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Abstract

In thispaperweanalyzethePAC learningabilities
of severalsimpleiterative algorithmsfor learning
linear thresholdfunctions,obtainingbothpositive
and negative results. We show that Littlestone’s
Winnow algorithmis notanefficientPAC learning
algorithmfor theclassof positive linearthreshold
functions.We alsoprovethatthePerceptronalgo-
rithm cannotefficiently learntheunrestrictedclass
of linear thresholdfunctionseven underthe uni-
form distribution on booleanexamples.However,
we show that the Perceptronalgorithm can effi-
ciently PAC learntheclassof nestedfunctions(a
conceptclassknown to behardfor Perceptronun-
derarbitrarydistributions)undertheuniform dis-
tribution on booleanexamples. Finally, we give
a very simplePerceptron-likealgorithmfor learn-
ing origin-centeredhalfspacesunderthe uniform
distribution on the unit spherein

�����
Unlike the

Perceptronalgorithm, which cannotlearn in the
presenceof classificationnoise,thenew algorithm
can learn in the presenceof monotonicnoise(a
generalizationof classificationnoise). The new
algorithmis significantly fasterthanprevious al-
gorithmsin both theclassificationandmonotonic
noisesettings.

1 INTRODUCTION

Learninganunknownlinearthresholdfunctionfrom labelled
examplesis oneof the oldestandmost thoroughlystudied
problemsin machinelearning. Many differentversionsof
andalgorithmsfor thisproblemhavebeenproposedandan-
alyzedin the four decadessincethe Perceptronalgorithm�
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[37] wasintroduced.Eventoday, learningproblemsinvolv-
ing linearthresholdfunctionscontinuetobethesubjectof in-
tensive researchin boththeappliedandtheoreticalmachine
learningcommunities.

TheclassicalPerceptronalgorithm[37] andLittlestone’s
Winnow algorithm[25, 26] aretwo algorithmsfor learning
linear thresholdfunctionswhich have beenstudiedexten-
sively in theon-linemistake-boundmodel[6, 15, 24, 27,30,
32, 42]. In this model the learningalgorithmsequentially
makespredictionson examplesasthey arereceived,usinga
hypothesiswhich it canupdateaftereachexample,andthe
performanceof analgorithmis measuredby theworst-case
numberof mistakesit makeson any examplesequence.De-
spitewidespreadinterestin thePerceptronandWinnow al-
gorithms,relatively little is known abouttheir performance
in Valiant’s commonlyusedProbablyApproximatelyCor-
rect,or PAC, modelof conceptlearning[41]. In this paper
we establishpositive andnegative resultson thePAC learn-
ing abilitiesof Winnow, Perceptron,andarelatedalgorithm,
thushelpingto clarify their statusin thePAC model.

In Valiant’s model thereis a fixed distribution � from
which labelledexamplesaredrawn; the goal of the learner
is to find a hypothesiswhichcloselyapproximatesthetarget
function underdistribution � �

It haslong beenknown that
if the spaceof possibleexamplesis the � -dimensionalunit
sphere	 ��

��� then the Perceptronalgorithmis not an effi-
cientPAC learningalgorithmfor theclassof linearthreshold
functionsbecauseof “hard” distributionswhich concentrate
their weight on exampleslying closeto the separatinghy-
perplane.Baum[7] hasshown that if � is restrictedto be
the uniform distribution on 	 ��

��� though,thenPerceptron
is anefficient PAC learningalgorithmfor theclassof linear
thresholdfunctions. Schmitt [38] hasrecentlyshown that
Perceptronis notanefficientPAC learningalgorithmfor the
classof booleanthresholdfunctions.His proofworksby ex-
hibiting a nestedbooleanfunctionanda distribution which
is concentratedon “hard” examplesfor thatfunction.No re-
sultsanalogousto thesehaveappearedfor theWinnow algo-
rithm; asSchmitthasnoted,it wasnot known “whetherLit-
tlestone’s rulescanPAC identify in polynomialtime” [38].

(Wenotethatvariousgenerictechniquesexist [1, 19, 25]
for convertingfrom mistake-boundalgorithmsto algorithms
which satisfy PAC criteria. In eachof theseconversions
the runningtime in thePAC modeldependson themistake
boundof the original algorithm. However, sincethe best
mistakeboundsknown for thePerceptronandWinnow algo-



rithmson nestedfunctions(or generallinearthresholdfunc-
tions)� areexponentiallylarge [18] [25], thesegenerictech-
niquesonly provideanexponentialupperboundon therun-
ning timeof PerceptronandWinnow in thePAC model,and
cannotbeusedto sayanythingaboutwhetheror notPercep-
tron andWinnow areefficient PAC learningalgorithmsfor
theseconceptclasses.)

This bringsus to the contributionsof the presentpaper.
In Section3 we answerSchmitt’s questionby proving that
the Winnow algorithm is not an efficient PAC learningal-
gorithm for the classof positive linear thresholdfunctions.
To thebestof our knowledgethis is thefirst negative result
for Winnow in thePAC model. In Section4, we strengthen
Schmitt’s negative resultfor Perceptronby giving a simple
proof that the Perceptronis not an efficient PAC algorithm
for theclassof linearthresholdfunctionsundertheuniform
distributionon booleanexamples.This providesaninterest-
ing contrastto Baum’s positive uniform-distribution result
for theunit sphere.In Section5 weshow thatundertheuni-
form distributiononbooleanexamples,thePerceptronalgo-
rithm is an efficient PAC algorithmfor the classof nested
booleanfunctions.This suggeststhatSchmitt’s negative re-
sult for Perceptronon nestedfunctionsdependson choos-
ing anadversarialdistribution. Finally, in Section6 we ana-
lyzeanextremelysimplealgorithmfor PAC learningorigin-
centeredhalfspaces(linear thresholdfunctionswith thresh-
old 0) undertheuniformdistributionon 	 ��
���� Weshow that
thenew algorithmishighlynoise-tolerantandissignificantly
fasterthanseveralpreviousalgorithmswhichhavebeencon-
sideredfor thisproblem.

2 PRELIMIN ARIES

A conceptclass � on anexamplespace� is a collectionof
booleanfunctionson � �

Thesets� and � arestriated,i.e.����� ����� � � and ����� ���
� � ��� throughoutthispaper� �
will beeitherthebooleancube ��� � �"!#� or theunit � -sphere	 ��
�� � A booleanfunction $&%'� �)( �+* �+�,�-!

is a threshold
functionif thereis a weightvector .0/ �1�

anda threshold2 / �
suchthat $4365879� �

if f .;:<5>= 2 �
Suchapair 3?. � 2 7 is

saidto represent$ � See[14], [33] for anextensive treatment
of booleanthresholdfunctions.

2.1 PERCEPTRON

Throughoutits executionthePerceptronalgorithmmaintains
a weightvector . anda threshold

2
asits currenthypothe-

sis. Thealgorithmproceedsin a seriesof steps;in eachstep
it receivesanexample 5 � usesits hypothesisto make a pre-
diction on 5 � andadjustsits hypothesisif the predictionis
incorrect. Initially the algorithmstartswith weight vector.@�A3?� �,� �,�,� �+7 andthreshold

2 ��� � Uponreceiving anex-
ample 5 � the algorithmpredictsaccordingto the threshold
function .B:C5D= 2 �

If thepredictionis incorrect,thehypoth-
esisis updatedaccordingto thefollowing rule:E On a falsepositive prediction,set .AFG.H*;5 andset2 F 2JI �-�

E On a falsenegative prediction,set .KFL. I 5 andset2 F 2 * �-�

No changeis madeif the hypothesiswas correcton 5 � If
eachexample5 belongsto ��� � �"!#�M� theneach.ON and

2
will

alwaysbeintegers;this factwill proveusefullater.

2.2 WINNOW

TheWinnow algorithmtakesasinput aninitial vector .QPR/� �
, a promotionfactor ST/ �

, anda threshold
2 / �U�

The
algorithmrequiresthat .QP is positive (i.e., eachcoordinate
of .QP is positive), that SWV �

, and that
2 V�� . Like the

Perceptronalgorithm,Winnow proceedsin a seriesof trials
andpredictsin eachtrial accordingto thethresholdfunction.A:�5X= 2 �

If the predictionis correct, then no updateis
performed;otherwisetheweightsareupdatedasfollows:E Onafalsepositiveprediction,for all Y set. N FZS 
8[#\ . N �E Onafalsenegativeprediction,for all Y set . N FZS [ \ . N .

It shouldbenotedthatin thisform,Winnow is onlycapa-
bleof expressingpositivethresholdfunctionsasits hypothe-
ses. This limitation can be easily overcome,however, by
usingvarioussimpletransformationson theinput (see[25],
[26]).

2.3 PAC LEARNING USING ON-LINE LEARNING
ALGORITHMS

In Valiant’sPAC learningmodel[41], thelearningalgorithm
hasaccessto an exampleoracle ]^�_3?` � �U7 which, in one
time step,providesa labelledexample a?5 � `-36587<b where 5 is
drawn from thedistribution � on theexamplespace� �

The
function `c/B� is calledthe target concept; thegoalof the
learningalgorithmis to constructahypothesisd which,with
high probability, haslow error with respectto ` � We thus
have thefollowing:

Definition 1 Wesaythatanon-linelearningalgorithm(such
asWinnowor Perceptron) is an efficientPAC learningalgo-
rithm for conceptclass � over �#� �,�"!�� if there is a polyno-
mial ef3g: � : � : 7 such that thefollowing conditionshold for any�h= �+�

any distribution � over �#� �,�"! � � any `>/i� � � and
any �UjBk �ml j � %E Givenany example 5n/@��� � �"!#�8� algorithm o always

evaluatesits hypothesison 5 and (onceprovidedwith`"3?587 ) updatesits hypothesisin poly36�p7 time;E if algorithm o is run on a sequenceof examplesgener-
atedby successivecalls to ]^�q3r` � �R7 � thenwith proba-
bility at least

� * l
algorithm o will generatea hypoth-

esis d such that sut [-v"wJx dp3?587zy�i`"365�7|{9j}k after at mostef3?� � � ~ � �� 7 calls to ]^�q3r` � �R7 �
An algorithm o is anefficientPAC learningalgorithmunder
distribution � if it satisfiesthe above definition for a fixed
distribution � �
2.4 NESTED FUNCTIONS

Severalof theresultsin this paperinvolve nestedfunctions.
ThisclasswasintroducedbyAnthony, BrightwellandShawe-
Taylor in [4].

Definition 2 Theclassof nestedfunctionsover 5 � �,� �,��� 5 � �
denoted��� � � is definedasfollows:



1. for �D� �
, thefunctions5 � and 5 � arenested.

2. for ��V �
, $4365 � � �,� ��� 5 � 7 is nestedif $D������� � , where� is a nestedfunctionon 5 � �,� �,��� 5 ��
�� , � is either � or�

, and � � is either 5 � or 5 � .

It is easyto verify that the classof nestedfunctionsis
equivalentto theclassof

�
-decisionlistsof length� in which

the variablesappearin the reverseorder 5 � �,� �,��� 5 � � The
following lemmaestablishesa canonicalrepresentationof
nestedfunctionsasthresholdfunctions:

Lemma 1 Any $}/_��� � canbe representedby a boolean
thresholdfunction. � 5 � I :,: : I . � 5 � = 2 � �
with

2 � �G� I��� for someinteger � � . N ���1� N 
���� and��� \|�8� .�N�j 2 � j �T� \��M� .ON �
Proof: The proof is by inductionon � . For �T� �

the ap-
propriatethresholdfunction is 5 � = �� or *�5 � =X* �� . For��V �

, $ mustbeof theform ����� � , where� is anestedfunc-
tion on 5 � �,� �,�,� 5 ��
�� . By theinductionhypothesis,� canbe
expressedasathresholdfunction . � 5 � I :,: : I . ��
�� 5 ��

� =2 ��

� , with . � �,� �,��� . ��

� � 2 ��

� satisfyingtheconditionsof
thelemma.Therearefour possibilities:

1. $��B� � 5 � : then $ is. � 5 � I �,�,� I . ��

� 5 ��
�� I � ��

� 5 � = 2 � � 2 ��

� I � ��

�
2. $��B� � 5 � : then $ is. � 5 � I � �,� I . ��

� 5 ��

� *�� ��
�� 5 � = 2 � � 2 ��

�
3. $��B���c5 � : then $ is. � 5 � I � �,� I . ��

� 5 ��

� I � ��
�� 5 � = 2 � � 2 ��

�
4. $��B��� 5 � : then $ is. � 5 � I � �,� I . ��

� 5 ��
�� *Q� ��

� 5 � = 2 � � 2 ��

� *Q� ��
�� �

In eachcase,it canbeverifiedthatthestatedthresholdfunc-
tion is equivalent to $ and that . � �,�,� �,� . � � 2 � satisfy the
conditionsof thelemma.

3 WINNOW CANNOT LEARN POSITIVE
HALFSPACES

AlthoughtheWinnow algorithmhasbeenstudiedextensively
in theon-linemistake-boundlearningmodel,little is known
aboutits performancein otherlearningmodels.In this sec-
tion we show thatWinnow is not a PAC learningalgorithm
for the classof positive booleanthresholdfunctions. More
precisely, weprovethefollowing theorem:

Theorem1 Givenanypositivestart vector .QP � anypromo-
tion factor SqV �

andanythreshold
2 VB� � thereis a positive

thresholdfunctioǹ , a distribution � on �#� �,�-!#� , anda valuek�Vn� for which �iY|�
����.z3?.QP � S � 2 7 will not generatea hy-
pothesisd such that sut [-v"wJx dp3?587 y��`"3?587�{u¡�k in poly36� � � ~ 7
steps.

As a consequenceof the proof of this theorem,we will
obtainan explicit family of “hard” thresholdfunctionsand
correspondingexamplesequenceswhich causeWinnow to
make exponentiallymany mistakes. MaassandTuran[31]
have useda countingargumentto show thatgivenany triple36.QP � S � 2 7 � thereexists a target thresholdfunction and ex-
amplesequencewhich togethercause�iY¢�
����. 36.QP � S � 2 7 to
makeexponentiallymany mistakes,but noexplicit construc-
tion wasknown.

3.1 A THRESHOLD FUNCTION WITH LARGE
COEFFICIENTS AND A SMALL SPECIFYING
SET

The proof of Theorem1 makesuseof several lemmas. In
thefirst lemma,weshow thatanestedbooleanfunctionwith
alternatingconnectives requiresexponentiallylarge coeffi-
cients.(Similar resultscanbefoundin [33], [35].)

Lemma 2 Let � beoddandlet £u:¤5>= 2
bea positivethresh-

old functionwhich representsthenestedfunction$ � �n3 �,� � 365 � �c5 � 7 � 5M¥�7
�c5§¦�7 �,� � 7
�c5 ��

� 7 � 5 � �
For ¨&¡hY^¡h� wehave £ N =@� N 
 ¥ £ ¥ � where � N is the Y -th
Fibonaccinumber: � � �©� � �0� � � �+� � ¥ �0� � � ¦ �©¨ �
etc..

Proof: The proof is by inductionon � � where �K�ª�-� I�-�
For clarity we usetwo basecases. The case �n� �

is
trivial. If �X�«� � then since $�¬+3g3?� � � � � � �-� � 7g7_� �

and$ ¬ 3<3?� � � � �-� � �,� 7g74�}� , wefind that £M¦1VB£8¥ � Similarly, since$ ¬ 3<3?� � � � �-� �-� �'7g74�}� � wefind that £ ¬ Vq£�¥ �
We now supposethat the lemmais true for the values�T� �+� � �,�,� �­�¢® * �

and let �h��� ® I �
. By assumption,36£ � � �,�,� � £ � 7 and

2
aresuchthat £¯:#5;= 2

represents$ � � If
we fix 5 � � �

and 5 ��

� �0� , thenit follows that £ � 5 � I:,: : I £ ��
 � 5 ��
 � = 2 *�£ � is a thresholdfunction which
represents$ ��
 � , so by the inductionhypothesisthe lemma
holdsfor £8¥ � �,� �,� £ ��
 � � andweneedonly show thatit holds
for £ ��
�� and £ � �

Since $ � 3<3 �+�,�-� �,� �,�,�+� � � � � � 7<7 �°� � we have that £ � I£ � I :,:,: I £ ��
 ¥ I £ � j 2
. On the other hand, since$ � 3g3r� � � �,� �,��� � � �-�,� 7g7±� �+�

we have that £ ��
�� I £ � = 2 �
Fromthesetwo inequalitiesit follows that£ ��

� VB£ � I £ � I :,: : I £ ��
 ¥ �
Since£ is positive,this inequalityimpliesthat£ ��

� VB£ ¥ I £ ¦ I :,: : I £ ��
 ¥ �
Usingtheinductionhypothesisweobtaintheinequality£ ��

� Vi3 � I � � I : :,: I � ��
8² 7�£�¥Q�}� ��
 ¦,£�¥ �
Similarly, since $ � 3<3 �-� �-� �,�,� �,�+� �+7<7��h� � we have that £ � I£ � I :,: : I £ ��

� j 2 �

so£ � V_£ � I £ � I :,:,: I £ ��
 � VB£�¥ I £8¦ I :,:,: I £ ��
 � �
By theinductionhypothesis,wefind that£ � Vi3 � I � � I :,: : I � ��
 ¬ 7³£8¥Q��� ��
 ¥ £8¥ �
andthelemmais proved.

Since � � �µ´13r¶ � 7 � where ¶�� �g·f¸ ¬� �
we have shown

that $ � musthave coefficientswhoseratio is exponentially
large.

We requirea definition from [4] beforestatingthe next
lemma.



Definition 3 Let ` bea linear thresholdfunctionover �#� �,�-!#�M�
We say¹ that ` is consistentwith a subset	º�»��a65 ���C¼ � b �a65 � �C¼ � b ���,�,�,� a?5M½ �m¼ ½ b ! of labelledexamplesif `"365 N 7^� ¼ N
for all Y . Theset 	 is saidto specify ` if ` is theonly linear
thresholdfunctionover ��� �,�-!#� which is consistentwith 	 �
wesaythatsuch a setis a specifyingsetfor ` � Thespecifica-
tion numberof ` � denoted¾ � 3?`,7 � is thesmallestsizeof any
specifyingsetfor ` �

Thefollowing resultsareprovedin [4]:

Lemma 3

1. Every linear thresholdfunction ` over �#� � �"!�� has a
uniquespecifyingsetof size¾ � 3r`,7 .

2. If `J/���� � then ¾ � 3r`,7u�}� I �-�
3. If ` is a linear thresholdfunctionover 5 � �,� �,�,� 5 � � let`�¿'3g3?5 � �,� �,��� 5 ��
�� 7<7 denotè-3g365 � �,�,� ��� 5 ��

� �,� 7g7 andlet`�À'3g3?5 � �,� �,��� 5 ��
�� 7<7 denotè"3g3?5 � �,�,� �,� 5 ��
�� � �'7g7 � Then¾ � 3r`,7O¡B¾ ��
�� 3r`�¿'7 I ¾ ��

� 3r`�À'7 �
4. If ` is a linear thresholdfunctionover �#� �,�-!#� which

dependsonly on coordinates
�+� � �,�,� �­� � � thenthespec-

ificationnumberof ` is¾ � 3r`,79��� ��
�Á ¾ Á 3?` 7 �
We usetheresultsof Lemma3 to show thatthefunction� � definedbelow hasasmallspecifyingset.

Lemma 4 Let � beevenandlet � � bethebooleanthreshold
functionrepresentedby5 � I ��5 � I;Â 5 ¥ I :,:,: I � ��
 � 5 ��
�� I 3¢� ��
 � I � 7�5 �= ÂJI �#Ã I : :,: I � ��
 ¦ I � ��
 � I �� �
Then¾ � 3Ä� � 7�¡�Å��¯*�Æ �
Proof: Thefunction � � À is representedby5 � I ��5 � I±Â 58¥ I :,: : I � ��
 � 5 ��

� = ÂpI � Ã I :,:,: I � ��
 � I �� �
It is straightforwardto verify thatthis is preciselythenested
function 3 � �,� 365 � �Ç5 � 7 � 58¥ 7��c5M¦�7 � �,� 7 � 5 ��
��
on �;* �

variables. By Part 2 of Lemma3, we have that¾ ��

� 3Ä� � À'79�}� �
Thefunction � � ¿ is representedby5 � I ��5 � I±Â 58¥ I :,: : I � ��
 � 5 ��

� = ÂpI � Ã I :,:,: I � ��
 ¦ * �� �

Again, onecaneasilyverify that this is preciselythenested
function3 �,� � 3?5M¥È�)5§¦�7 � 5 ¬ 7��c5 ² 7 �,� � 7 � 5 ��
 ¥�7
�c5 ��
 � 7
�c5 ��

�
on the �_*i¨ variables 58¥ � �,�,� � 5 ��

� � in this nestedfunc-
tion thebooleanconnectivesalternatebetween� and

�
until

the very end,wheretwo consecutive � ’s occur. Since � � ¿
doesnotdependonthetwo variables5 � � 5 � � parts4 and2 of
Lemma3 imply that ¾ ��
�� 36� � ¿'79� Â ¾ ��
 ¥-36� � ¿'79� Â 3?�Ç*>�-7 �
It follows from part3 of Lemma3 that ¾ � 3Ä� � 7�¡TÅ��¯*�Æ �

3.2 WINNOW CANNOT PAC LEARN POSITIVE
HALFSPACES

Onemorelemmais required.We prove thatthecoefficients
of 5 ��

� and 5 � in any representationof � � mustbealmost,
but notexactly, equal.

Lemma 5 Let � beevenandlet � � bedefinedasin Lemma
4. Let É�:�5>= 2

represent� � . ThenÉ ��

� jBÉ � jqÉ ��
�� I É ¥ �
Proof: Let Ê�Ë denotethe booleanvectorwhose

®
-th coor-

dinate is
�

and all of whoseother coordinatesare � . LetÌ �µÊ�¥ I Ê ¬ I Ê�Í I : :,: I Ê ��

� . Since � � 3 Ì 7z�W� � it fol-
lows that É ¥ I É"¬ I : :,: I É ��

� j 2

. On theotherhand,let¼ �TÊ�¥ I Ê ¬ I :,: : I Ê ��
 ¥ I Ê � . Since� � 3 ¼ 79� �+�
it follows

that É"¥ I É ¬ I : :,: I É ��
 ¥ I É � = 2
. Combiningthesetwo

inequalities,wefind that É � VqÉ ��

� �
To seethat É � cannotbemuchgreaterthan É ��
�� � let `Î�Ê � I Ê ¬ I Ê�Í I Ê#Ï I : :,: I Ê ��
 ¥ I Ê � . Since� � 3?`,7��}� � we

have É � I É ¬ I :,: : I É ��
 ¥ I É � j 2 �
Ontheotherhand,letÐ �ÑÊ � I Ê ¥ I : :,: I Ê ��

� � Since � � 3 Ð 7^� �-�

we have thatÉ � I É ¥ I :,: : I É ��
�� = 2
. Combiningthesetwo inequalities,

wefind that É � jBÉ ��

� I É"¥ � andthelemmais proved.

Proof of Theorem 3: We first prove the theoremfor the
restrictedcasein which we assumethat .QPq�L3 �+�,� �,��� � 7 �
After we have donethis, we will show how this assumption
canbeeliminated.

Fix SÑV �
and

2 V0� � Let 	 denotethe specifyingset
for the thresholdfunction � � � we know from Lemma4 thatÒ 	 Ò ¡WÅ���*BÆ � Let � be the distribution on ��� �,�-! � which
is uniform on 	 andgiveszeroweight to vectorsoutsideof	 � We will show thatwith � � asthetargetconcept,� asthe
distributionoverexamples,andk�� �¬ ��
 Í astheerrorparam-
eter, �iY¢�
����. 3g3 �+�,� �,�,� � 7 � S � 2 7 cannotachievea hypothesisdp3?587 which satisfiess9t w x dp3?587 y�h`"365�7|{È¡ik in poly 3?� � � ~ 7 =
poly 36�p7 steps.To seethis, notefirst thatby our choiceof k
and � �

any thresholdfunction .T:,5�= 2
which is k -accurate

with respectto � � mustbe consistentwith 	 . (This tech-
niquewasfirst usedby Pitt andValiantin [36].) Since	 is a
specifyingsetfor � � � though,if .}:,5&= 2

is consistentwith	 thenit must in fact agreeexactly with � � � We will show
that thereis no valueof S which could enableWinnow to
generatea vector . suchthat .�:#5�= 2

represents� � 365�7 in
poly 36�p7 steps.

Let 36. � 2 7 besuchthatWinnow generates. and.z: 5�= 2
represents� � 365�7 � Since � � À is preciselythenestedfunction$ ��
�� of Lemma2 and . is positive, by Lemma2 we have
that . ��
�� =0� ��
 ¦#.�¥ � Combiningthis with Lemma5, we
obtain � j . �. ��

� j � I �� ��
 ¦ � � I �´13r¶ � 7 �
Sincewe assumedthat .QPz�A3 �-� �,�,�,�,� 7 � andeveryexample
for Winnow lies in �#� � �"!��§� it follows that

�8Ó� Ó"Ô'Õ �ÖS Ë for

somepositive integer
®+�

andhencethat Sq� � I �×
ØÚÙ Ó-Û � But
then at least ´136�p¶ � 7 updatestepsare requiredto achieve. ��

� =Z� ��
 ¦,.�¥ � consequently, no hypothesisconsistent
with � � canbeachievedin poly 36�p7 steps.

Now we considerthe caseof an arbitrarypositive start
vector.JP � sofix somepositive .QP � S;V �+�

and
2 VB� � Weas-

sumewithout lossof generalitythat .QP� ¡H.QP� ¡ � �,� ¡}.JP� �



sinceif this is not alreadythe caserenamingvariableswill
makeÜ it so.Sinceall examplesfor Winnow arein �#� �,�-!#�M� at
every point in theexecutionof Winnow theratio of weights.�N and .ÈË mustbe

�
Ý\� ÝÞ :#S4ß for someinteger ` � If thereis no

integer Y � suchthat� j .JP�. P��

� : S N Õ j � I �� ��
 ¦ �
thenWinnow cannever achieve a hypothesiswhich repre-
sentsthethresholdfunction � � 3?587 � andthuscanneverachievek -accuracy; soweassumethatsuchan Y � exists.Similarly, if
thereis no integer Y � suchthat� j .QP��

�. P� : S Náà j � I �� ��
 ¦ �
thenthereis a thresholdfunctionwhich Winnow cannever
achieve(thefunction � � with a permutationon thevariables
is sucha function),sosuchan Y � mustexist aswell. Taking
theproductof theseinequalities,wefind that� j�S N Õ · Náà j©â � I �� ��
 ¦Mã � �
Since Y � I Y � must be a positive integer, this implies thatS�j0â � I �ä Ó"Ô"å ã � � Now considera thresholdfunctionwhich

requiresthat . � =A� ��
 ¦ . � (again, � � with a permutation
on the variablesis sucha function). Since .QP� ¡°.QP� andS_j â � I �ä Ó�Ô"å ã � � it follows that ´13?�p¶ � 7 updatestepswill

be required;sono consistenthypothesiscanbeachievedin
polynomialtime.

As animmediateconsequenceof thisproof,wenotethat
the examplesequencewhich simply cycles through 	 will
forceWinnow to makeexponentiallymany mistakeson � � �
4 PERCEPTRON CANNOT LEARN

HALFSPACESUNDER UNIFORM
DISTRIBUTIONS

In theconstructionjustpresented,the“hard” distributionfor
Winnow dependedonthetargetlinearthresholdfunction.In
this sectionwe show that a singlenaturaldistribution (the
uniformdistributionover �#� �,�-!#� ) canthwart thePerceptron
algorithm.A very simpleargumentsufficesto establishthis
result.We requirethefollowing definition:

Definition 4 [38] Theweightcomplexity ofa booleanthresh-
old function $ is thesmallestnatural numberæ such that $
can be representedas .Ñ:�5©= 2 �

with each .�N and
2

an
integer andmax� Ò . � Ò �,� �,��� Ò . � Ò � Ò 2 Ò ! ¡qæ .
Theorem2 ThePerceptronalgorithmis nota PAC learning
algorithm for the classof linear thresholdfunctionsunder
theuniformdistributionon ��� �,�-! � �
Proof: We take kq� �� Ó ·f� , so any k -accuratehypothesis
mustagreeexactly with the target conceptsincemisclassi-
ficationof a singleexamplewould imply anerrorrateunder

theuniform distribution of at least
�� Ó VHk . Håstad[17] has

constructeda booleanthresholdfunction which hasweight
complexity � ×�Ø �pç èméê� Û . If we take this asour targetconcept,
thenit follows that at least � ×
Ø �pç èméê� Û updatestepsmustbe
performedby the Perceptronalgorithmin order to achieve
exactidentification(sincePerceptronhypothesisweightsare
always integral andeachweight is increasedby at most1
duringeachPerceptronupdatestep).But theamountof com-
putationtime which a PAC learningalgorithmis allowed is
only poly 3?� � � ~ 79� poly 3?� � � � 79�H�"ë Ø � Û �
5 PERCEPTRON CAN LEARN NESTED

FUNCTIONS UNDER UNIFORM
DISTRIBUTIONS

In this sectionwe establisha sufficient conditionfor a class
of thresholdfunctionsto beefficiently learnableby Percep-
tron under the uniform distribution on �#� �,�"!��§� We prove
that nestedfunctionssatisfy this conditionandtherebyim-
mediatelyobtainthe main resultof this section.This com-
plementsSchmitt’s result[38] thatthePerceptronalgorithm
cannotefficiently PAC learnnestedfunctionsunderarbitrary
distributions.

Definition 5 Let ì � be a collectionof hyperplanesin
�����

A family ìº�í� ����� ì � of hyperplanesis said to be grad-
ual if there is someconstant̀DV0� such that the following
conditionholds: for every î�=B� � every ��= �

andeveryhy-
perplanein ì � � at most̀­î§� � booleanexamples5D/&��� � �"!#�
lie within distanceî of thehyperplane. A classof boolean
thresholdfunctions� is saidto begradualif there is a map-
ping ïW%O� ( ì �

where ì is a gradual family of hyper-
planes,such that for all $h/n� �

if ïO3r$
7 is the hyperplane.�:�5c� 2 �
then 3?. � 2 7 representsthebooleanthresholdfunc-

tion $ �
Lemma 6 Nestedfunctionscan be representedby gradual
booleanthresholdfunctions.

Proof: We usethe representationestablishedin Lemma1;
so let $0/A��� � and let .K:�50= 2

be a linear threshold
functionwhich represents$ with . N �n�1� N 

� and

2 �n� I�� for someinteger � � For 5K/Ñ�#� � �"!��§� if .h:'5i��æ thenæ must be an integer, but sinceevery integer hasa unique
binary representation,at mostone 5�/@�#� � �"! � cansatisfy.�:�5¯��æ for any givenvalueof æ � Consequently, noexample5�/&�#� � �"!�� canhave

Ò .}:�5)* 2 Ò j �� � andÒ � 5D/&�#� �,�-! � % Ò .T:�5)* 2 Ò ¡qð ! Ò ¡T��ð I �
for ðª= �� � Sincethedistancefrom a point 5Mñ to thehyper-
plane .�:�5�� 2

is ò�. ò 
�� : Ò .�:�5Mñ8* 2 Ò �
the lemmafollows

by notingthatwehave ò­. òÎ�@3 ¦ Ó 

�¥ 7 �<ó � �HôU3¢� � 7 �
Thislemmaensuresthatrelatively few pointscanlie close

to to the separatinghyperplanefor a nestedfunction; con-
sequently, as we run Perceptron,most of the updateswill
causethealgorithmto make significantprogress,andit will
achieve k -accuracy in polynomialtime. Thefollowing theo-
remformalizesthis intuition:



Theorem3 If � isagradualclassofbooleanthresholdfunc-
tions,¹ thenthePerceptron is a PAC learningalgorithmfor �
undertheuniformdistributionon ��� �,�-!#�M�
Proof: Theproof is similar to theproofof Theorem1 in [7].
Let .�:�5D= 2

bealinearthresholdfunctionwhichrepresents` � We assumewithout lossof generalitythat . � 2
have been

normalized,i.e. ò­. ò�� �
, so

Ò .c:õ5�* 2 Ò
is thedistancefrom 5

to thehyperplane.By Definition 5, thereis someconstant�
suchthatfor all î¯V�� � theprobabilitythatarandomexample
drawn uniformly from �#� �,�"!�� is within distanceî of the
hyperplane.H:�5q� 2

is at most îMö-�-� � Letting î��©��k � we
have that with probability at most k­ö-� � a randomexample
drawn from �#� � �"!�� is within distance��k of thehyperplane.
Let ÷Z/��#� � �"!�� be thesetof examples5 which lie within
distance��k of thehyperplane,so s9t x 5D/D÷�{p¡Bk�ö-� �

Let 36.Oø � 2 ø³7 representthePerceptronalgorithm’shypoth-
esisafter æ updateshave beenmade.If 36.Oø � 2 ø³7 is not yet k -
accurate,thenwith probabilityatmost

� ö"� thenext example
whichcausesanupdatewill bein ÷ . Considerthefollowing
potentialfunction:��ø­3rSù7u�Kò�Sf.T*�.�ø�ò � I 3rS 2 * 2 ø³7 � �
RecallingourPerceptronupdaterules,weseethat � ø ·f� 3rSù7�*��ø­3rSù7 isú �;3rSù7û� ò,Sp.T*�. ø ·f� ò � I 3rS 2 * 2 ø ·f� 7 �*�ò�Sf.}*�. ø ò � *B3rS 2 * 2 ø 7 �� ü1�-Sp.Ç:Ú5 �_�"S 2 �q�". ø :Ú5Uüq� 2 ø I ò­5ùò � I �¡ �-Sfoq�_�ê3?.�ø�:Ú5Ç* 2 ø³7 I � I �
with o���üU36._:C5 * 2 7 � Since5 wasmisclassified,weknow
that �U36.Oø#:ý5±* 2 ø³7OjB� � andhence

ú �q3?S47OjB�-Sfo I � I �+�
If 5Ñ/K÷ , then oþ¡�� ; if 5íö/@÷ , then oþ¡ª*Q��k � As a
result,

ú �;3rSù7�jÖ� I �
for 5@/n÷ , and

ú �;3?S47>jW� I� *B�+��kCS for 5@ö/B÷ �
Supposethatduring thecourseof its

execution,the Perceptronalgorithmhasmadeÿ updateson
examplesin ÷ and � updateson examplesoutside÷ �

Since36. � 2 7 have beennormalized,we have that
Ò 2 Ò ¡ � � � and

hence� � 3?S47�¡�S � 36� I � 7 � Since �zøC3rSù7 mustalways be
nonnegative,it follows that� ¡Bÿ�36� I � 7 I �'36� I � *��-��kCS47 I S � 36� I � 7 �
If weset S�� � � Ø �"·f� Û¬ Á ~ , thensimplifying theaboveinequality
weobtain �R¡_ÿJ* ���Å � I � Â-Â 36� I � 7 ��-Å§3r��k­7 � �
from which it follows that if ð � � � ¦<¦ Ø �"·ù� Û à� ¬ Ø Á ~ Û à updateshave
beenmade,at least �-ö � � of the updatesmusthave beenon
examplesin ÷ �

As notedearlier, though,if the Perceptron’s hypothesis
hasneverbeenk -accurate,thenateachupdatesteptheprob-
ability of that updateoccurringon a point in ÷ is at most� ö-� . By a straightforward applicationof Chernoff bounds
(see[3],[23]) it follows that the probability that more than�-ö � � of ð �����
	�� � Â-Â���
 � � � ð � ! updatesoccuron points
in ÷ is at most

l ö"� . Consequently, if ð updateshave been
made,thenwith probabilityat least

� * l ö-� thePerceptron
algorithmwill have foundan k -accuratehypothesis.Calling

��ð�ö�k exampleswill ensure,with probabilityat least
� * l ö"� �

that ð updatesoccur.

As an immediatecorollary of Theorem1, we have that
the Perceptronis a PAC learningalgorithmfor the classof
nestedfunctionsundertheuniformdistributionon �#� � �"!��§�
6 A SIMPLE ALGORITHM FOR

ORIGIN-CENTERED HALFSPACES

Up to this pointwehave beenconcernedwith thebroaddis-
tinction of whethercertainalgorithmsrun in polynomialor
superpolynomialtime. We now changeour focus slightly
andgive a moredetailedrunning-timeanalysisof a simple
algorithmfor learninglinearthresholdfunctionswith thresh-
old

2 ��� (i.e.,origin-centeredhalfspaces)undertheuniform
distributionon theunit spherein

�1���
6.1 PREVIOUS WORK

Theproblemof learninganunknown origin-centeredhalfs-
pacein

�1�
givenaccessto examplesdrawn uniformly from

theunit spherehasbeenthesubjectof considerableresearch
[7, 8, 16, 22, 28, 34, 39]. Long [28] proved that any algo-
rithm which learnsanorigin-centeredhalfspaceto accuracyk undertheuniform distribution mustuseat least ´13 � ~ 7 ex-
amples. Long alsoshowed [29] that by applyingVaidya’s
linearprogrammingalgorithm[40] it is possibleto learnto
accuracy k in �� 3 � à~ I � ¥�� ¥�� 7 time stepsusing �� 3 � ~ 7 exam-
ples.1 (In all of the resultswhich we discuss,aswell asin
our own results,we adopttheconventionthatperforminga
simplearithmeticoperationsuchasmultiplication or com-
parisononapairof realnumberstakesonetimestep.)Baum
[7] showed that the Perceptronalgorithm[37] learnsto ac-
curacy k using

� 3 �~�� 7 examplesandrunningin time
� 3 � à~�� 7 �

Theseresultsof LongandBaumholdin thenoise-freemodel
in which it is assumedthat the learningalgorithmnever re-
ceivesanexamplewhichhasbeenlabelledincorrectly.

Angluin andLaird [2] introducedtheclassificationnoise
modelin which the label of eachexampleis randomlyand
independentlyflipped with probability � � Kearns[22] gave
a simple algorithm for learningorigin-centeredhalfspaces
under the uniform distribution in the presenceof classifi-
cationnoise;his algorithmrequires �� 3 � à~ à Ø �C
 ��� Û à 7 examples

and runs in time �� 3 � �~ à Ø �C
 ��� Û à 7 � Blum et al. [9] and Co-
hen[13] haverecentlygivenpolynomial-timealgorithmsfor
learninghalfspacesin the presenceof classificationnoise
underan arbitrarydistribution. Their algorithmshave time
complexity at least

� 3 � Õ6å~ à Ø �C
 ��� Û à 7 , though,andhencearenot
particularlyefficient for theuniformdistributionproblem.

An evenmorechallengingnoisemodelwasproposedby
Bylander[11], whointroducedthenotionof monotonicnoise
for halfspaces.In thismodeltheprobabilitythatanexample
is labelledincorrectlydecreaseswith thedistanceof theex-
amplefrom theseparatinghyperplane;this is a naturalway

1We use the notation ������! to mean “
�"���$#% �'&)(�*+�-,.&)(/*102,3&4(�*657 ,.&)(/*859 ,:&)(/*;55:<>=3?  : for some polynomial% �3#),@#),@#),A#),@#  �, ” i.e. ��"���! is

�"���! 
up to polylogarithmicfactorsin

thesefiveparameters.Weuse �BC���! analogously.



to modeltheideathatexamplescloserto thedecisionbound-
ary areD harderto label correctly. Bylandergave a variant
of thePerceptronalgorithmwhich, for certaindistributions,
learnsanunknown halfspaceevenin thepresenceof mono-
tonic noise. Under the uniform distribution his monotonic
noisealgorithmrequires �� 3 � �~ å Ø �­
 ��� ÛÄå 7 examplesandrunsin

time �� 3 �FE~�G Ø �­
 ��� Û G 7 �
6.2 OUR RESULTS

Wedescribeasimplealgorithmwhichlearnsorigin-centered
halfspacesundertheuniformdistributionon theunit sphere.
In the presenceof monotonicor classificationnoiseour al-
gorithm requires �� 3 �~ à Ø �­
 ��� Û à 7 examplesand runs in time�� 3 � à~ à Ø �C
 ��� Û à 7 � Ouralgorithmimproveson thetimeandsam-
plecomplexity of previousalgorithmsbyapolynomialfactor
in theclassificationnoiseandmonotonicnoisemodels.The
algorithmworksby simply summinga largesetof labelled
examplesto obtaina hypothesisvector; it thuslearnsusing
thesamehypothesisclass(linearthresholdfunctions)asthe
earlieralgorithmsmentionedabove.

6.3 PRELIMIN ARIES

In this subsectionwe provide somedefinitions,describethe
noisemodelswhich we will consider, andgive someuseful
probabilityfacts.

We denotethe � -dimensionalunit sphereby	 ��

�IH �#5D/ � � %Mò�5ùò�� �-!
(note that 	 ��

� lies in

�1�
and not in

�1��

�
). An origin-

centered halfspaceover 	 ��

� is a function from 	 ��
�� to�+* �+�,�-!
which is definedby a nonzerovector £T/ �1� � the

valueof £ù3?587 is
�

if £Ç:�5�=B� andis * �
if £):�5�j_� �

In thenoise-freescenariowhichwehaveconsideredthus
far in thepaper, thelearningalgorithmwill never encounter
anexamplewhich hasbeenlabelledincorrectlywith *�£4365�7
insteadof £4365�7 � Bylander[11] hasproposeda demanding
noisemodelfor learninglinearthresholdfunctionsin which
examplescloserto thedecisionboundaryaremorelikely to
be mislabelled.In this modelthe learnercannotaccessthe
oracle ]�� �

but insteadmustusethe noisy exampleoracle]^� �JLK where ��¡M�qj � ö"� is a fixednoiserate. Givena
halfspacedefinedby a unit vector £&/>	 ��

��� themonotonic
noiseoracle ]^� �JLK 36£ � �U7 is definedasfollows: theoracle
first draws anexample5 accordingto � andthenflips a bi-
asedcoin with sut x heads{^�ON�
3 Ò £&:+5 Ò 7 � The oracleoutputsa65 � *�£4365�7gb if thecoincomesupheadsandoutputsa65 � £ù3?587<b
if it comesup tails. The function N�;% x � �,� { ( x � � � { canbe
any nonincreasingfunctionsuchthat theoverall probability
thattheoraclereturnsamislabelledexampleis � � (Notethat
the classificationnoisemodel is obtainedwhen N�
3³: 7 is re-
strictedto betheconstantfunction � � andtheoriginalnoise-
freemodelis obtainedwhen ���n� � ) Thelearner’s goalstill
is to outputa hypothesisd which, with probability at least� * l��

has s9t ["v"w x df365�7�y�W£4365�7|{z¡Wk � but now the learner
is givenaccessto ]^� �JLK 3?£ � �U7 � k �<l"� and � � andthelearner
is allowed time polynomial in � � � ~ � �� � and

��C
 ��� � The de-

pendenceon
��­
 ��� is necessarybecausethereis lessandless

informationin thelabellingof eachexampleas � approaches� ö-� �

Now wegivesomeusefulprobabilityfacts.We let P ��
��
denotetheuniformdistributionon 	 ��

��� If £�/�	 ��

� repre-
sentsthetargethalfspaceand É)/�	 ��

� representsahypoth-
esishalfspace,then s9t ["vRQ Ó�Ô'Õ x É83?587cy�A£4365�7|{ � theerrorof É
with respectto £ underP ��

� � is thefractionof 	 ��
�� which
lies in thesymmetricdifferenceof thetwo halfspaces.This
is easilyseento be

2 36£ � É�7<öRS � where
2 36£ � É�7u�T�-t�U�UWVYX,36£z:<É�7

is theanglebetween£ and É �
Let o ��

� denotethesurfaceareaof theunit sphere	 ��

���

It is known (see,e.g., [7]) that o ��

� � �FS �-ó � öFZu36�fö-�-7 �
where Z is theclassicalgammafunction. Usingbasicprop-
erties of the gammafunction [5] one can then show thato ��
 � ö�o ��
�� �KôU3?� �gó � 7 (this is our only useof thegamma
functionin thispaper).For �&=�¨ � if £�/�	 ��

� is fixed,then
asnotedin [7] wehave

s9t[-vRQ Ó"Ô'Õ x Sq¡q£Ç: 5D¡\[�{�� o ��
 �o ��

� : ]_^` âYa � *cb � ã ��
 ¥ Ð b �
Finally, wewill alsousethefollowing tail bound:

Fact 1 (Hoeffding [20]) Let � � � �,�,�,� � ø beindependentran-
domvariableseach of which lies in therange x Ì �C¼ { � If �Z��ø � ø Ned � �±N � thenfor fcV�� wehave

sut x Ò ] x �D{§*�� Ò =Tf'{p¡T��:�g�	ihkj *Q��ælf �3 ¼ * Ì 7 �>m �
6.4 THE ALGORITHM

Throughoutthe restof the paper £ denotesthe unit vector
which representsthe target halfspaceand ni� denotesthe
monotonicexampleoracle ]^� �JLK 36£ � P ��

� 7 � The learning
algorithmweconsider, calledAVERAGE, is givenbelow.

AVERAGE 3�ni� � æg7 :
1. for Y4� �

to æ do
2. Draw a?5 N �m¼ N b from ni�
3. return ÉU� � ø � ø Ned � ¼ N?5 N

It is trivial to verify thatAVERAGE 3�ni� � æg7 usesæ examples
andrunsin time ôU3?�
æg7 �
6.4.1 Comparisonof AVERAGE and Perceptron
It is interestingto notethat the AVERAGE algorithmis very
similar to thePerceptronalgorithm.Theonly differencebe-
twenthetwo algorithms,in fact,is thatPerceptronis conser-
vative, i.e., it only updatesits currenthypothesisÉ on anex-
ampleif É predictsincorrectlyon thatexample.TheAVER-
AGE algorithm,ontheotherhand,canbeviewedasperform-
ing an updateon every example. Baum[7] hasshown that
in the absenceof noisethe Perceptronalgorithm achieves
an k -accuratehypothesiswith highprobabilityafter

� 36�fö�k � 7
updates.OncethePerceptronhypothesishasachieved ôU3rk­7
accuracy, though,it requiresan expectedôU3 � ö�k­7 examples
to generatea singleupdatevector, andhence

� 36�fö"k ¥ 7 ex-
amplesare requiredoverall. We prove in Section6.5 that
in the absenceof noise the AVERAGE algorithm requires�� 36�fö"k � 7 updates. However, sinceAVERAGE performsan
updateon every example,it needsonly �� 36�fö�k � 7 examples
in total. Thisdifferencebetweenthetwo algorithmsappears
to bearealoneandnot justanartifactof theanalysis.Figure
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Figure1: Part (a) shows theerrorratesof AVERAGE andPerceptronon noise-freeexamplesdrawn from P ��

� with ��� � �-� �
Part (b) shows theerror ratesof AVERAGE andPerceptronon examplesdrawn from P ��

� with �_� � �-� anda classification
noiserateof �±�}� �á� � �
1(a)graphstheerrorratesof thetwo algorithmsasafunction
of thenumberof examplesused.(Thegraphsshown in Fig-
ures1(a)and1(b)areaveragesover100independentrunsof
eachalgorithm.)

Anotherdifferencebetweenthe two algorithmsis their
ability to toleratenoise. We prove in Section6.5 that AV-
ERAGE canachieve an arbitrarily accuratehypothesiseven
in thepresenceof monotonicnoise.No suchguaranteesare
known for Perceptron,andit seemslikely that nonecanbe
given: Figure 1(b) graphsthe error ratesof the two algo-
rithmswhengivenexampleswith a classificationnoiserate
of ���0� �á� � � Onepossibleexplanationfor Perceptron’s in-
ability to achieve a low error rateis the following: Initially
Perceptron’s error rate decreases(seeFigure 1(b)). Once
the error ratedips below a certainlevel, though,the algo-
rithm performsmostof its updatesonmislabelledexamples.
Performingthese“bad” updatesthencausesthe hypothesis
to becomelessaccurate,though,so theerror rateincreases
again. In contrast,sinceAVERAGE updateson every exam-
ple (andmostexamplesarenotmislabelled,since�¯j � ö"� ),
its errorratecontinuesto decrease.

6.4.2 Why AVERAGE Works
The idea underlyingthe AVERAGE algorithm is very sim-
ple. If therewereno noisein the labellingof theexamples,
then for eachlabelledexample a65 �C¼ b it would be the case
that £>:M3 ¼ 587¯=µ� � Furthermore,sincethe distribution of 5
is uniform on the unit sphere,the distribution of

¼ 5 would
besymmetricalaroundthevector £ � andhencetheexpected
valueof

¼ 5 would bea vectorwhich pointspreciselyin the
directionof £ (seeFigure2). In fact, even in the presence
of monotonicnoiseat a noiserateof ��j � ö"� � it is still the
casethat ] x ¼ 5ê{ is a vectorwhich pointspreciselyin thedi-
rectionof £ (recallthatfor anexample5 � theprobabilitythat5 is corruptedby monotonicnoisedependsonly on

Ò £¯: 5 Ò ).
Thus,if we canapproximate] x ¼ 5§{ � we canfind anaccurate
hypothesis;the AVERAGE algorithmsimply usessampling

to approximatetheexpectedvalueof
¼ 5 �

Theanalysisof thealgorithm,therefore,consistsof prov-
ing that for a suitablevalueof æ � theanglebetween£ and É
(andhencethe error of the hypothesisÉ ) doesnot deviate
verymuchfrom zero.We will do this in two phases:in Sec-
tion 6.5.1we show that with high probability the vector É
will have a largecomponentlying in thedirectionof £ � and
in Section6.5.2we prove that with high probability É will
have only a small componentwhich is orthogonalto £ � Fi-
nally, in Section6.6, we combinetheseresultsto complete
theproof.

6.5 ANALYZING THE AVERAGE ALGORITHM

6.5.1 A Lar geParallel Component
Our first lemmais a lower boundon the expectationof £�:3 ¼ 5�7 � Wewill usethisboundlaterto provethemainresultof
thissubsection.

Lemma 7 Let a65 �m¼ b beobtainedbyqueryingni� �
Thenwe

havethat

] x £Ç:-3 ¼ 587�{
�H´pj � *��F�� �<ó � m �
Proof: Let N� bethemonotonicnoisefunction;wefirst show
that ] x £�:�3 ¼ 587�{¯�L´13 �­
 ���� Õrq à 7 if N� is the constantfunction� � If this is the casethenfor each 5i/H	 ��

� we have thats9t x ¼ ��£4365�7|{�� � *c� and s9t x ¼ y�}£ù3?587|{
�T� � so

] x £Ç:+3 ¼ 587�{L� �
: o ��
 �o ��
�� : ] �� 3 � *��
�ê7.b â-a � *_b � ã ��
 ¥ Ð b
� ´ts43 � *��F��7³� �gó � ] � Ô'Õ�q à� b â a � *_b � ã ��
 ¥ Ð bru
� ´ s 3 � *��F��7³� �gó � ] � Ô'Õrq à� b Ð b u
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Figure2: In the noise-freecaseeachpoint
¼ N65 N lies above

the targethyperplanedefinedby thevector £ � Here É is the
vectoraverageof

¼ � 5 ���,� �,� �m¼ ø 5 ø �
� ´ j � *��
�� �<ó � m �

The secondequality holds becausethe integrand is never
negative,andthethird equalityholdssince 3 � � *cb � 7 ��
 ¥ �ôU3 � 7 for �R¡\bR¡B� 

�<ó � �

We now show that ] x £Ç:-3 ¼ 587|{ is minimizedwhen N��3g: 7 is
theconstantfunction � � Since

] x £È:|3 ¼ 587|{
����: o ��
 �o ��

� : ] �� bf:¢3 � *z�{N�83�b�7g7 âYa � *cb � ã ��
 ¥ Ð b
it sufficesto provethat] �� N�
3�b�7.b4: âYa � *_b � ã ��
 ¥ Ð b±¡ ] �� �ib4: âYa � *cb � ã ��
 ¥ Ð b

for any function N� which satisfiesthe conditionsof mono-
tonic noise.Sincetheoverallprobabilitythat

¼ y��£436587 is � �
wehave� � �
�z: o ��
 �o ��
�� : ] �� â a � *cb � ã ��
 ¥ Ð b� ��: o ��
 �o ��
�� : ] �� N�
3�b�7 âYa � *cb � ã ��
 ¥ Ð b �
This impliesthatfor all �R¡|[�¡ �-�] ^� 3RN�
3�b�7ù*}�ê7 â a � *cb � ã ��
 ¥ Ð b� ] �^ 3~�U*�N��3�b'7<7 â a � *_b � ã ��
 ¥ Ð b �

Now let uschoose[ suchthat N�
3�b�7�=p� for ��¡pbDj�[
and N�
3�b�7�¡�� for [�j�b&¡ �

(sucha [ mustexist becauseN� is a nonincreasingfunction andthe overall probabilityof
misclassificationis � ). We thenhave]�^� b1:+3RN�
3�b'7ù*_�ê7 âYa � *_b � ã ��
 ¥ Ð b

¡ ]�^� [D:+3/N��3�b�7ù*c��7Èâ-a � *_b � ã ��
 ¥ Ð b� ] �^ [�:+3�� *�N�
3�b�7g7uâ a � *cb � ã ��
 ¥ Ð b
¡ ] �^ b1:+3�� *�N�
3�b�7g7 â-a � *�b � ã ��
 ¥ Ð b �

This implies the desiredinequality, so we have shown that] x £):+3 ¼ 587�{���´13 �C
 ���� Õrq à 7 for any monotonicnoisefunction N� �
Now wecanprove themainresultof this section,which

establishesthat the outputof AVERAGE 3rni� � æg7 will, with
high probability, have a substantialcomponentin thedirec-
tion of £ �
Lemma 8 Let É�� AVERAGE 3�ni� � æg7 � Thenthere is some
value æ9���ôU3 �Ø �C
 ��� Û à 7 such that

£Ç: ÉU�H´pj � *��F�� �<ó � m
with probabilityat least

� * l ö"� �
Proof: Since£ :CÉ is

� ø timesasumof æ independentrandom
variables,wecanuseFact1 to obtain

sutC�Ú£):,ÉÇ¡ �� ] x £Ç:,É+{��c¡T��:WgW	!h�j *�æ�3r] x £):�É-{67 �Æ m �
By linearityof expectationandLemma7 wehave that

] x £Ç: É-{
��´ j � *��
�� �gó � m �
Hencein orderto boundtheaboveprobabilityby

l ö"� � it suf-
ficesto take

æ��iôMj � � V�� ��3 � *��
�ê7 �>m ���ô�j �3 � *��F��7 ��m �
6.5.2 A Small Orthogonal Component
Now wemustshow thatwith highprobabilitythecomponent
of É whichis orthogonalto £ is notverylarge.Thefollowing
lemmashows that with high probability a randomflight in�1�

whichproceedsfor æ stepswill endupatmostadistance
of (approximately)æ �<ó � awayfrom its startingpoint. Wewill
usethis lemmato proveourdesiredupperbound.

Lemma 9 Let 5 ��� �,�,� � 5 ø beindependentlydrawnfrom P ��

� �
Thenwith probabilityat least

� * l ö-� wehave����� ø� N�d � 5 N ����� ���� 3?æ �gó � 7 �
Proof: Considera fixed coordinate

® /Ñ� �+�,� �,�­� � !'� Since� ø N�d � 5 NË is a sumof independentrandomvariableseachof
which lies in therange x * �-�,� { � we couldsimply applyFact
1 to obtainaboundontheprobabilitythat

� ø N�d � 5 NË deviates



significantlyfrom its expectedvalueof zero. This straight-
forw� ardapproach,however, yieldsaweakerfinal boundthan
onewhich wecanobtainwith a little additionalwork by us-
ing conditionalprobabilitiesandexpectations.By condition-
ing onthemagnitudeof each5 NË � wecanreplacex * �+�,� { with
a muchsmallerinterval andtherebyobtaina tighterbound.

For any fixedcoordinate
® /�� �+�,� �,�­� � ! andany S_=T� �

wehavethat

s9t[-vRQ Ó"Ô'Õ x Ò 5�Ë Ò =BSp{ � ��: o ��
 �o ��

� : ] �` â a � *cb � ã ��
 ¥ Ð b¡ ��: o ��
 �o ��

� : â a � *�S � ã ��
 ¥ �
Consequentlyfor S&�T�Q3 � V�� �gó � 36æ��fö l 7mö�� �<ó � 7 � wehave

s9t x Ò 5�Ë Ò =_Sp{fj lÂ æ�� �
Let � denotethe event that

Ò 5 NË Ò j�S for
� ¡�Y>¡ æ (sos9t x ��{ù= � * l ö Â � by theunionbound).Sinceby symmetry

we have ] x � ø N�d � 5 NË Ò ��{
�i� � we canapplyFact1 to obtain
thefollowing: for any fc=B� �

sut��/�����
� æ ø� Ned � 5 NË ����� V�f Ò ���&¡T�J:�g�	ih j *�ælf ��-S ��m �

Taking S;���ô 36� 

�<ó � 7 and f)���� 3g3?�
æg7 
��gó � 7 � this probabil-
ity canbeboundedby

l ö Â � � Since s9t x ��{�= � * l ö Â � � this
impliesthatwith probabilityat least

� * l ö-��� wehaves ø� N�d � 5 NË u � ���� j æ� m �
Using the union boundover 5 � �,� �,��� 5 � � we find that with
probabilityat least

� * l ö-� wehaves ø� N�d � 5 N � u � I :,:,: I s ø� Ned � 5 N� u � ���� 3?æg7
whichprovesthelemma.

Now we useLemma9 to give an upperboundon the
magnitudeof thecomponentof É which is orthogonalto £ �
Lemma 10 Let É@� AVERAGE 3�ni� � æg7 and let É'ñ be the
componentof É which is orthogonal to £ (i.e. É'ñR�ºÉD*36£^:�É�7�£ ). Thenwith probabilityat least

� * l ö"� wehavethatò­æ�É ñ ò � ���� 36æg7 �
Proof: Without lossof generalitywe cansupposethat the
targetvector £ is 3 �+� � �,�,� �­� �'7 � soourgoalis to boundæ � 3?É �� I : :,: I É �� 7 �
Recall that æ�É}� � øN�d � ¼ Nr5 N � Sinceeach 5 N is drawn fromP ��

� � thedistributionof each5 NË is symmetricaround� � For
any YQ/;� �+�,� �,��� æ ! and

® /_��� �,� �,�­� � ! thedistribution of
¼ N

is independentof thedistribution of 5 NË � sowe have that the
distribution of

¼ N65 NË is identicalto that of 5 NË � andhencethe

distributionof
� ø N�d � ¼ N65 NË is identicalto thatof

� ø Ned � 5 NË for® �H� � �,�,�,� � � Since

æ � É �Ë ��s ø� N�d � ¼ N 5 NË u �
for

® �ª� �,� �,��� � � the distribution of æ � 36É �� I :,:,: I É �� 7 is
identicalto thatofs ø� N�d � 5 N� u � I :,: : I s ø� Ned � 5 N� u � �
Lemma9 impliesthats ø� N�d � 5 N� u � I : :,: I s ø� N�d � 5 N� u � � �� 3?æg7
with probabilityat least

� * l ö"� � sothelemmais proved.

6.6 PUTTING IT ALL TOGETHER

We have almostreachedour goal. By Lemma8, if we takeæ sufficiently large,thenwith probabilityat least
� * l ö"� we

have £Ç:,ÉU��´�j � *��F�� �<ó � m �
Ontheotherhand,Lemma10 tellsusthatò�æ�É ñ òÎ� �� 36æ �<ó � 7
with probabilityat least

� * l ö"� � Consequently, with proba-
bility

� * l
wehaveò�É'ñ|ò£Ç:,É ���� j � �gó �æ �gó � 3 � *��F�ê7 m �

Notethat ò­É�ñ|ò ö�3?£z:CÉ�7 is thetangentof
2 3?£ � É�7 � theanglebe-

tween£ and É � Also, asmentionedin Section6, theerrorofÉ underP ��

� � which we denoteby Ê#ÿ�ÿ���ÿ�36É�7 � is
2 36£ � É�7<öRS �

Consequently, with probability
� * l

wehave

Ê ÿ�ÿ���ÿ�36É�7 � �S :��"t@UA�@� 
 j ò�É'ñ|ò£Ç:,É m¡ ò­É�ñ¢ò36£):�É�7�:�S� �� j � �<ó �æ �<ó � 3 � *��
�ê7 m �
(theinequalityholdsbecause�-t�UW��� 
 3?587Î¡_5 for 5D=��+7 � By
choosingæ����ô 3 �~ à Ø �­
 ��� Û à 7 wecansatisfyall of therequired
conditionsandobtain Ê#ÿ�ÿ���ÿ�36É�7Ujhk � Thus,we have proved
thefollowing theorem:

Theorem4 For somevalueof æQ���ôU3 �~ à Ø �­
 ��� Û à 7 � thealgo-
rithm AVERAGE 3rni� � æg7 is a PAClearningalgorithmfor the
classof origin-centeredhalfspacesunder P ��
�� which uses�ôU3 �~ à Ø �­
 ��� Û à 7 examplesandrunsin �ô 3 � à~ à Ø �C
 ��� Û à 7 timesteps.



7 CONCLUSION

Many questionsremainto beansweredaboutthePAC learn-
ing ability of simplealgorithmssuchasPerceptronandWin-
now. Perceptronis now known to beanefficientPAC learn-
ing algorithmfor linear thresholdfunctionsunderthe uni-
form distribution on 	 � andis known not to beanefficient
PAC learningalgorithmfor linearthresholdfunctionsunder
theuniform distribution on �#� � �"!��§� Analogousresultshave
yet to beobtainedfor Winnow underuniform distributions.
Moregenerally, it wouldbeinterestingto identify theclassof
thresholdfunctionswhich PerceptronandWinnow canPAC
learnundertheuniformdistribution andunderarbitrarydis-
tributions.

Anotherinterestingissueis attribute efficiency. A PAC
algorithm is said to be attribute efficient if, when the tar-
get concepthas � relevant variablesout of � , the number
of exampleswhich the learningalgorithm usesis polyno-
mial in � andlogarithmicin � � Winnow is known to be an
attributeefficient algorithmfor certainsimplesubclassesof
booleanthresholdfunctionssuchasdisjunctionsand ÿ -out-
of- � thresholdfunctions[25]. Theresultsof thispapershow
that Winnow is not an attribute-efficient learningalgorithm
for the unrestrictedclassof booleanthresholdfunctions. It
would be interestingto gain a betterunderstandingof the
abilities andlimitations of Winnow asan attribute efficient
learningalgorithm.
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