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Abstract

We describea novel family of PAC model algo-
rithmsfor learninglinearthresholdfunctions.The
new algorithmswork by boostinga simple weak
learnerandexhibit compleity boundsremarkably
similar to thoseof known online algorithmssuch
as Perceptrorand Winnow, thus suggestinghat
thesewell-studiedonlinealgorithmsin somesense
correspondo instance®f boosting.We show that
the new algorithmscanbe viewed asnaturalPAC
analogue®f the online p-norm algorithmswhich
have recentlybeenstudiedby Grove, Littlestone,
and Schuurman$16] and GentileandLittlestone
[15]. As specialcaseof thealgorithm,by taking
p = 2 andp = oo we obtain naturalboosting-
basedPAC analogueof Perceptrorand Winnow
respectiely. Thep = oo caseof our algorithm
canalsobeviewedasageneralizatiorfwith anim-
proved samplecompleity bound)of Jacksorand
Craven'sPAC-modelboosting-basedlgorithmfor
learning‘sparseperceptrons[20]. Theanalysisof
the generalizatiorerror of the new algorithmsre-
lies ontechniquedrom the theoryof largemargin
classification.

1 INTRODUCTION

Oneof themostfundamentaproblemsn computationalearn-
ing theoryis that of learningan unknown linear threshold
function from labeledexamples. Many differentlearning
algorithmsfor this problemhave beenconsideredver the
pastseveraldecadesin particular in recentyearsmary re-
searcherbave studiedsimpleonlineadditiveandmultiplica-
tive updatealgorithms,namelythe Perceptrorand Winnow
algorithmsandvariantsthereof[3, 5, 8, 14, 15, 16, 25, 26,
27,28, 33, 36].

This papertakesadifferentapproachWe describea nat-
uralparameterizetamily of boosting-baseBAC algorithms
for learninglinearthresholdunctions.Theweakhypotheses
usedarelinearfunctionalsandthe strongclassifierobtained
is alinearthresholdunction. Althoughthesenew algorithms
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areconceptuallyandalgorithmicallyverydifferentfrom Per
ceptronand Winnow, we establishperformanceboundsfor
thenew algorithmswhich areremarkablysimilar to thoseof
PerceptrorandWinnow; we thusreferto thenew algorithms
asPAC analoguesof PerceptrorandWinnow. We hopethat
theanalysisof thesenew algorithmswill yield freshinsights
into therelationshigbetweerboostingandonlinealgorithms.

We give aunifiedanalysiof our PerceptromndWinnow
analogueswhich includesmary other algorithmsas well.
Grove, Littlestone and Schuurmang16] have shown that
Perceptrorand(a versionof) Winnow canbe viewedasthe
p = 2andp — oo casesof a generalonline p-norm lin-
earthresholdlearningalgorithm,wherep > 2 is ary real
number We presentPAC-modelboosting-basednalogues
of theseonline p-norm algorithmsfor ary value2 < p <
0o. ThePAC-modelPerceptromndWinnow analoguesen-
tionedabove arerespectiely thep = 2 andp = oo casef
this generaklgorithm.

Thep = oo caseof ouralgorithmcanalsobe viewedas
a generalizatiorof Jacksorand Craven’s PAC-modelalgo-
rithm for learning‘sparseperceptronsf{20]. Theiralgorithm
boostsusingweakhypothesesvhich aresingleBooleanlit-
erals;thisis similarto whatthep = oo caseof ouralgorithm
does.Ouranalysiof thep = oo casegeneralizesheiralgo-
rithm to dealwith real-valuedratherthanBooleaninputvari-
ablesandyields a substantiallystrongersamplecomplexity
boundthanwasestablishedn [20].

Section2 of this papercontainspreliminarymaterial,in-
cluding an overview of the online p-norm algorithmsfrom
[15, 16]. In Section3 we presenta simple PAC-modelp-
normalgorithmandprovethatit is aweaklearningalgorithm
forall 2 < p < oc. In Sectiond we applytechniquesrom
the theory of large mamgin classificationto shav how our
weaklearningalgorithmcanbe boostedo a stronglearning
algorithmwith smallsamplecompleity. Finally, in Section
5we compareour PAC algorithmswith theanalogousnline
algorithms extendouralgorithmto thecasep = oo, anddis-
cussthe relationshipbetweenthe p = oo caseof our algo-
rithm andthe Jackson—Crzenalgorithmfor learningsparse
perceptrons.

1.1 RELATED WORK

Severalauthorshave studiedlinear thresholdearningalgo-
rithms which work by combiningweak predictors. Freund
andSchapirg14] describeanalgorithmwhich combinesn-
termediatd’erceptromlgorithmhypothesessingaweighted



majority vote (so the final classifieris a depth-2threshold
circuit) andprove boundson the generalizatiorerror of the
resultingclassifier Their algorithmdoesnot useboostingto

combinethe Perceptrorhypothesesut ratherweightsthem
accordingto their survival time. Ji andMa [21] proposea
random-search-and-tegpproactto find weakclassifierin-

earthresholdunctionsandcombinethemby asimplemajor

ity vote(thusalsoobtainingadepth-2thresholdcircuit). Our
approachs closestto that of Jacksorand Craven[20] who

useboostingto combinesingleliterals into a stronghypo-
thesislinear thresholdfunction. As describedn Section5,

thep = oo caseof our algorithmstrengthensind general-
izestheir results. More generally we alsonotethat Freund
and Schapirg[12] and Schapirg32] have exhibiteda close
relationshipbetweerboostingandonlinelearning.

2 PRELIMIN ARIES

We startwith somegeometricdefinitions. For a pointz =
(®1,...,25) € R™ andp > 1 we write ||Z||, to denotethe
p-normof Z, namely

n 1/p
2], = (Z Ifcilp> :
i=1

Theoo-normof Z is [|Z[|cc = max;—1,... ., |z;|. FOrp,q > 1
the g-normis dual to the p-norm if % + L = 1; hencethe
1-norm and the co-norm are dual to eachotherand the 2-
normis dualto itself. In this paperp andq alwaysdenote
dualnorms. The following factsarewell known (e.g. [37]
pp. 203-204):

Holder Inequality: |@ - ¢ < ||4]|p||9]|q for all 4,5 € "
andl < p < .

Mink owski Inequality: ||@ + o[, < ||@||, + ||9]], for all
4,0 € R™ andl < p < 0.

Throughoutthis paperthe examplespaceX is a subset
of ®™. A linear thresholdfunctionover X is a function f
suchthat f(#) = sign(i - #) for somed € R™ (recallthat
the functionsign(z) takesvaluel if z > 0 andtakesvalue
—1if z < 0). We notethatthe standardiefinitionof alinear
thresholdfunction allows a nonzerothreshold,i.e. f(z) =
sign(@ - £ — #) whered canbeary realnumber However,
ary linearthresholdfunction of this moregenerafform over
n variablesis equivalentto a linear thresholdfunction with
threshold0 overn + 1 variablesso our definitionincursno
reallossof generality

Wewrite || X ||, to denotesup; ¢ x [|Z|,. Weusethesym-
bol 63, x to denotethe quantity

def . ~ o~ . ~ o~
5ax = inf (@ - 2)(sign(ii - #)),

whichis ameasuref theseparatiometweerexamplesn X
and the hyperplanewhosenormalvectoris 4. We assume
throughoutthe paperthat || X ||, < oo, i.e. thesetX is
boundedandthatd; x > 0, i.e. thereis somenonzerdower
boundon the separatiorbetweerthe hyperplanedefinedby
@ andtheexamplesn X.

2.1 PAC LEARNING

Fora € R" let EX (@, D) denotean exampleoraclewhich,
when queried,providesa labeledexample (%, sign(i - %))
wherez is dravn accordingo thedistributionD over X. We
saythatanalgorithm A is a stronglearningalgorithmfor @
onX if it satisfieghefollowing condition:thereis afunction
m(e, d, 4, X) suchthat for ary distribution D over X, for
all 0 < ¢,0 < 1, algorithm A makesat mostm(e, 9, @, X)
callsto EX (i, D), andwith probabilityatleastl — § algo-
rithm A outputsa hypothesish : X — {—1,1} suchthat
Pryep[h(Z) # signd - )] < e. We saythatsucha hypo-
thesish is an e-accurate hypothesidor 4 underD andthat
thefunctionm(e, ¢, i@, X) is the samplecompleity of algo-
rithm A.

As our main resultwe describea stronglearningalgo-
rithm andcarefullyanalyzedts samplecomplexity. To dothis
we mustconsideralgorithmswhich do not satisfythe strong
learningpropertybut arestill capableof generatindiypothe-
sesthat have someslight advantageover randomguessing
(suchso-calledweaklearningalgorithmswerefirst consid-
eredby KearnsandValiantin [24]). Let

S = (&, sign@-&')),..., (", signd - &™))
be a finite sequencef labeledexamplesfrom X andlet D
be a distribution over S. For 0 < v < 1/2, we saythat
h:X — [-1,1]isa(1/2 — v)-approximatorfor 4 underD
if

1 ; , : ; 1
5 2 D@ - [h(E) = sign(a-3°) < 5 -7 (1)
i=1

We saythat an algorithm A4 is a (1/2 — v)-weaklearning
algorithmfor @ underD if thefollowing conditionholds:for
ary finite setS asdescribedibove andary distributionD on
S, if AisgivenD andS asinputthenA outputsahypothesis
h: X — [-1,1] whichis a(1/2 — v)-approximatorfor &
underD. Thusfor our purposesa weaklearningalgorithm
is onewhich canalwaysfind a hypothesighat outperforms
randomguessingnafixedsample.

2.2 ONLINE LEARNING AND p-NORM
ALGORITHMS

In the online model, learningtakes place over a sequence
of trials. Throughouthe learningprocesghe learnermain-
tainsa hypothesish which mapsX to {—1,1}. Eachtrial
proceedasfollows: uponreceving anexamplex € X the
learningalgorithm outputsits predictiong = h(z) of the
associatedbhbely. Thelearningalgorithmis thengiventhe
truelabely € {-1, 1} andthealgorithmcanupdatets hypo-
thesish basedon this new informationbeforethe next trial
begins. The performancef anonlinelearningalgorithmon
an examplesequencés measuredy the numberof predic-
tion mistaleswhich thealgorithmmales.

Grove, Littlestoneand Schuurmangl 6] andGentileand
Littlestone[15] have studieda family of online algorithms
for learninglinearthresholdfunctions(seeFigurel). We re-
fer to this algorithm,which is parameterizetly arealvalue
p > 2, astheonlinep-normalgorithm. Lik e thewell-known
Perceptroralgorithm, the online p-norm algorithmupdates
its hypothesidy makinganadditive changeo aweightvec-
tor Z. However, asshowvn in stepsd-5of Figurel, thep-norm



Input parameter: realnumberp > 2, initial weightvectorz® = (¢, ..
1. sett=0
2. while examplesareavailabledo
3. getunlabeledexamplez?
4 foralli =1,...,n setw! = sign(zf)|z¢[P~!
5. predict §; = sign(w! - &t)
6. getlabely; € {—1,+1}
7 foralli =1,...,nsetz!t = 2! + a(y; — ;)
8 sett=t+1
9. enddo

.,2%) € R, positive valuea > 0

Figurel: Theonlinep-normalgorithm.

algorithmdoesnot usethe Z vectordirectly for prediction
but ratherpredictsusinga vector@ which is a transformed
versionof the 7 vector namelyw; = sign(z;)|z;|P~! for all
i = 1,...,n. Notethatwhenp = 2 we have Z = % and
hencethe online 2-norm algorithmis the Perceptroralgo-
rithm. In [16] it is shavn thatasp — oo theonline p-norm
algorithm approaches versionof the Winnow algorithm.
More precisely the following theoremfrom [16] givesmis-
take boundsfor the onlinep-normalgorithms:

Theoreml LetS = (', 41),...,{Z™,y,) bea sequence
of labeledexamplesvhee & € X andy = sign(a - ) for
everyexample{z,y) € S.

(a) Forany2 < p < oo andanya > 0, if theonlinep-norm
algorithm is invoked with input parametes (p, 2° =
(0,...,0),a), thenthe mistale boundon the example
sequence is at most

(p = DllallZI X3
03, x '

(b) Forany2 < p < oo, if 20 satisfiesa - 2° > 0 and
_ Sax|IF°)2 . .
a = m, thenthe mistale boundon S is at
most

o DI ((_ (2 ) |
Fx Tl 2T

(c) Letz® = (1,...,1) andsupposahatu; > 0 fori =
1,...,n. If p = oo anda is asdescribedn part (b),
thenthe mistale boundgivenin (b) corvergesto

2[|aI1X 113 —~ U u;
logn + ——log —— | .
; lally ™ [lallx

2
617,,X

2.3 FROM ONLINE TO PAC LEARNING

Variousgenericprocedurehave beenproposedl, 18, 22|
for automaticallycorvertingon-linelearningalgorithmsinto
PAC-modelalgorithms.In theseprocedurethesamplecom-
plexity of the resultingPAC algorithmdependon the mis-
take boundof the original on-line learningalgorithm. The
strongestgeneralresult of this type (in termsof minimiz-
ing thesamplecompleity of theresultingPAC algorithm)is

the“longest-surwor” corversiondueto KearnsLi, Pittand
Valiant [22]:

Theorem?2 Let A be an on-line learning algorithm which
is guaranteedto male at mostM mistales. Thenthereis a
PAC-modelearningalgorithm A’ which uses

(0] (ﬁ (log1 +10gM>>
€ é

examplesand outputsan e-accurate hypothesisvith proba-
bility 1 — 6.

Theoremsl and 2 yield samplecompleity boundson
agenericPAC-modelcorversionof the online p-normalgo-
rithm. We now describea completelydifferentPAC-model
algorithmwhich hasremarkablysimilar samplecomplexity
bounds.

3 A PAC-MODEL p-NORM WEAK
LEARNING ALGORITHM

Thep-normweaklearningalgorithmis motivatedby thefol-
lowing simpleidea: Suppose¢hatS = (1, 41), ..., {(Z™, ym)
is a collectionof labeledexampleswherey; = sign(a - %)
for eachi = 1,...,m. Now imaginereplacingeachnega-
tive example(#?, —1) in S by the equivalentpositive exam-
ple (—%*, 1) to obtainanew collectionS’ of examples.Let
Z € ®™ betheaveragdocationof anexamplein S, i.e. Z is
the “centerof mass”of S’. Sinceevery examplein S’ must
lie onthesamesideof thehyperplanei - = 0 asthevector
1, it is clearthat Z mustalsolie on this side of the hyper
plane. Onemight even hopethat Z, or somerelatedvector,
pointsin approximatelythe samedirectionasthevectora.

Ourp-normweaklearningalgorithm,whichwecall WA,
is presentedh Figure2. As in the online p-normalgorithm,
WLA transformsthe vector Z to a vectorw usingthe map-
ping w; = sign(z;)|z;|P~. We now shaw that this simple
algorithmis in factaweaklearner:

Theorem3 W.Aisa (1/2—+)-weaklearningalgorithmfor

~ @,X
4 underD fory = EITET:

!Littlestone[27] gives a corversion procedurewhich yields a
PAC samplecompleity boundof O(e™* (log 6 ! + M)). Although
this improveson theresultof [22] by alog M factor Littlestones
procedurerequiresthe examplespaceX to be finite, which is a
strongerassumptiorthanwe make in this paper



overS
1. setz =", D(&)y;&’
1. foralli=1,...,nsetw; =sign(z;)|z P!

2. return hypothesisi(z)

— w-T
— @l X

Input parameters: realnumberp > 2, sequenceS = (i, y1),..., (™, yn) of labeledexamples distribution D

Figure2: Thep-normweaklearningalgorithmW_A.

Proof: Let S = (z!,41),...,(Z™,ym) be a sequencef
labeledexamplesvherez € X andy = sign(a - Z) for every
pair (Z,y) € S, andlet D beadistribution over S. We will
show thatthe hypothesish which W.A(p, S, D) returnsis a
(1/2 — ~)-approximatoffor @ underD.
To seethath mapsX into[—1, 1], notethatfor ary & €
X Holder'sinequalityimplies
. |@ - | l@llgl|Z]lp _ [1@]qlIXlp
h(Z)| = < =1.
MO = EIXT, = Tl X1, < Teldx,

Now we shaw thatinequality(1) from Section2.1holds.
Sinceh(z7) € [-1,1] andy; € {—1,1} we havethat

IM(&E) —y;| =1 — y;M(F),

andthus
1 » »
5 > DE)|h(@E) -yl

=1

POLCOREMWIEN)

1 (XL D@ )y, (@ - &)
2[| X1l ll@llg '

DN | =

Thusit sufiicesto show that
S5 D@y (- #) b x

ll@]|q ~ lallg”
We first notethat
SN D@y -#) = d- | > DE )y
7j=1 7j=1

m
= d-2=) 5P =5
=1

andhencetheleft-handsideof thedesirednequalityequals

||2||g/||u~)||q. We alsohave
n l/q n l/q
lall, = <Z (lzz-l“)q) (Dzm)
=1
l|2l[2/1,

i=1

wherein thesecondequalitywe usedthefactthat(p—1)q =
p. Consequentlyhe left-handside canbe further simplified

to ||z(5/ @], = I2|1577/7 = ||Z]|p, andthusour goalis to

shaw that||Z||, > da,x/||dll,- Sincedz,x < @ - (y;27) for
ji=1,...,m,wehae

<t

Sax <Y D@)a-(y;#) =
7j=1

| Yo D@ )y; @
j=1

= 4-z

< lallglZllp,

wherethe lastline follows from the Holder inequality and
thetheoremis proved.

4 FROM WEAK TO STRONG LEARNING

We have shown that the simple WLA algorithmis a weak
learningalgorithmfor our halfspaceearningproblem. In
this sectionwe usetechniquegrom boostingandlargemar
gin classificationto obtaina stronglearningalgorithmwith
smallsamplecompleity.

4.1 BOOSTING TO ACHIEVE HIGH ACCURACY

In aseriesof importantpapersSchapirg31] andFreund10,
11] have given boostingalgorithmswhich transformweak
learningalgorithmsinto strongones.In this papemwe usethe
Adaboost algorithmfrom [13] whichis shovnin Figure3;
our notationfor the algorithmis similar to that of [34, 35].
Theinputto Adaboost is a sequences = (z!,11),...,
(™, y.,) of m labeledexamplesaweaklearningalgorithm
WL, andtwo parameterd < ~,u < 1/2. Given a distri-
bution D over S, algorithmW. outputsa hypothesish; :
S — [—1,1]. Adaboost successiely generatesiew dis-
tributions D! over S, usesW. to obtainhypotheseg;, and
ultimately outputsasits final hypothesisa linear threshold
functionovertheh;s.

In [13] Freundand Schapireprove thatif the algorithm
W isa(1/2 — ~)-weaklearningalgorithm(i.e. eachcall of
WL in Adaboost generates hypothesish; suchthate; <
1/2 — ), thenthefractionof examplesin S which aremis-
classifiedby the final hypothesish is at mostu. Giventhis
result,onestraightforvardwayto obtainastronglearningal-
gorithmfor our halfspacdearningproblemis to draw a suf-
ficiently large (asspecifiechelon) sampleS from theexam-
pleoracleEX (i, D) andrunAdaboost onS usingW.Aas
the weaklearningalgorithm,~y asgivenin Theorem3, and
u < 1/|S|. This choiceof u ensureghat Adaboost 's fi-
nal hypothesiamakesno errorson S; moreover, sinceeach
hypothesiggeneratedy W A is of theform hy(Z) = ¢t - &
for some#t € R™, Adaboost s final hypothesiss of the
form h(z) = sign(v - £) for somed € R". Usingthe well-
known factthatthe VC dimensionof the classof zero-bias



Input parameters: sequences = (z', ), ...
[-1,1], two realvaluesD < v, pu < 1/2

setT = 55 log ;:
foralli=1,...,msetD'(z!) = L
fort=1,...,Tdo
let b, betheoutputof W.(D*, S)
sete, = >0 D) |hy(a?) — y;l
setay, = $In((1 — &) /€r)
foralli=1,...,m set

No ghrwh B

,{z™,yn) of labeledexamplesweaklearningalgorithmW.: S —

D' (z") exp(—yihi(a*))

'Dt+1 (:UZ) —

9. enddo

f(=)

whereZ;, = 37" | D'(z") exp(—y;ahe (z?)) is anormalizingfactor(sothat D'+ will beadistribution)
10. output asfinal hypothesisi(z) = sign(f(z)), where

_ Y ach(a)
23:1 Qi

Zy

Figure3: TheAdaboost algorithm.

linear thresholdfunctionsover ®" is n, the main result of

[7] impliesthatwith probabilityatleastl — ¢ thefinal hypo-

thesish is ane-accuratenypothesidor 4 underD provided

that|S| > c(e ! (nlog(e ') +1log(d1))) for someconstant
c> 0.

This analysisthoughattractizely simple,yields a rather
crudeboundon samplecompleity which doesnot depend
onthe particularsof thelearningproblem(i.e. @ and X). In
therestof this sectionwe userecentresultson Adaboost ’s
ability to generatea large-magin classifierand the gener
alization ability of large-magin classifiersto give a much
tighter boundon samplecompleity for this learningalgo-
rithm.

4.2 BOOSTING TO ACHIEVE A LARGE MARGIN

Supposehath : X — {—1,1} is a classifierof the form
h(z) = sign(f(z)), wheref mapsX into [-1,1]. We say
thatthe mamgin of 4 on a labeledexample(z, y) is y f(z);
note that this quantity is nonnegjative if andonly if kA cor
rectly predictsthe labely associatedvith .

The following theorem,which is an extensionof The-
orem5 from [34], shavs that Adaboost generatesarge-
maugin hypotheses.

Theorem4 Supposehat Adaboost isrun onanexample
sequencé = (z!,y1),..., {(z™,y.,) usinga weaklearning
algorithmW.: S — [—1,1]. Thenfor anyvalue8 > 0 we
have

{i € {1,2,...,m} : y; f(z*) < 0}
m

6%70(1 - Et)l—"_a.

The theoremstatedin [34] only coversthe casewhenW.
mapsS to {—1,1}. We needthis moregeneralversionbe-
causethe weak hypothesesf Theorem3 map S to [—1,1]
ratherthan{—1, 1}. Theproofof Theorend is givenin Ap-
pendixA.

Theresultsof Section3 imply thatif WLA is usedasthe
weak learningalgorithmin Adaboost , thenthe valuee;
will alwaysbeatmostl/2 — v, andtheupperboundof The-
orem4 becomeg(1—2v)' ~% (1+27)'*+%)7/2. Thefollowing
easylemmais provedin AppendixB:

Lemma5 (1—4z)'72(1+4z)!t* <1-42?for0 <z <
1/4.

If we setd = ~/2 andapply this lemmawith z = 4, the
upperboundof Theorem4 becomes(1 — 42)7/2 andwe
obtainthefollowing:

Corollary 6 If Adaboost is run on a sequenceS of la-
beled examplesdrawn from EX (i, D) using WA as the
weaklearner + as definedin Theoem3 and . < 1/|S|*,
thenthe hypothesig which Adaboost genemateswill have
margin at leasty/2 oneveryexamplein S.

Proof: Theboundon x caused” tobegreatethan?; log Il?l’
andconsequentlyhe upperboundof Theoremd is lessthan
1/15]. |

In the next subsectionwe useCorollary 6 andthe the-

ory of largemargin classificatiorto establisra boundon the
generalizatiorerrorof h in termsof the samplesizem.

4.3 LARGE MARGINS AND GENERALIZA TION
ERROR

Let F be a collection of real-valuedfunctionson a set X.
A finite set{z!,...,zF} C X is saidto be ¢&-shatteed by



F if therearerealnumbersry, ..., rg suchthatfor all b =
(b1,...,br) € {—1,1}* thereis afunction f, € F such
that
i >ri+¢& if b=1
fb(w){gm—g if biz—l.

For ¢ > 0, the fat-shatteringdimensionof F at scaleé,
denotedfatz (&), is the size of the largestset which is ¢-
shattereddy F, if thisis finite, andinfinity otherwise.The
fat-shatteringlimensionis usefulfor us becausef the fol-
lowing theorenmfrom [4]:

Theorem7 Let F be a collection of real-valuedfunctions
on X and let D be a distribution over X x {—1,1}. Let
S = (2, y1),...,{Z™,ym) bea sequencef labeledexam-
plesdrawnfromD. With probability at leastl — é over the
choiceof S, if a classifierh(z) = sign(f(z)) with f € F
hasmamin at leasté > 0 oneveryexamplein S, then

2 8em 8m
P < —({dlog —1 2 log —
(m,y)rw[h(w) 7yl < — (d og —— log(32m) +log — ) ;

whee d = fatx(£/1 ).

As notedin Section4.1, the final hypothesish which
Adaboost outputsmustbeof theform h(z) = sign(f(z))
with f(Z) = ¥ - & for somed € R". Furthermoresince
eachinvocationof WLA generates hypothesisf the form
hy() = ot - & with ||5¢||, < m, Minkowski's inequality

impliesthatthevectord mustsatisfy||7||, < ”)}” . Wethus
p
considetthe classof functions
. 1 ~
F={a=os:lol < el <Xl . @
X1l

If we canboundfatz(£), thengivenary samplesizem,
Theorem7 immediatelyyields a correspondingoound on
Pryep[h(Z) # sign(a - £)] for ourhalfspacdearningprob-
lem. Thefollowing theoremprovedin AppendixC givesthe
desirecboundon fatz(€) :

Theorem8 Let X be a boundedregion in " and let F
be the classof functionson X definedin (2) above Then
fatz(¢) < 212,

CombiningTheoren®, Corollary6,andTheorem& and
8, it followsthatif ouralgorithmusesa sampleof size|S| =
m, thenwith probabilityatleastl — § thehypothesis which
is generateavill satisfy

Pr[h(3) # sign(a- )]

1 llal)?) X3
= 0O|— ””‘;Mlognlogzm-i-logﬂ )
m 5«1,){ )

Thuswe have establishethefollowing (wherethe O-notation
hideslog factors):

Theorem9 ThealgorithmobtainedbyapplyingAdaboost
to WLA usingtheparametersettingsdescribedn Corollary 6
is a strong learningalgorithmfor & on X with samplecom-

plexity
~ =112 X 2
m(e,d,i,X) = O (l . M) '

2
€ 5a,X

5 DISCUSSION

The samplecompleity of our boosting-base@-norm PAC

learningalgorithmis remarkablysimilar to thatof the PAC-
transformednline p-normalgorithmsof Section2.1. Up to
log factorsboth setsof boundsdependinearly one~! and
quadraticallyon ||i||4|| X ||p/0z,x . Comparingheboundsin

moredetail, we seethatthe online variantdescribedn part
(a) of Theoreml hasan extra factorof p — 1 in its bound
which is not presentn the samplecompleity of our algo-
rithm. Variant(a) offerstheadvantagethough,thatthe user
doesnot needto know the valuesof ary quantitiessuchas
| X ||, or [|@||q in advancen orderto runthealgorithm. Turn-
ing to part(b) of Theoreml, we seethatif the parameten

is setappropriatelyin the online algorithmthenthe online
bounddiffersfrom our PAC algorithmboundonly by anex-

trafactorof
a2 \°
p—1 1—(7~ — )
( )( [CRED

(againignoringlog factors).Part(c) of Theoreml shavsthat
asp — oo this extra factorbecomegjuite smallevenwhen
7% is chosento be (1,...,1). We alsonotethatwhenp =

(logn) GentileandLittlestone[15] have givenalternatve
expressiongor theonlinep-normboundsin termsof || X ||«
and||@||:. Using an entirely similar analysisthe boundsof
our algorithmcanbe analogouslyrephrasedn this caseas
well.

5.1 p=2AND THE PERCEPTRON ALGORITHM

Sincethep = 2 caseof theonline p-normalgorithmis pre-
cisely the Perceptroralgorithm,the p = 2 caseof our al-
gorithmcanbe viewed asa naturalPAC-modelanalogueof
the online Perceptroralgorithm. We notethatwhenp = 2
the upperboundgivenin Lemmal2 of AppendixC canbe
strengthenetb d - || X||2 (seeLemmal.3of [4] or Theo-
rem4.1of [2] for aproof). Thismeanghatthefat-shattering
dimensionupperboundof Theorem8 canbe improved to
<, which removesa log factorfrom the boundof Theorem

9; however this boundwill still containvariouslog factors
becausef thelog termsin Theorem?.

5.2 p =00 AND THE JACKSON-CRAVEN
ALGORITHM

At theotherextreme we now defineanaturalp = oo version
of our algorithm. Considerthe vectorsz andw which are
computedby the weaklearningalgorithmWLA. If we let r
bethe numberof coordinateg; of Z suchthat|z;| = ||Z|c,
thenfor ary ¢ we have

) w; . sign(z;)|z|P~*
1 —_ = 1
p oo (uwnq) p 5o ((2;;1 |2 P=D4)174
sign(z;)/r if || = [|Z]|eo
0 otherwise.

Henceit is naturalto considerap = oo versionof WA,
which we denote\LA’, in which the vectorw is definedby
takingw; = sign(z;) if |z;| = ||zl andw; = 0 other
wise. All of ouranalysiscontinuego hold (with minor mod-
ificationsdescribedn AppendixD) andwe obtainap = oo
stronglearningalgorithm:



Claim 10 Theoem9 holdsfor p = co with WLA' in placeof
WA

Thereis a closerelationshipbetweenthis p = co algo-
rithm andthework of JacksorandCravenonlearningsparse
perceptrong20]. Notethatif » = 1, i.e. only onecoor
dinateof z has|z;| = ||Z]|«, thenthe WLA" hypothesiss
h(z) = mx— Where is thesignedvariablefrom

{z1,..  &n,—21,...,—Tn}

which is moststronglycorrelatedunderdistribution D with
thevalueof sign(i- ). Thisis verysimilarto theweaklearn-
ing algorithm usedby Jacksonand Craven in [20], which
takesthesinglebest-correlatetiteral asits hypothesigbreak-
ing tiesarbitrarily).

The proof that this “best-single-literal’algorithm used
in [20] is a weak learningalgorithmis due to Goldmann,
Hastadand Razborw [17]. However, the proofin [17] as-
sumesthat the examplespaceX is {0,1}" andthe target
vectora hasall integer coeficients;thus,asnotedby Jack-
sonand Cravenin [20], their algorithmfor learningsparse
perceptron®nly appliesto learningproblemswhich arede-
fined over discreteinput domains. In contrast,ourp = oo
algorithmcanbe appliedon continuousnput domains- the
only restrictionsarethatthe examplespaceX andthetarget
vectori satisfy|| X || < co anddg,x > 0.

WealsoobsenethatTheoren® establisheatightersam-
ple compleity boundfor ourp = oo stronglearningalgo-
rithm thanwasgivenin [20]. To seethis,let X = {0,1}"
and supposehat the targetvectoraz € R™ hasall integer
coeficients,sothe algorithmfrom [20] canbe applied. For
thislearningproblemwehavedy, x = (1) and||X|| = 1;
letting = ||i||1, Theorem9 impliesthatour p = co strong
learningalgorithmhassamplecompleity roughly 2 /e (ig-
noring log factors). This is a substantiaimprovementover
the roughly */e samplecompleity boundgivenin [20].
More generally the samplecompleity boundgivenin [20]
for learning“ -sparse -perceptronsis roughly */e; the
analysisof this papercan easily be extendedto establisha
samplecompleity boundof roughly  2/e for learning -
sparse -perceptrons.

6 OPEN QUESTIONS

Ourresultsgive evidenceof the broadutility of boostingal-
gorithmssuchasAdaboostA naturalquestionis howv much
furtherthis utility extends:aretheresimpleboosting-based
PAC versionof otherstandardearningalgorithms2\e note
in thiscontext thatKearnsaandMansouf23] have shovn that
variousheuristicalgorithmsfor top-davn decisiontree in-
ductioncanbeviewedasinstantiation®f boosting.Another
goalis to constructmorepowerful boosting-baseBAC algo-
rithmsfor linear thresholdfunctions. All of the algorithms
discussedh this papemave aninversequadraticddependence
ontheseparatioparameted; x; linearprogrammingased
algorithmsfor learninglinear thresholdfunctions(see,e.qg.,
[6, 7,9, 29, 30)) do not have sucha dependencels there
a naturalboosting-base®AC algorithmfor linearthreshold
functionswith performanceéoundssimilar to thoseof the
linearprogrammingbasedalgorithms?
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A PROOF OF THEOREM 4

The proof combinesdeasfrom [34], whereit is shovn that
Adaboost with binaryvaluedhypothesegeneratea large
margin classifier and [35], wherean analysisis given for
Adaboost with realvaluedhypothesesAs in Theorem5
of [34], if y; f(z?) < 6 then

T
yi y_ auhy(a’)
t=1

whichimpliesthat

T T
exp (—yi Z ahy(z') + 6 Z at> >1
t=1 t=1
Following [34], wethushave
{i € {1,2,....,m}: y;f(2?) < 6}

Z — - exp (—yi Z ahy(z') + 6 Z at)
i=1 t=1 =1

exp Gzt Lo ™

S Zexp (—yi Zatht(mi)>
= exp (92%) (H Zt> ZDT'H (z*

(i)

wherethesecondequalityfollowsfromthedefinitionof D!
andthefinal equalityis becauséD” ! is a distribution and
hencesumsto 1. Our goalis thusto boundthe right sideof
inequality(3).

If welet

T
< GZat
t=1

INA

Z D yzht
thenusingthefactthat
|h(z7)

we find thate; =
we obtain

—yj| = 1= y;h(a?)
=—. Substitutingnto the definitionof «;

a—lln 1+T‘t
T \1 - )

Following [35] for simplicity of notationwe now fix ¢
andletu; = y;hi(2), Z = Z;, D = D', e = €, 7 = 1y,
anda = «;. As notedin [35] a simpleconvexity argument
shavsthat

1+u _ +l—u
e
2 2

e—u

e



for ary a € R andary u € [—1,1]. Sinceu; alwaysliesin
theinterval [—1, 1], we canapplythisinequalityto obtain

f:D(m =
ZD (Hu’ - +1_2“"e ) 4)

Asin Section3.5 of [35], substitutinga into inequality (4)

Z =

IA

yields
Zy < ﬁ
. T-(-27
= 2 a(l-«) (5)

Substitutinginequality (5) into inequality (3) andusingthe
definitionof «; yieldsthe desiredboundof thetheorem. Wl

B PROOF OF LEMMA 5

We show that
(1—4z)' 7% (1 4 42)'* < 1 — 422

for 0 < z < 1/4. Using a simple corvexity argument, it
canbe verifiedthata < 1 — (1 — a)r forary o > 0 and
ary 0 < r < 1. Thisinequalityimpliesthat(1 — 4z)1== <
1 — 4z +4z? and(1 + 4z)® < 1 + 42?2, soconsequently

(1—42) % (14+42)"* < (1 -4z +427) (1 +42)(1+427),
whichis atmostl — 4z2 for0 < z < 1/4. [ |

C PROOF OF THEOREM 8

Thetheorems avariantof Theoreml.6from [4]. Theproof

follows from combiningthe inequalitiesprovedin the fol-

lowing two lemmas.
Lemmall Let

F={a—vo-a:loll < o el < X1

! IIX llp” " :

If theset{z!,...,& } is &-shatteed by F theneveryb =
(b1,...,b ) € {-1,1} satisfies ), , b;@" > &d|| X]|,
/4

Proof: Supposethat {#!,...,% } is &-shatterecby F as
Witnesseoby the real numbersry,...,r . Thenfor every
b= (b,. = b ) € {-1,1} , thereis avectors, € R" with
[|T]lq < ”X” suchthatb (vb Fi—p;) > €fori=1,...,d.
Summingthesed inequalitiesandrearrangingye obtaln

i=1 i=1

Therearetwo casedo consider Casel isif >, _, b;r; > 0;
if thisis true,we have

B Z)

Y

Belly D i’
=1

p - (; b,is)

&d

p

\Y

Y

(wherethefirst inequalityis by the definitionof F, thesec-
ond inequalityis Holder’s, andthe third is from inequality

(6)), which yields the desiredinequality || >, _, b;&¢||, >
&dl| X |-

In the secondcase,) ,_, bir; < 0. If thisis the case
thenletc = (¢1,...,¢ ) = (=b1,...,—b ). Wethenhave

>,_,ciri > 0, soCasel impliesthat || Y, ¢;@'l|, >
&d||1 X ||, andthelemmafollows since

E Ci.'f?z = —E bif}z = E b,'f)z
i=1 i=1 i=1

Lemmal2 For any set{z!,...,Z } with each ||z||,
| X|lp, if p > 2 thenther is someb = (b1,...,b)

{-1,1} sudhthat Y, , b < 2dlogdn-[|X||,.
p

miA 1

Proof: Theproofusegheprobabilisticmethod.We consider
the randomvariablez = Y, , b;#* where (by,...,b ) is
uniformly distributedover{—1,1} . Forary coordinatej €
{1,...,n} wehavez; = ),_, biz} andhenceE[z;] = 0.

Let ; = |z P +---+|z; % Hoeffdlng sbound[19] onsums
of |ndependemandonwarlable$tatesthatfor arnyt > 0we
have

—¢2

J
As a consequenceakingt = 2 ;log4n we have that
Pr[|z;] > t] < 1/2n. Using the union boundacrossj =
1,2,...,n, we have thatwith probabilityat least1/2 every
coordinatez; of Z satisfiegz;| < 2 jlog4n, andhence

n 1/p
>zl
j=1
n 1/p
__  _p
Z 2 jlog4n
j=1

= 2log4n -
n
Z |:1:;|2 + 4 |;zc]-|2 v/
\\i= )
Sincep > 2, we have p/2 > 1 andhenceMinkowski’s in-
equalityimpliesthat

n 2/p
p/2

S I el

j=1

N 2/p N 2/p
S D Y
o =

IE5 + -+ 112 117
< d||X]f5 8
Thelemmafollows by combininginequalitieg7) and(8). B

1121l

IN

()



D PROOF OF CLAIM 10

We first shov that Theorema3 still holdsin the casep =
oo with WLA' in placeof WLA. The proof is unchangedip
throughthe point wherewe mustshaow that

E?; D(ﬁz)yz(wﬁz) > 5ﬁ,X
I+ ~ lallx

Theleft-handsideof thisinequalitycanberewritten as

w-Z E|z =112l sign(z;) z;

llo]]x 2=z L
2z =z NElleo
2 =gz 1

= [|Zllo,

andhenceit sufficesto provethat||Z||c > dz,x/||@l|1- This
is establishedttheendof theproofof Theorem3, soTheo-
rem3 holdswith p = co andWLA' substitutedor WA,

The restof the analysisgoesthroughunchangeadxcept
for inequalities(7) and (8) of Lemmal2. Since||X || =
SUpzc x Maxj=1,...n |2;|, wehavethat ; < d||X||% forall
4, andhencen placeof inequalities(7) and(8) we have

||2||m=mjax|zj| < max 2 ;log4n

A\

2dlog 4 - || X e,

which provesthelemma. |



