith eathh ; = 1=2: The standard deviation of x; under a product
distribution is | = i(1 i): A product distribution D is constant-bundel if thereis
someconstart ¢ 2 (0; 1) independent of n sudhthat ;2 [c;1 c]foralli= 1;:::;n: We
let denotemax-;...n(1= ;;1=(1 ;)): Throughout the rest of this paper D denotesa
product distribution.

Given a product distribution D we de ne a new inner product over the vector space

of real valued functions on f 0; 1g" as

X
b gip = D(X)f (x)9(x) = Ep[f g]

x2f 0;1g"
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and a correspnding norm kf kp = P H;fip: Wereferto this norm asthe D-nosm. For
i=1::;nlet zy = (X i)=i: GivenA [n];let A bedenedas A(X)= ",,,z:
As noted by Bahadur [5] and Furst et al. [11],the 2" functions , form an orthonormal
basisfor the vector spaceof real valued functions on f 0; 1g" with respectto the D-norm,
i.,e. h o; gipislif A= B andis 0 otherwise. We referto this basisasthe hasis The
following fact is useful:

Fact 10 (Bahadur; Furst et. al) The hasisis the basiswhich would be obtaineal by
Gram-Schmidtorthonormalization (with resgect to the D-norm) of the basis performed
in order of increasingjAj:

By the orthonormzf_mlity of the basis,any real function on f0;1g" can be uniquely ex-
pressedasf (X) = , f{A) a(X) wheref{A) = If; aip isthe Fourier coe cient of A
with respect to the basis. Note that we write f{A) for the basisFourier coe cient
and f(A) for the basisFourier coe cient. Also by orthonormality we have Parsewl's
idertity X
Eplf? = kfk3 = f{A)?

A [n]

which is 1 for Booleanf : Finally, for Booleanf and real-valued g we have ([11] Lemma
10)

Prlf & sign(@)] 6 Eo[(f  9)°] (10)

Furst et al. [11] analyzedthe basisFourier spectrum of AC° functions and gave
product distribution analoguesof Linial et al.'s results on learning AC° circuits under
the uniform distribution. In Section4.1 we sharpen and extend someresults from [11],
and in Section 5 we use these sharpened results together with techniquesfrom [11] to
obtain product distribution analoguesof our algorithms from Section 3.

4.1 Some Basis Fourier Lemmas

A random restriction ,.p is a mapping from fxs;:::;X,g9 to f0;1; g which is chosen
randomly in the following way: ead X; is mapped to  with probability p; to 1 with
probability (1 p) i; and to O with probability (1 p)(1 i): Given a restriction
»:o and a Booleanfunction f; we write f d to represem the function f ( ,.p(X)) whose
variablesare thosex; which are mappedto and whoseother x; are instantiated asO or
1 accordingto ,p: Note that once ,p hasbeenchosen,fd is a specic deterministic
function; the randomnessstemsertirely from the choiceof .p asdescribed above.
The following variant of Hastad's well known switching lemma [14] follows directly
from the argumert in Section4 of [3]:

Lemma 11 Let D be a product distribution with parameters ; and asde ned alove,
letf be a CNF formula where each clausehasat mostt literals, andlet ,.p be a random
restriction. Then with probability at least1 (4 pt)® overthe choice of ,.p wehavethat:
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1. the function f d can be expressé as a DNF formula where each term has at most
s literals;

2. the terms of sucha DNF all accept disjoint setsof inputs.
The following corollary is a product distribution analogueof ([21] Corollary 1):

Corollary 12 Let D be a product distribution with parameters ; and ; letf be a CNF
formula wheee each clausehas at most t literals, and let ,p be a random restriction.

Then with prokability at least1 (4 pt)® we havethat Bd (A) = 0 for all jAj > s:

Pro of: Linial et al. [21] show (in the proof of Corollary 1 in their paper) that if fd

satis es properties (1) and (2) of Lemma1l1lthen fld (A) = Ofor all jAj > s: Hencesud
afd isin the spacespannedby f A :jAj 6 sg: By Fact 10 and the nature of Gram-
Sdmidt orthonormalization, this is the samespacewhich is spannedby f A : JAj 6 sg;
and the corollary follows. [ |

Corollary 12 is a sharpenedversion of a similar lemma, implicit in [11], which states
that under the sameconditionswith probability at leastl (5 pt=2)° wehavefd (A) = 0
for all jAj > s?: Armed with the sharper Corollary 12, the proofs of Lemmas7, 8 and 9
from [11] now directly yield

Lemma 13 For any Boolean function f; for any integer c;

f{A)26 2 Pr[Bd (A) 6 O for somejAj > cp=2];
p;D

jAj>c

Booleanduality implies that the conclusionof Corollary 12 alsoholdsif f is a DNF
with ead term of length at mostt: Takingp= 1=8 t and s = log# in this DNF version
of Corollary 12 and ¢ = 16 tlog? in Lemma 13, we obtain the following analogueof
Mansour'slemma (Lemma 3) for the basis:

Lemma 14 Letf be a DNF with terms of sizeat mostt: Thenfor all > 0

f{A)?6 =2
jAj>16 tlog(4=)

We will alsoneedan analogueof the Linial et al. lemma (Lemma 6) for the basis.
As in Lemma 2 of [21], by successigly applying Lemma 11 and the DNF version of the
lemmato the lowest levels of a circuit and then applying Corollary 12 we obtain the
following:

Lemma 15 LetD be a product distribution with parameters ; and , letf be a Boolean
function computed by a circuit of sizeM and depthd; andlet ,p bearandomrestriction.

If
1

p: 22 (8 S)d 1

then we havethat
Pr[fd = 0 for somejAj> s]6 M2 S:

13



Pro of sketch: Our proof closely follows the proof of Lemma 2 in [21]. We view the
restriction asbeingobtainedby rst performing a random restriction in which Pr[ ] =
1=2%2 ,andthend 1 consecutie restrictions eah with Pr[ 1= 1=(8 s):

After the rst restriction, eat original bottom-level gate has fanin greater than s
with probability at most 2 °. To seethis, obsene that under the rst restriction eath
literal is setto  with probability p® = 1=2° and is setto 0 (1) with probability at
least(1 p%= :Nowsetr = s =(1 p% and considerseparatelyeat bottom-level gate
depending on how its fanin comparesto r:

1. For any gate with fanin at leastr, the probability that the gate is not eIimir(lJated
(that no literal is setto O for an AND, setto 1 for an OR) isat most(1 1-P) 6
es<2s:

2. For any gate with fanin at mostr; the probability that at leasts input literals are
assigneda is at most | p® < 2'p® = 2 5%t P)p®: This is at most 2 S provided
that 2 = P)p°6 1=2 which is easilyveri ed from the de nition of p®

Now we apply d 2 more restrictions, ead with Pr[ ] = 1=8 s): As in [2]] we use
Lemma 1l after ead restriction to convert the lower two levels of the circuit from CNF
to DNF (or vice versa), preservingby our choiceof p the property that ead clause(term)
hassizeat most s, and incurring a failure probability of at most 2 ° for ead gate.

After thesed 2 stages,what remainsis a CNF (or DNF) with clauses(terms) of
sizeat most s: We apply the last restriction with p= 1=(8 s), and Corollary 12 implies
that the failure probability at this stageis alsoat most2 °: Thus, asin [21], with overall
probability at leastl M2 S we have that 8d (A) = 0 for all jAj > s, and the lemmais
proved. [ ]

With Lemma 15 in hand we can prove the following sharper version of the main
lemmafrom [11]:

Lemma 16 Let f be a Boolean function computed by a circuit of depthd and size M
and let c be any integer. Then

FA)26 2M2 (2 @) )T ¢ gy =2t W@ ),
jAj>c
Pro of: The proof closelyfollows the proof of Lemma9 in [11]. From Lemma 13 we have
that
f{A)?6 2 Pr[Bd (A) 6 0 for somejAj > cp=2]: (12)
iAj>c i
Let p and s satisfy p = 1=2% (8 s)? * and s = cp=2: Lemma 15 now implies that
Equation (11) is at most 2M 2 °: Straightforward algebraic manipulations showv that
s= ¢c=22*(g )d? ¢ and the lemmais proved. n
The versionof LemmaZl6givenin [11]has1=(d+ 2) insteadof 1=din the exponert of c:
This newtighter bound enablesusto give strongerguararteeson our learning algorithm's
performanceunder product distributions than we could have obtained by simply using
the lemmafrom [11].

14



5 Learning under Pro duct Distributions

5.1 Identifying Relevant Variables

We have the following analogueto Lemma 2 for product distributions:

Lemma 17 Letf :f0;1g" ! f 1;1g be a monotone Boolean function. There is an
algorithm which hasaacessto EX (f; D); runs in poly(n; ;1=;logl=) time stepsfor all
;> 0; and with prolability at least 1 outputsa setS;  [n] suchthat
X X
i 2 S implies f{A)2> =2 and i2S implies f1A)? 6 :

Aii2A Aii2A

Pro of: We show that for ead i, with probability 1~ =n the value i rioa F(A)? canbe
estimatedto WithiB anadditive =4in poly(n; ;1=;logl=) time steps.By Lemma4.1of
[10]we havethat 4., T{A)? = 4 2lp,(f) for any Booleanfunction f and any product
distribution D: Now obsene that if a = bcand 06 b;c6 1 and 6 1, 26 61,
then we have

jlb+ 1)(c+ 2) @=jbcrbr+ci+ 1, @6 (b+c) + 263

Consequetly, since0 6 1p.(f) 6 1and06 4 ?6 1;in orderto estimatep niza FTA)2 =
4 21p(f) to within an additive =4 it is su cient to estimateead of Ip;(f) and 4 2 to
within an additive =12

First we considerlp.(f ): Recallingthat Ip.(f) = %(ED[f i1] Epl[fio]); it issucient
to estimate ead of theseexpectationsto within an additive =12 A standard application
of Cherno boundsshowsthat poly(1=; log ) randomexampleswith x; = 1 arerequired
to estimate Ep|[f;.;] to within =12 with con dence 1 % Since a random example
drawn from EX (f;D) has x; = 1 with probability at least 1= , another application
of Cherno bounds shaws that with probability 1 ¢ at most poly(1= ;logi) draws
from EX (f ;D) arerequiredto obtain a random examplewith x; = 1: Combining these
boundswe canestimate Ep [f;;1] to within an additive =12with condencel 4 intime
poly(n; ;1=;log?l). The sameis easilyseento hold for estimating Ep[f; ;]: Thuswe can
estimate I o (f ) to within an additive =12in time poly(n; ;1=;log?) with con dence
1
Nz?JW we shov that 2 canbee cien tly estimatedto within an additive =48. Cherno
boundsimply that by samplingwe can obtain an estimate ~ of ; which is accurateto

within an additive error of with probability 1 5 in Boly(lz ;logl=) time. We

use ead estimated value ~ to compute an estimate~ = ~(1 ~) of_. ;. Onecan
straightforwardly verify that ~ diers from the true value ; by at most P ~, and thus
~2 di ers from the true value 2 by at most : Thusit suces to take = =48 andthe
required estimate of 2 can be obtained in poly(n; 1=; log ) time. [ |

We refer to the algorithm of Lemma 17 as FindVariables2 .
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5.2 The Learning Algorithm

We would like to modify LearnMonotoneso that it usesthe basisrather than the

basis. Howewer, asin [11]the algorithm doesnot know the exactvaluesof ; soit cannot
useexactly the basis;instead it appraximates eathr ; by a samplevalue ? and uses
the resulting basis,which we call the °basis. In more detail, the algorithm is asfollows:

UseFindVariables2 to identify a setSy of important variables.

Draw ny labeled examplesh?l;f(Yl)i;:::;mm;f(ig)i from EX (f;D): C‘@mpute

P= & [Lixforl6i6nDenez’=(xi )= 1 Pand Q= ";,,2
o P . = .

Forewry A S with jAj6 cset R =+ 7 f(xX)) R(xX)):Ifj Rj> 1set R =

sign( Q): For every A such that jAj> corA6 S set =0

P
Output the hypothesissign(g(x)); whereg(x) = , 2 a(X):

We call this algorithm LearnMonotone2 As in [11] we note that setting § to 1 if
j 8j> 1canonly bring the estimatedvalue closerto the true value of f{A):

[
5.3 Learning Monotone 2°C °9"_term DNF under Pro duct Dis-
tributions

For the most part only minor changesto the analysisof Section 3.3 are required. Since

a term of sizegreaterthan d is satis ed by a random examplefrom D with probability

lessthan (—1)9: we now take log 32" = ( log™™) asthe term sizebound for f:
1

Proceedingasin Section3.3 we obtain jS;j = O( tlog™): We similarly seta term size
bound of ( log!) for f,: We usethe basisParsewl idertity and inequality (10) in
place of the basisidentity and inequality (2) respectively. Lemma 14 provides the
required analogueof Mansour'slemmafor product distributions; usingthe newterm size
bound on f, we obtain c= ( ?log!logl):

The one ney ingrediert in the analysis of LearnMonotone2comesin bounding the
quartity Z = 454 5 ( 2 fTA))% In addition to the sampling error which would
be presen ewen if © were exactly ;; we must also deal with error due to the fact
that Q is an estimate of the © basis coe cient rather than the  basis coe cient
f{A): An analysisertirely similar to that of Section5.2 of [11] shows that taking m =
poly(c;jStj% € 1=;log(1=)) suces. We thus have

Theorem 18 Underany productdistribution D; for any ; > 0; algorithm LearnMonotone?2
can be usel to learn t-term monotoneDNF in time polynomialin n; ( tlog) *lo9 tlog L.
and log(1=):

Sincea constart-b ounded product distribution D has = (1) ; we obtain

Corollary 19 For any constant gnd any constant-loundel product distribution D; al-
gorithm LearnMonotone2learns 2°C °9M_term monotoneDNF in poly(n; log(1=)) time.
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5.4 Learning Small Constan t-Depth Monotone Circuits under
Pro duct Distributions

Let f be a monotone function computed by a size M, depth d Boolean circuit with r
relevant variables An analysis similar to that of Section 3.4.1 but using Lemma 16 in
place of Lemma 6 shows that it is su cient for usto take c> 22 *1(8 log(4M=))%: We
obtain

Theorem 20 Fix d > 1 and let C4.» . be the classof depthd, size M circuits which
computemonotonefunctionson r out of n variables. Under any constant-lunded product
distribution D; for any ; > O; algorithm LearnMonotone2learns classCgy.yr in time
polynomial in n; (M (log(M n=))@*1)(0sM=)? and jog1=:

The argumen from Section 3.4.2 can be used here as well to shav that we do not
needto put an a priori upper bound on the number of relevant variables. We obtain:

Theorem 21 Fix d> 1 andlet C4.\ be the classof depthd, sizeM circuits which com-
pute monotonefunctions on n variables. Under any constant-lbunded product distribution
D; for any ; > 0; algorithm LearnMonotone2learns classCq.y in time polynomial in

n and (M (log(M n=))d+1)dog(M=)?

Corollary 22 Fix d > 1 and let Cq4 be the classof depthd; size 20(og M=) circuits
which computemonotonefunctions. Then for any constant ; and any constant-lundel
product distribution D; algorithm LearnMonotone2learns classCq in poly(n) time.

Thus all of our uniform distribution learning results generalizeto learning under any
constart-b ounded product distribution.

6 Open Questions

There are se\eral natural questionsfor further work. Can the 2p'°‘91—n term bound of
our algorithm be improved to 20©™*  for any > 0? Can an algorithm be obtained
which runs in polynomial time for = o(1) or even for = 1=poly(n)? Thesewould
be interesting steps toward the more ambitious goal of deweloping a polynomial time
algorithm for learning poly(n)-term monotoneDNF under the uniform distribution.

We closeby noting that in the non-monotonecasemuch lessis known; in particular, it
would be a breakthroughresult to give a polynomial time algorithm for learningarbitrary
t(n)-term DNF under the uniform distribution, from random examplesonly, for any

t(n) = ! (1):
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