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Abstract

In this papermwe analyzethe PAC learningabilities
of several simpleiterative algorithmsfor learning
linearthresholdfunctions,obtainingboth positive
and negative results. We show that Littlestones
Winnow algorithmis notanefficient PAC learning
algorithmfor the classof positive linearthreshold
functions.We alsoprove thatthe Perceptroralgo-
rithm cannotefficiently learntheunrestrictectlass
of linear thresholdfunctionseven underthe uni-

form distribution on booleanexamples.However,

we shav that the Perceptroralgorithm can effi-

ciently PAC learnthe classof nestedfunctions(a
conceptlassknown to be hardfor Perceptrorun-

der arbitrarydistributions) underthe uniform dis-
tribution on booleanexamples. Finally, we give
avery simplePerceptron-lik algorithmfor learn-
ing origin-centerechalfspacesinderthe uniform
distribution on the unit spherein R™. Unlike the
Perceptronalgorithm, which cannotlearnin the
presencef classificatiomoise,thenew algorithm
canlearnin the presenceof monotonicnoise (a
generalizatiornof classificationnoise). The new

algorithmis significantly fasterthan previous al-

gorithmsin boththe classificatiorand monotonic
noisesettings.

1 INTRODUCTION

Learninganunknonnlinearthresholdunctionfrom labelled
examplesis one of the oldestand mostthoroughlystudied
problemsin machinelearning. Many differentversionsof
andalgorithmsfor this problemhave beenproposedandan-
alyzedin the four decadessincethe Perceptromalgorithm
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[37] wasintroduced.Eventoday learningproblemsinvolv-
ing linearthresholdunctionscontinueto bethesubjecbof in-
tensie researchn boththe appliedandtheoreticaimachine
learningcommunities.

TheclassicaPerceptroralgorithm[37] andLittlestones
Winnow algorithm([25, 26] aretwo algorithmsfor learning
linear thresholdfunctionswhich have beenstudiedexten-
sively in theon-linemistale-boundmodel[6, 15, 24, 27, 30,
32, 427). In this modelthe learningalgorithm sequentially
makespredictionson examplesasthey arereceved,usinga
hypothesiswvhich it canupdateafter eachexample,andthe
performanceof an algorithmis measuredy the worst-case
numberof mistalesit makeson ary examplesequenceDe-
spitewidespreadnterestin the PerceptrorandWinnow al-
gorithms,relatively little is known abouttheir performance
in Valiant's commonlyusedProbablyApproximately Cor
rect,or PAC, modelof conceptiearning[41]. In this paper
we establishpositive andnegative resultson the PAC learn-
ing abilitiesof Winnow, Perceptronandarelatedalgorithm,
thushelpingto clarify their statusn the PAC model.

In Valiant's modelthereis a fixed distribution D from
which labelledexamplesare drawn; the goal of the learner
is to find a hypothesisvhich closelyapproximateshetarget
function underdistribution D. It haslong beenknown that
if the spaceof possibleexamplesis the n-dimensionalunit
sphereS™~!, thenthe Perceptroralgorithmis not an effi-
cientPAC learningalgorithmfor theclassof linearthreshold
functionsbecausef “hard” distributionswhich concentrate
their weight on exampleslying closeto the separatinghy-
perplane.Baum[7] hasshown thatif D is restrictedto be
the uniform distribution on S™~1, though,then Perceptron
is an efficient PAC learningalgorithmfor the classof linear
thresholdfunctions. Schmitt[38] hasrecentlyshavn that
Perceptroris notanefficient PAC learningalgorithmfor the
classof boolearthresholdunctions.His proof workshby ex-
hibiting a nestedbooleanfunction anda distribution which
is concentratedn “hard” exampledor thatfunction. No re-
sultsanalogouso thesehave appearedior the Winnow algo-
rithm; asSchmitthasnoted,it wasnot known “whetherLit-
tlestones rulescanPAC identify in polynomialtime” [38].

(We notethatvariousgenerictechniquesxist[1, 19, 25]
for convertingfrom mistale-boundalgorithmsto algorithms
which satisfy PAC criteria. In eachof thesecorversions
therunningtime in the PAC modeldependsn the mistale
boundof the original algorithm. However, sincethe best
mistale boundsknown for the PerceptromndWinnow algo-



rithmson nestedunctions(or generalinearthresholdfunc-
tions) are exponentiallylarge [18] [25], thesegenerictech-
niguesonly provide anexponentialupperboundon therun-
ning time of PerceptrorandWinnow in the PAC model,and
cannotbeusedto sayarything aboutwhetheror not Percep-
tron and Winnow are efficient PAC learningalgorithmsfor
theseconceptclasses.)

This bringsusto the contrikutionsof the presentpaper
In Section3 we answerSchmitts questionby proving that
the Winnow algorithmis not an efficient PAC learningal-
gorithmfor the classof positive linear thresholdfunctions.
To the bestof our knowledgethis is the first negative result
for Winnow in the PAC model. In Section4, we strengthen
Schmitts negative resultfor Perceptrorby giving a simple
proof thatthe Perceptroris not an efficient PAC algorithm
for the classof linearthresholdfunctionsunderthe uniform
distribution on booleanexamples.This providesaninterest-
ing contrastto Baum’ positive uniform-distritution result
for theunit sphereln Section5 we shawv thatunderthe uni-
form distribution on booleanexamplesthe Perceptroralgo-
rithm is an efficient PAC algorithmfor the classof nested
booleanfunctions. This suggestshat Schmitt’s negative re-
sult for Perceptroron nestedfunctionsdependson choos-
ing anadwersarialdistribution. Finally, in Section6 we ana-
lyze anextremelysimplealgorithmfor PAC learningorigin-
centerechalfspaceglinear thresholdfunctionswith thresh-
old 0) undertheuniformdistributionon S™~1. We shaw that
thenew algorithmis highly noise-toleranandis significantly
fasterthanseveralpreviousalgorithmswhich have beencon-
sideredfor this problem.

2 PRELIMIN ARIES

A conceptclassC onanexamplespaceX is a collectionof

booleanfunctionson X. ThesetsC and X arestriated,i.e.

C =U,>1C, andX = U,>1 X,,; throughouthis paperX,,

will be eitherthe booleancube{0, 1} or the unit n-sphere
Sm—1. A boolearfunction f : X,, - {—1,1} is athreshold
functionif thereis aweightvectorw € R™ andathreshold
0 € Rsuchthat f(z) = 1iff w-z > 6. Suchapair(w, ) is

saidto representf. See[14], [33] for anextensve treatment
of boolearnthresholdunctions.

2.1 PERCEPTRON

Throughouits executionthe Perceptromlgorithmmaintains
aweightvectorw andathresholdd asits currenthypothe-
sis. Thealgorithmproceedsn a seriesof stepsjn eachstep
it recevesan examplez, usesits hypothesigo make a pre-
diction on z, and adjustsits hypothesisf the predictionis
incorrect. Initially the algorithm startswith weight vector
w = (0,...,0) andthresholdd = 0. Uponreceving anex-
amplez, the algorithm predictsaccordingto the threshold
functionw - z > 6. If thepredictionis incorrectthe hypoth-
esisis updatedaccordingto the following rule:

e Onafalsepositive prediction,setw « w — z andset
0+ 06+1.

e Onafalsenegative prediction,setw + w + = andset
0+ 06—1.

No changeis madeif the hypothesiswas correcton z. If
eachexamplez belongsto {0,1}", theneachw; andé will
alwaysbeintegers;this factwill prove usefullater

2.2 WINNOW

The Winnow algorithmtakesasinput aninitial vectorw! €

R™, apromotionfactora € R, andathreshold? € R. The
algorithmrequiresthatw! is positive (i.e., eachcoordinate
of w! is positive), thata > 1, andthatd > 0. Like the
Perceptroralgorithm,Winnow proceedsn a seriesof trials
andpredictsin eachtrial accordingo thethresholdfunction
w - x > 6. If the predictionis correct,then no updateis

performedptherwisgheweightsareupdatedasfollows:

¢ Onafalsepositivepredictionfor all i setw; + a~%iw;;
¢ Onafalsenegative predictionfor all i setw; + o™ w;.

It shouldbenotedthatin thisform, Winnow is only capa-
ble of expressingoositive thresholdfunctionsasits hypothe-
ses. This limitation can be easily overcome,however, by
usingvarioussimpletransformation®n theinput (see[25],
[26]).

2.3 PAC LEARNING USING ON-LINE LEARNING
ALGORITHMS

In Valiant’s PAC learningmodel[41], thelearningalgorithm
hasaccesgo an exampleoracle EX (¢, D) which, in one
time step,providesa labelledexample(z, ¢(z)) wherez is
drawn from thedistribution D onthe examplespaceX. The
functionc € C is calledthe target concept the goal of the
learningalgorithmis to constructa hypothesig which, with
high probability, haslow error with respectto ¢. We thus
have thefollowing:

Definition 1 Wesaythatanon-linelearningalgorithm(sud
asWnnowor Perception)is an efficient PAC learningalgo-
rithm for conceptclassC over {0,1}" if there is a polyno-
mial p(-, -, -) sud thatthe following conditionshold for any
n > 1, anydistribution D over {0,1}", anyc € C,, and
any0<e d <1:

e Givenany examplez € {0,1}", algorithm A always
evaluatesits hypothesion z and (onceprovidedwith
¢(x)) updatests hypothesisn poly(n) time;

o if algorithm A is run on a sequencef exampleggener
atedby successiveallsto EX (¢, D), thenwith proba-
bility atleastl — ¢ algorithm A will genematea hypoth-
esish sut thatPr,cp[h(z) # ¢(z)] < € afterat most
p(n, L, 3) callsto EX (c, D).

An algorithmA is anefficient PAC learningalgorithmunder
distribution D if it satisfiesthe above definition for a fixed
distribution D.

2.4 NESTED FUNCTIONS

Severalof theresultsin this paperinvolve nestedunctions.
Thisclasswasintroducedy Anthory, BrightwellandShave-
Taylorin [4].

Definition 2 Theclassof nestedfunctionsoverzy, ..., z,,
denotedNV F,, is definedasfollows:



1. for n = 1, thefunctionsz; andz; are nested.

2. forn > 1, f(x1,...,2,) isnestedf f = g x 1, whee
g is anestedunctiononzy,...,z, 1, * iseitherv or
A, andl, is eitherz,, or T,,.

It is easyto verify thatthe classof nestedfunctionsis
equivalentto theclassof 1-decisionlists of lengthn in which
the variablesappearin the reverseorder z,,,...,z;. The
following lemmaestablishes canonicalrepresentatiorof
nestedunctionsasthresholdunctions:

Lemmal Any f € NF, canberepresentedy a boolean
thresholdfunction

w11 + -+ Wy > Gy,

with 6, = k + 1 for someinteger k,w; = +2!, and

DwicoWi < On < 350 Wi

Proof: The proofis by inductiononn. Forn = 1 theap-
propriatethresholdfunctionis z; > 3 or —z; > —1. For
n > 1, f mustbeof theform g x1,,, whereg isanestedunc-
tiononzy,...,x, 1. By theinductionhypothesisg canbe
expresse@sathresholdunctionw; zq +- - - +wp_1T,—1 >
0,—1, With w1, ..., w,_1,8,_1 satisfyingthe conditionsof
thelemma.Therearefour possibilities:

1. f=gAz, thenfis
WiT1 . A Wp1Tp1+2" 2y > Oy = Oy +27 L
2. f=gNT, thenfis
WL + oo+ Wye1Tpe1 — 2" Y2 > 0, = 01

3. f=gVay, thenfis

WiTy + ...+ Wp_1Tp—1 + 2n_1xn >0,=0,1

4. f =gV T, thenfis

wixr1+. . .+wn,1m",1—2”*1mn >0, = 0n71_2n71‘

In eachcasejt canbeverifiedthatthe statedthresholdiunc-
tion is equivalentto f andthatws,...,w,,#, satisfythe
conditionsof thelemma. [ |

3 WINNOW CANNOT LEARN POSITIVE
HALFSPACES

AlthoughtheWinnow algorithmhasbeenstudiedextensiely
in the on-line mistale-boundearningmodel,little is known
aboutits performancen otherlearningmodels. In this sec-
tion we shawv that Winnow is not a PAC learningalgorithm
for the classof positive booleanthresholdfunctions. More
preciselywe prove thefollowing theorem:

Theorem1 Givenanypositivestartvectorw!, any promo-
tionfactora > 1 andanythreshold® > 0, thereis a positive
thresholdfunctione, a distributionD on {0, 1}, andavalue
€ > 0 for which Winnow(w’, a, 8) will notgeneatea hy-
pothesish such that Pryep[h(z) # c(z)] < ein poly(n, 1)
steps.

As a consequencef the proof of this theorem,we will
obtainan explicit family of “hard” thresholdfunctionsand
correspondingxamplesequencesvhich causeWinnow to
make exponentiallymary mistales. Maassand Turan[31]
have useda countingargumentto shaw thatgivenary triple
(w!, a, 6), thereexists a target thresholdfunction and ex-
amplesequenc&vhich togethercauséV innow(w’, a, 8) to
make exponentiallymary mistales,but no explicit construc-
tion wasknown.

3.1 ATHRESHOLD FUNCTION WITH LARGE
COEFFICIENTS AND A SMALL SPECIFYING
SET

The proof of Theoreml makesuseof several lemmas. In
thefirstlemma,we show thatanestedoolearfunctionwith
alternatingconnectves requiresexponentially large coefi-
cients.(Similar resultscanbefoundin [33], [35].)

Lemma?2 Letn beoddandletu-z > 6 bea positivethresh-
old functionwhich representghe nestedunction

fan=0C.. (1 V) AZ3)VE4)...)VIp_1) ATy
For 3 < i < n wehaveu; > F; 3usz, whee F; is thei-th
Fibonaccinumber: Fy = Fy = F5 = 1,F3 = 2,F, = 3,
etc..

Proof: The proof is by inductionon k, wheren = 2k +
1. For clarity we usetwo basecases. The casek = 1 is
trivial. If & = 2, thensince f5((0,0,0,1,1)) = 1 and
£5((0,0,1,0,1)) = 0, wefind thatu, > 3. Similarly, since
f5((0,0,1,1,0)) = 0, wefind thatus > us.

We now supposehat the lemmais true for the values
k=1,2,...,5 —1andletn = 25 + 1. By assumption
(u1,...,uy,) andd aresuchthatu - z > 0 representd,. If
wefix z, = 1 andz,_; = 0, thenit followsthatu,z; +
coo + Up_9Tn_o > 8 — u, is athresholdfunction which
represents,,_», soby the inductionhypothesighe lemma
holdsfor us, ..., u,_2, andwe needonly show thatit holds
for u,,_; andu,,.

Since f,((1,1,...,1,0,0,1)) = 0, we have thatu, +
us + -+ + un—3 + u, < 6. On the other hand, since
f((0,0,...,0,1,1)) = 1, we havethatun,—1 + u, > 6.
Fromtheseawo inequalitiest followsthat

Up—1 > UL +Uus+ -+ Up_3.
Sinceu is positive, thisinequalityimpliesthat

Up—1 > U3+ Ug+ -+ Up_3.
Usingtheinductionhypothesisve obtaintheinequality

Up—1> 1+ Fi+---+ Fy_ us = F_gus.
Similarly, sincef,,((1,1,...,1,0)) = 0, we have thatu; +
Ug + -+ Up—1 < 0, S0
Up > UL+ U2+ -+ Up—2 > U3+ Us+ -+ Up_2.
By theinductionhypothesisye find that
Up > (14 FL + -+ Fu_s)us = Fr_3us,

andthelemmais proved. |

SinceF, = ( ™), where =1 3 we have shown
that f,, musthave coeficientswhoseratio is exponentially
large.

We requirea definition from [4] beforestatingthe next
lemma.




Definition 3 Letc bealinearthresholdfunctionover{0,1}".
We saythat c is consistentwith a subsetS = {{z!, 1),

(z2, 2), ..., {x , )} oflabelledexamplesf c¢(z?) = ;

for all i. ThesetS is saidto specifyc if ¢ is theonly linear

thresholdfunctionover {0, 1}™ which is consistentith S;

wesaythatsud a setis a specifyingsetfor c. Thespecifica-
tion numberof ¢, denoted ,,(c), is the smallestsizeof any
specifyingsetfor c.

Thefollowing resultsareprovedin [4]:
Lemma3

1. Everylinear thresholdfunction ¢ over {0,1}™ hasa
uniquespecifyingsetof size ,(c).

2. Ifce NF,then ,(c)=n+1.

3. If ¢ is a linear thresholdfunctionover z4, ..., z,, let
¢ ((z1,-..,2n-1)) denotec((z1,-..,Tn—1,1)) andlet
¢ ((x1,-..,2n_1)) denotec((z1,...,2,_1,0)). Then

n(c) S n,]_(C )+ nfl(c )

4. If ¢ is a linear thresholdfunction over {0,1}™ which
depend®nly on coodinatesl, 2, . .., k, thenthe spec-
ification numberof ¢ is

2(c)=2"" (c).

We usetheresultsof Lemma3 to show thatthefunction
g. definedbelon hasa smallspecifyingset.

Lemma4 Letn beevenandlet g,, bethebooleanthreshold
functionrepresentedby

T1+222+ T34+ +2" 20,1 + (2”_2 + Dz,

1
> +1 +---+2"*4+2"*2+§.

Then ,(gn) < n-—

Proof: Thefunctiong, isrepresentedy

1
1 +220+ z3+---+2" 22,1 > +1 +---+2"—2+5.

It is straightforvardto verify thatthisis preciselythenested
function

((."L'l Vafg)/\afg)V.Z'4)...)/\.’E"_1

onn — 1 variables. By Part 2 of Lemma3, we have that

n—1(9n ) =n. ]

Thefunctiong,, isrepresentetly
1
T1+2T2+ T3+ +2"2m, g > 1 42770 5
Again, onecaneasilyverify thatthis is preciselythe nested
function

(..(zsVza)ANz5)VE ). )AZp_3)VIp_2)VIn_1

on then — 3 variableszs, ..., xz,—_1; in this nestedfunc-
tion theboolearconnectesalternatebetweenv andA until
the very end, wheretwo consecutie V’s occut Sinceg,

doesnotdepencdbnthetwo variablese,, z», parts4 and2 of
Lemma3imply that ,—1(gn ) = n-3(gn ) = (n—2).
It followsfrom part3 of Lemma3that ,(g,) < n— .1

3.2 WINNOW CANNOT PAC LEARN POSITIVE
HALFSPACES

Onemorelemmais required.We prove thatthe coeficients
of z,,_1 andz,, in ary representatioof g,, mustbe almost,
but not exactly, equal.

Lemmab5 Letn beevenandlet g, bedefinedasin Lemma
4.Let -x > Orepreseny,. Then ,_; < , < -1+ 3.

Proof: Let denotethe booleanvectorwhosej-th coor
dinateis 1 and all of whoseother coordinatesare 0. Let
= 34+ 5+ +---4+ n_1. Sinceg,( ) = 0, it fol-
lowsthat 5+ 5 +---+ ,_1 < 6. Ontheotherhand,let
= 34+ 5+:--+ n—3+ n. Sinceg,( ) =1,itfollows
that 3+ 5+---+ n_3+ » > 6. Combiningthesetwo
inequalitieswefindthat ,, > , 1.
To seethat ,, cannotbemuchgreatetthan ,,_q, letc =
1+ 5+ + 44+ -3+ n Sinceg,(c) =0,we
have 1+ 5+ -+ n_3+ n» <6.0ntheotherhand,let
= 14+ 3+---+ p_1.Sinceg,( ) = 1, we have that
1+ 3+---+ -1 > 0. Combiningthesewo inequalities,
wefindthat , < ,-1 + 3, andthelemmaisproved. W

Proof of Theorem 3: We first prove the theoremfor the
restrictedcasein which we assumehatw! = (1,...,1).
After we have donethis, we will shav how this assumption
canbeeliminated.

Fix o > 1 andg > 0. Let S denotethe specifyingset
for the thresholdfunction g,,; we know from Lemma4 that
S < n— .LetD bethedistribution on {0,1}" which
is uniform on S andgiveszeroweightto vectorsoutsideof
S. We will shav thatwith g,, asthetargetconcept,D asthe
distributionoverexamplesande = 5n17 astheerrorparam-

eter Winnow((1,...,1),a, ) cannotachieze a hypothesis
h(z) which satisfiesPrp[h(z) # c(z)] < ein poly(n, 1) =
poly(n) steps.To seethis, notefirst thatby our choiceof e
andD, ary thresholdfunctionw - z > 6 whichis e-accurate
with respectto g, mustbe consistentwith S. (This tech-
niguewasfirst usedby Pitt andValiantin [36].) SinceS is a
specifyingsetfor g,,, though,if w - > 6 is consistentvith
S thenit mustin factagreeexactly with g,,. We will shov
that thereis no value of o which could enableWinnow to
generate vectorw suchthatw - x > 6 representg,(z) in
poly(n) steps.

Let (w, #) besuchthatWinnow generates andw-z > 6
representg,, (x). Sinceg,, is preciselythe nestedunction
fn—1 Of Lemma2 andw is positve, by Lemma2 we have
thatw,_1 > F,_4ws. Combiningthis with Lemma5s, we
obtain

Wnp, 1 1
1< <l+ —=1+——.
Wp—1 Fn74 ( ")
Sincewe assumedhatw! = (1,...,1), andevery example
for Winnow liesin {0,1}", it follows that -*— = «a for

somepositive integer j, andhencethata = 1 + ——. But

thenat least (n ™) updatestepsare requiredto achieve
wn—1 > F,_4ws; consequentlyno hypothesisconsistent
with g,, canbeachievedin poly(n) steps.

Now we considerthe caseof an arbitrary positive start
vectorw!; sofix somepositvew!, a > 1,andd > 0. Weas-
sumewithout lossof generalitythatw! < wi < ... <wl,




sinceif this is not alreadythe caserenamingvariableswill
make it so. Sinceall examplesfor Winnow arein {0,1}", at
every pointin the executionof Winnow theratio of weights

w; andw mustbe Z— - o for someintegere. If thereis no
integeri, suchthat
I

b <14

1<
wh_y Fro’

then Winnow can never achieve a hypothesiswvhich repre-
sentghethresholdunctiong, (x), andthuscanneverachieve
e-accuray; sowe assumehatsuchani; exists. Similarly, if
thereis nointegeri» suchthat
I
1< w”—;l ot <1+
w

n

)
Fn—4

thenthereis a thresholdfunction which Winnow cannever
achieve (thefunction g,, with a permutatioron thevariables
is sucha function),sosuchanis mustexist aswell. Taking
theproductof theseinequalitieswe find that

2

1<al ¥ < 1+

Fn—4
Sincei; + i2 mustbe a positive integer, this implies that

2
a< 14+—— . Now considemthresholdunctionwhich

requiresthatw; > F,,_,w, (again,g, with a permutation
on the variablesis sucha function). Sincew! < wl and

2
a< 14+ - | itfollowsthat (n ™) updatestepswill

be required;so no consistenhypothesiscanbe achiezedin
polynomialtime. |

As animmediateconsequencef this proof, we notethat
the examplesequenceavhich simply cyclesthrough.S will
force Winnow to make exponentiallymary mistalesong,,.

4 PERCEPTRON CANNOT LEARN
HALFSPACES UNDER UNIFORM
DISTRIBUTIONS

In the constructiorjust presentecthe “hard” distribution for
Winnow dependedn thetamgetlinearthresholdfunction. In
this sectionwe shaw that a single naturaldistribution (the
uniform distribution over {0, 1}") canthwartthe Perceptron
algorithm. A very simpleargumentsufiicesto establishthis
result. We requirethefollowing definition:

Definition 4 [38] Theweightcompleity of a boolearthresh-
old function f is the smallestnatural number sud that f
can berepresentedas w - z > 6, with eadh w; and 6 an
integerandmax wy ,..., w,, 0 } < .

Theorem2 ThePerceptionalgorithmis nota PAC learning
algorithm for the classof linear thresholdfunctionsunder
theuniformdistributionon {0, 1}".

Proof: We take e = ﬁ So ary e-accuratehypothesis
mustagreeexactly with the target conceptsincemisclassi-

ficationof a singleexamplewould imply anerrorrateunder

the uniform distribution of at Ieastzl > €. Hastad17] has
constructecdh booleanthresholdfunction which hasweight
complity 2 ™ ™ . If wetake this asourtargetconcept,
thenit follows thatatleast2 ™ ™ updatestepsmustbe
performedby the Perceptroralgorithmin orderto achiee
exactidentification(sincePerceptrorypothesisveightsare
always integral and eachweight is increasedoy at most1
duringeachPerceptrompdatestep).Buttheamouniof com-
putationtime which a PAC learningalgorithmis allowedis
only poly(n, £) = poly(n,2") =2 ™. [ |

5 PERCEPTRON CAN LEARN NESTED
FUNCTIONS UNDER UNIFORM
DISTRIBUTIONS

In this sectionwe establisha sufficient conditionfor a class
of thresholdfunctionsto be efficiently learnableby Percep-
tron underthe uniform distribution on {0,1}". We prove

that nestedfunctionssatisfy this conditionandtherebyim-

mediatelyobtainthe main resultof this section. This com-

plementsSchmitt’s result[38] thatthe Perceptroralgorithm
cannotefficiently PAC learnnestedunctionsunderarbitrary
distributions.

Definition 5 Let ,, bea collectionof hyperplanesn R™.

Afamily = U,>1 , of hyperplaneds saidto be grad-
ual if there is someconstantc > 0 sud that the following

conditionholds: for every > 0, everyn > 1 andeveryhy-
perplanen ,,,atmostc 2" booleanexamplest € {0,1}"

lie within distance of the hyperplane A classof boolean
thresholdfunctionsF is saidto begradualif thereis a map-
ping : F — ,whee isa gradualfamily of hyper

planes,suc thatfor all f € F, if (f) is the hyperplane
w-x = 6, then(w, §) representthebooleanthresholdfunc-
tion f.

Lemma6 Nestedfunctionscan be representedcoy gradual
booleanthresholdfunctions.

Proof: We usetherepresentatioestablishedn Lemmal;
solet f € NF, andletw - z > 6 be alinearthreshold
functionwhichrepresentg with w; = +2¢1 andf = k +
1 for someinteger k. Forz € {0,1}",if w -z = then

mustbe an integer, but since every integer hasa unique
binary representationat mostonez € {0,1}" cansatisfy
w-x = forarny givenvalueof . Consequentlynoexample
z € {0,1}" canhave w-z — 6 < %, and

{z € {0,1}":

for > % Sincethe distancefrom a pointz to the hyper
planew -z = 0is w ~!- w-z — 6 ,thelemmafollows
by notingthatwehave w = (452)t 2= (27). [ |

Thislemmaensureshatrelatively few pointscanlie close
to to the separatinghyperplangor a nestedfunction; con-
sequently as we run Perceptronmost of the updateswill
causethe algorithmto male significantprogressandit will
achieve e-accurag in polynomialtime. Thefollowing theo-
remformalizesthisintuition:

w-z—6 < } <2 41



Theorem 3 If C isagradualclassofboolearthresholdunc-
tions,thenthe Perceptonis a PAC learningalgorithmfor C
undertheuniformdistributionon {0, 1}".

Proof: Theproofis similarto the proofof Theoreml in [7].
Letw -z > 0 bealinearthresholdunctionwhichrepresents
¢. We assumaewithout lossof generalitythatw, 8 have been
normalizedj.e. w =1,s0 w-z—0 isthedistancdromz
to the hyperplaneBy Definition 5, thereis someconstant
suchthatforall > 0, theprobabilitythatarandomexample
drawn uniformly from {0,1}" is within distance of the
hyperplanew - z = 6§ isatmost 2k. Letting = ke, we
have that with probability at moste 2, a randomexample
drawn from {0, 1}™ is within distanceke of the hyperplane.
Let € {0,1}" bethesetof examplesz which lie within
distanceke of thehyperplanesoPr[z € | <€ 2.

Let(w ,6 ) representhePerceptromlgorithmshypoth-
esisafter updatesave beenmade.If (w ,8 ) is notyete-
accuratethenwith probabilityat mostl 2 thenext example
which causeanupdatewill bein . Considethefollowing

potentialfunction:
N(@)= aw—w ?+(af —0)>.

RecallingourPerceptrompdataules,weseethatN 1 («a)—
N (a)is

N@) = aw-w |2+ (-0 )
—aw—w %—(af—-6)>
= 20w-x + 200 +2w -2z 20 + x 241
< 20Ax2w-z—60)+n+1
with A = (w-z — ). Sincex wasmisclassifiedye know

that+(w -z — 6 ) < 0,andhence N(a) < 2aA+n+1.
If z € ,thend < 0;ifx € ,thend < —ke. Asa
result, N(a) <n+1lforz € ,and N(a) < n+
1 — 2kea for x € . Supposehatduring the courseof its
execution,the Perceptroralgorithmhasmade updateson
examplesn and updateson examplesoutside . Since
(w, ) have beennormalizedwe havethat § < n, and
henceNy(a) < o?(n + 1). SinceN (a) mustalways be
nonnegative, it followsthat

0< (n+1)+ (n+1—2kea)+a*(n+1).

If weseta = 221, thensimplifying theabove inequality
we obtain ( 2
1 1 (n+1
0< —— 4 nt
= Ty (e
from whichit follows thatif | = 5:"1— updateshave

beenmade at least
examplesn .

As notedearlier though,if the Perceptrors hypothesis
hasnever beene-accuratethenat eachupdatestepthe prob-
ability of that updateoccurringon a pointin  is at most
1 2. By a straightforvard applicationof Chernof bounds
(see[3],[23]) it follows that the probability that more than

12of = {1 ¢, 1} updatesoccuron points
in isatmostd 2. Consequentlyif  updateshave been
made thenwith probabilityat leastl — § 2 the Perceptron
algorithmwill have foundane-accuratéhypothesisCalling

12 of the updatesmusthave beenon

2  eexampleswill ensurewith probabilityatleastl —4 2,
that updatesoccur ]

As animmediatecorollary of Theoreml, we have that
the Perceptroris a PAC learningalgorithmfor the classof
nestedunctionsunderthe uniformdistribution on {0, 1}".

6 A SIMPLE ALGORITHM FOR
ORIGIN-CENTERED HALFSPACES

Up to this pointwe have beenconcernedvith the broaddis-
tinction of whethercertainalgorithmsrun in polynomialor
superpolynomiatime. We now changeour focus slightly
andgive a more detailedrunning-timeanalysisof a simple
algorithmfor learninglinearthresholdunctionswith thresh-
oldd = 0 (i.e.,origin-centeredhalfspaces)indertheuniform
distribution ontheunit spheren R™.

6.1 PREVIOUS WORK

The problemof learningan unknown origin-centeredalfs-
pacein R™ givenaccesgo examplesdravn uniformly from
theunit spherenasbeenthe subjectof considerableesearch
[7, 8,16, 22, 28, 34, 39]. Long [28] provedthatary algo-
rithm which learnsan origin-centeredalfspacdo accurag
e underthe uniform distribution mustuseatleast (2) ex-
amples. Long also shaved [29] that by applying Vaidya's
linear programmingalgorithm[4Q] it is possibleto learnto
accurag e in (% + n?? ) time stepsusing (2) exam-
ples! (In all of the resultswhich we discussaswell asin
our own results,we adoptthe corventionthat performinga
simple arithmeticoperationsuchas multiplication or com-
parisonon apair of realnumberdakesonetime step.)Baum
[7] shoved thatthe Perceptroralgorithm[37] learnsto ac-
curay e using () examplesandrunningin time  (%-).
Theseaesultsof LongandBaumholdin thenoise-freanodel
in whichit is assumedhatthe learningalgorithmnever re-
ceivesanexamplewhich hasbeenlabelledincorrectly
Angluin andLaird [2] introducedhe classificatiomoise
modelin which the label of eachexampleis randomlyand
independenthflipped with probability . Kearns[22] gave
a simple algorithm for learningorigin-centerecdhalfspaces
under the uniform distribution in the presenceof classifi-

cationnoise;his algorithmrequires  (—" ) examples

1-2

andrunsin time (—"z—). Blum etal. [9] and Co-
hen[13] have recentlygivenpolynomial-timealgorithmsfor
learning halfspacedn the presenceof classificationnoise

underan arbitrarydistribution. Their algorithmshave time

complexity atleast (—-—5—), though,andhencearenot
particularlyefficientfor the uniformdistribution problem.
An evenmorechallengingnhoisemodelwasproposedy
Bylander11], whointroducedhenotionof monotonimoise
for halfspacesln this modelthe probabilitythatanexample
is labelledincorrectlydecreasewith the distanceof the ex-

amplefrom the separatindhyperplanethis is a naturalway

notation to
e for

"We use the

mean
some polynomial

ie. is
thesefive parametersWe use

up to polylogarithmicfactorsin
analogously



to modeltheideathatexamplescloserto thedecisionbound-
ary are harderto label correctly Bylandergave a variant
of the Perceptroralgorithmwhich, for certaindistributions,
learnsan unknawn halfspaceavenin the presencef mono-
tonic noise. Underthe uniform distribution his monotonic
noisealgorithmrequires ( ) examplesandrunsin

time (Gl"T).

_n
e 1-2

6.2 OUR RESULTS

We describea simplealgorithmwhichlearnsorigin-centered
halfspacesindertheuniformdistribution on theunit sphere.
In the presenceof monotonicor classificatiomoiseour al-
gorithm requires (—2;—) examplesandrunsin time

(—%5—)- Ouralgorithmimproveson thetime andsam-

plecompleity of previousalgorithmsby apolynomialfactor
in the classificatiomoiseandmonotonicnoisemodels.The
algorithmworks by simply summinga large setof labelled
examplesto obtaina hypothesisvector;it thuslearnsusing
the samehypothesislass(linearthresholdfunctions)asthe
earlieralgorithmsmentionedabove.

6.3 PRELIMIN ARIES

In this subsectiorwe provide somedefinitions,describethe
noisemodelswhich we will considerandgive someuseful
probabilityfacts.

We denotethe n-dimensionalnit sphereby

St {zeR': x =1}
(notethat S™~! liesin R™ andnotin R®~1). An origin-
centeed halfspaceover S™~1 is a function from S™~! to
{-1,1} whichis definedby a nonzerovectoru € R™; the
valueof u(z) islif u-z > 0andis—1if u-z < 0.

In thenoise-freescenariovhichwe have consideredhus
farin the paper the learningalgorithmwill never encounter
anexamplewhich hasbeenlabelledincorrectlywith —u(x)
insteadof u(x). Bylander[11] hasproposeda demanding
noisemodelfor learninglinearthresholdfunctionsin which
examplescloserto the decisionboundaryaremorelikely to
be mislabelled.n this modelthe learnercannotaccesshe
oracle EX, but insteadmustusethe noisy exampleoracle
EX where) < < 1 2is afixednoiserate. Givena
halfspacedefinedby a unit vectoru € S"~!, the monotonic
noiseoracleEX  (u,D) is definedasfollows: the oracle
first draws anexamplex accordingto D andthenflips a bi-
asedcoin with Pr[heads = (u - 2 ). The oracleoutputs
(z, —u(z)) if thecoincomesup headsandoutputs(z, u(z))
if it comesup tails. Thefunction : [0,1] — [0,1] canbe
ary nonincreasindgunction suchthatthe overall probability
thatthe oraclereturnsa mislabelledexampleis . (Notethat
the classificationnoisemodelis obtainedwhen (-) is re-
strictedto bethe constanfunction , andtheoriginal noise-
freemodelis obtainedwhen = 0.) Thelearners goalstill
is to outputa hypothesish which, with probability at least
1 — 4, hasPreplh(z) # u(z)] < € but now the learner
is givenaccesso EX  (u,D),¢,4,and , andthelearner
is allowed time polynomialin n, 1,1 and 1. The de-
pendencen ﬁ is necessarpecausehereis lessandless
informationin thelabellingof eachexampleas approaches
1 2.

Now we give someusefulprobabilityfacts.Welet ,,
denotetheuniformdistributionon ™~ 1. If u € S™~! repre-
sentshetargethalfspaceand € S™~! representahypoth-
esishalfspacethenPr,¢ [ (z) # u(z)], theerrorof
with respecto  under ,, 1, is thefractionof S»~! which
liesin the symmetricdifferenceof thetwo halfspacesThis
iseasilyseentobef(u, ) ,wheref(u, )= r (u- )
is theanglebetween, and .

Let A,,_; denotehesurfaceareaof theunitspheres™—1.
It is known (see,e.g., [7]) that4, 1 = 2 "2 (n 2),
where s the classicalgammafunction. Using basicprop-
erties of the gammafunction [5] one can then shav that
Apn_o An_1 = (n' ?) (thisis our only useof thegamma
functionin this paper).Forn > 3, if u € S"~! isfixed,then
asnotedin [7] we have

An72
<u-z< |=2"2 — 2
wePr [a<u-z< ] A, 1
Finally, we will alsousethe following tail bound:
Fact1l (Hoeffding [20]) Let X, ..., X beindependentan-
domvariablesead of which liesin therange[ , ]. If X =

15, 1 Xy, thenfor > 0wehave

P BX]-X > ]<2-

(=)
6.4 THE ALGORITHM

Throughoutthe restof the paperu denotesthe unit vector
which representshe target halfspaceand X denoteshe
monotonicexampleoracleEX  (u, ,_1). Thelearning
algorithmwe consideycalled AVERAGE, is givenbelow.

AVERAGE( X, ):
1. fori=1to do
2. Draw(z*, ;) from X

3. return =13, ;2

It is trivial to verify that AVERAGE(
andrunsin time (n ).

X, ) uses examples

6.4.1 Comparisonof AVERAGE and Perceptron

It is interestingto notethatthe AvERAGE algorithmis very
similar to the Perceptroralgorithm. The only differencebe-
twenthetwo algorithmsjn fact,is thatPerceptrons conser
vative i.e.,it only updatests currenthypothesis onanex-
ampleif predictsincorrectlyon thatexample. The AVER-
AGE algorithm,ontheotherhand,canbeviewedasperform-
ing an updateon every example. Baum|[7] hasshowvn that
in the absenceof noisethe Perceptroralgorithm achieves
ane-accuratenypothesisvith high probabilityafter (n €?)
updates.Oncethe Perceptrorhypothesihasachiered (¢)
accurag, though,it requiresan expected (1 ¢) examples
to generatea single updatevector andhence (n €?) ex-
amplesare requiredoverall. We prove in Section6.5 that
in the absenceof noise the AVERAGE algorithm requires
(n €?) updates. However, since AVERAGE performsan

updateon every example,it needsonly (n €2) examples
in total. This differencebetweerthetwo algorithmsappears
to bearealoneandnotjustanartifactof theanalysis.Figure
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Figurel: Part(a) shavstheerrorratesof AvERAGE andPerceptroron noise-freeexamplesdravn from ,,_; with n = 100.

Part (b) shavs the errorratesof AVERAGE andPerceptroron examplesdravn from

noiserateof = 0.10.

1(a)graphgheerrorratesof thetwo algorithmsasafunction
of thenumberof examplesused.(Thegraphsshovn in Fig-
uresl(a)andl(b)areaveragesover100independentunsof
eachalgorithm.)

Anotherdifferencebetweenthe two algorithmsis their
ability to toleratenoise. We prove in Section6.5 that Av-
ERAGE canachiere an arbitrarily accuratehypothesiseven
in the presencef monotonicnoise.No suchguaranteeare
known for Perceptronandit seemdikely thatnonecanbe
given: Figure 1(b) graphsthe error ratesof the two algo-
rithmswhengiven exampleswith a classificatiomoiserate
of = 0.10. Onepossibleexplanationfor Perceptrors in-
ability to achieve a low errorrateis the following: Initially
Perceptrors error rate decreasegseeFigure 1(b)). Once
the error rate dips belown a certainlevel, though,the algo-
rithm performsmostof its updateson mislabelledexamples.
Performingthese“bad” updateghencauseghe hypothesis
to becomedessaccuratethough,so the error rateincreases
again. In contrast,sinceAVERAGE updateson every exam-
ple (andmostexamplesarenot mislabelledsince <1 2),
its errorratecontinuedo decrease.

6.4.2 Why AVERAGE Works

The idea underlyingthe AVERAGE algorithmis very sim-
ple. If therewereno noisein thelabelling of the examples,
thenfor eachlabelledexample(z, )} it would be the case
thatwu - ( £) > 0. Furthermoresincethe distribution of z
is uniform on the unit sphere the distribution of z would
be symmetricalroundthe vectoru, andhencethe expected
valueof z would be a vectorwhich pointspreciselyin the
directionof u (seeFigure2). In fact, evenin the presence
of monotonicnoiseata noiserateof < 1 2, it is still the
casethat E| z] is a vectorwhich pointspreciselyin the di-
rectionof u (recallthatfor anexamplex, theprobabilitythat
z is corruptedby monotonicnoisedepend®only on « - x ).
Thus,if we canapproximateZ| z], we canfind anaccurate
hypothesisthe AVERAGE algorithm simply usessampling

n—1 With n = 100 anda classification

to approximatehe expectedvalueof z.

Theanalysisof thealgorithm,therefore consistf prov-
ing thatfor a suitablevalueof , theanglebetweeny and
(and hencethe error of the hypothesis ) doesnot deviate
very muchfrom zero.We will dothisin two phasesin Sec-
tion 6.5.1we shav that with high probability the vector
will have alarge componentying in thedirectionof u, and
in Section6.5.2we prove thatwith high probability  will
have only a small componenivhich is orthogonalo u. Fi-
nally, in Section6.6, we combinetheseresultsto complete
theproof.

6.5 ANALYZING THE AVERAGE ALGORITHM
6.5.1 A LargeParallel Component

Ouir first lemmais a lower boundon the expectationof v -
( z). Wewill usethisboundlaterto prove themainresultof
this subsection.

Lemma7 Let(z, ) beobtainedbyquerying X.Thenwe
havethat

1-2
Elu-( z)] = iz
Proof: Let bethemonotonicnoisefunction;we first shav
that Efu - ()] = (3=2-)if is the constantfunction

. If thisis the casethenfor eachz € S™~! we have that

Pr[ =u(z)]=1—- andPr[ #u(z)]= ,so
An—2 1 3 n—3
Elu- ( z)] :2-m-0(1—2) 1-
= (1-2 )n'?2 ! 1—2n_3
0
= (1-2)n'? '



Figure 2: In the noise-freecaseeachpoint ;z* lies above

the targethyperplanedefinedby the vectoru. Here is the
vectoraverageof (z!,..., = .

o 1-2

- nl 2

The secondequality holds becausehe integrandis never
negative,andthethird equalityholdssince( 1— 2)" 3 =
()foro0< <n7t2
We now shav thatEfu - ( z)] is minimizedwhen (-) is
theconstanfunction . Since

An_A 1 n—3
Blu-(@)]=2-""-  (1-2()) 1-?
Anfl 0
it sufficesto provethat
1 n—3 1 n—3
() 1-°2 I
0 0

for ary function which satisfiesthe conditionsof mono-
tonic noise.Sincethe overall probabilitythat # u(z) is ,
we have

1 _
:2.‘4”—2. 1_2n3
An—l 0
An—2 1 n—3
= 9. . 1-— 2
T ()

Thisimpliesthatforall0 < <1,

Now letuschoose suchthat ( ) > for0 < <
and ( ) < for < < 1(sucha mustexistbecause
is a nonincreasindunction andthe overall probability of
misclassifications ). Wethenhave

< (()—-) 1-2

0

1 n—3
- (- () 1-7

1 n—3
< (=) 1=7

This implies the desiredinequality so we have shavn that
E[u-( z)] = (£2) for any monotonicnoisefunction .
|

Now we canprove the mainresultof this sectionwhich
establisheshat the outputof AVERAGE( X, ) will, with
high probability, have a substantiatomponenin thedirec-
tion of .

Lemma8 Let = AVERAGE( X, ). Thenther is some
value = (5=5—) sudithat
o 1-2
u- = nl 2

with probability at leastl — § 2.

Proof: Sinceu - is ! timesasumof independentandom
variableswe canuseFact1 to obtain

Pr u- S%E[u ] <2- M

By linearity of expectatiorandLemma? we have that

1-2

Hencein orderto boundtheabove probabilityby 6 2, it suf-
ficesto take

6.5.2 A Small Orthogonal Component

Now we mustshaw thatwith high probabilitythecomponent
of whichis orthogonato u is notverylarge. Thefollowing
lemmashaws that with high probability a randomflight in
R™ which proceeddor stepswill endupatmostadistance
of (approximately) ! 2 awayfromits startingpoint. We will
usethis lemmato prove our desiredupperbound.

Lemma9 Letz!,...,z beindependentlgrawnfrom ,,_;.
Thenwith probability atleastl — § 2 wehave

.'L'i: (12)‘
i1

Proof: Considera fixed coordinatej € {1,...,n}. Since
>, 12 is asumof independentandomvariableseachof
which lies in therange[—1, 1], we could simply apply Fact
1 to obtainaboundontheprobabilitythat}", , z* deviates



significantlyfrom its expectedvalueof zero. This straight-
forwardapproachhowever, yieldsawealerfinal boundthan
onewhich we canobtainwith alittle additionalwork by us-
ing conditionalprobabilitiesandexpectationsBy condition-
ing onthemagnitudeof eachz? , we canreplace —1, 1] with
amuchsmallerinterval andtherebyobtainatighterbound.

For ary fixedcoordinatej € {1,...,n} andary a > 0,
we have that

A _9 1 n—3
LT [z >a] a1
A 9 n—3
< 2.-= 1— a2
- An—l
Consequentljora = (' ?(n ) n' 2),wehave
1)
Prlz >ao] < —.
n

Let denotethe eventthat z¢ < aforl < i < (so
Pr[ ]| >1—-46 nbytheunionbound).Sinceby symmetry

wehae E[Y, ,z¢ ] =0, wecanapplyFactl to obtain
thefollowing: forary > 0,

1 . _ 2
Pr - ’ <2-
T x > < 202

Takinga = (n7'2)and = ((n)~! 2), thisprobabil-
ity canbeboundedoy § n. SincePr[ | > 1—-4J n,this
impliesthatwith probabilityatleastl — § 2n we have

x = —

i1 n
Using the union boundover z, .. ., z,, we find that with
probabilityatleastl — § 2 we have

2 2

g+t ah = ()
i1 i1

which provesthelemma. |

Now we useLemma9 to give an upperboundon the
magnitudeof thecomponenbf whichis orthogonalo .

Lemmal0 Let = AVERAGE( X, ) andlet bethe
componenbf which is orthogonal to « (i.e. = -
(u- )u). Thenwith probabilityat leastl — & 2 wehavethat

= 0.

Proof: Without loss of generalitywe cansupposehat the
tamgetvectoru is (1,0, ...,0), soourgoalis to bound

(3 )

Recallthat = Y, , ;z'. Sinceeachz’ is drawn from

n—1, thedistribution of eachz* is symmetricaroundo. For
aryi € {1,..., }andj € {2,...,n} thedistributionof ;
is independentf the distribution of z*, sowe have thatthe
distribution of ;z? is identicalto thatof z¢, andhencethe

distributionof 3-, , ;2 isidenticalto thatof }°, , z* for
j=2,...,n.Since

for j = 2,...,n, thedistribution of 2( 2 + ---
identicalto thatof

2 2
P z,
i1 i 1
Lemma9 impliesthat
2 2
A
i1 i1

with probabilityatleastl — ¢ 2, sothelemmais proved. B

6.6 PUTTING IT ALL TOGETHER

We have almostreachedur goal. By Lemmas, if we take
sufficiently large,thenwith probabilityatleastl — § 2 we
have
1-2
YT Tz

Ontheotherhand,LemmalOtells usthat
= (19
with probabilityatleastl — § 2. Consequentlywith proba-
bility 1 — 6 we have
B ’I’Ll 2
u- 12(1-2)

Notethat (u- ) isthetangenoff(u, ), theanglebe-

tweenu and . Also, asmentionedn Section6, the error of
under ,_1, whichwedenoteby o (), isf(u, )

Consequentlywith probabilityl — § we have

0() = Tor
= W
n12
= Taoa)

(theinequalityholdsbecauser
choosing = (—"5—
conditionsandobtain
thefollowing theorem:

(z) < zforz > 0).By
) we cansatisfyall of therequired
o () < e. Thus,we have proved

Theorem4 For somevalueof = (—Z5—), thealgo-

rithm AVERAGE( X, )isaPAClearningalgorithmfor the
classof origin-centeed halfspacesunder ,_; which uses

(—%5—) examplesandrunsin (—"5—) timesteps.



7 CONCLUSION

Many questiongemainto beanswereaboutthe PAC learn-
ing ability of simplealgorithmssuchasPerceptromndWin-
now. Perceptrons now known to beanefficient PAC learn-
ing algorithmfor linear thresholdfunctionsunderthe uni-
form distribution on S™ andis known not to be an efficient
PAC learningalgorithmfor linearthresholdfunctionsunder
the uniform distribution on {0, 1}". Analogousresultshave
yet to be obtainedfor Winnow underuniform distributions.
Moregenerallyit would beinterestingo identify theclassof
thresholdfunctionswhich PerceptrorandWinnow canPAC
learnunderthe uniform distribution andunderarbitrarydis-
tributions.

Anotherinterestingissueis attribute efficiengy. A PAC
algorithmis said to be attribute efficient if, when the tar-
get concepthask relevant variablesout of n, the number
of exampleswhich the learningalgorithm usesis polyno-
mial in & andlogarithmicin n. Winnow is known to be an
attribute efficient algorithmfor certainsimplesubclassesf
booleanthresholdfunctionssuchasdisjunctionsand -out-
of-k thresholdfunctions[25]. Theresultsof this papershav
that Winnow is not an attribute-eficient learningalgorithm
for the unrestrictedclassof booleanthresholdfunctions. It
would be interestingto gain a betterunderstandingf the
abilities andlimitations of Winnow asan attribute efficient
learningalgorithm.
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