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* Boolean Function f:{-1,1}" —>{-1,1}
* Fourier Expansion: Unique multilinear
polynomial representation

* Examples: f(x)= z f(S)Hxi
— Parity  f(x)= XXX _Sg[n] ieS
— Sort . deg[f] =n

1 |fx1Sx2Sx3Sx4 orx12x22x32x4

flx)=5

| —1 otherwise
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Sparsity

Definition: sparsity|[f]
The number of non-zero coefficients in its
Fourier expansion

* Examples:
— Parity  f(X)=xx ---Xx sparsity[f]=1
— Sort
1 1 1 1 o
fX)==Xx X +=X X, +=XX ——X X sparsity[f]=4
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Parity Decision Tree

DT®[f]: The depth of shortest parity decision tree which computes f

PARITY, f(X) — X1X2X3 SORT f(x):%xlxz+1x2x3+%x3x4—%x1x4
DT [f1=1 DT [f]=2
sparsityf]=1 1 _qsparsity[f]=4
1 -1
1 -1 1 ~1
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DT®[f]=Olsparsity[f1°)?
DT”[f]1=0O(log" (sparsity[f1))?
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Lower bound: fX)=—x X +—X X +—XX ——X X
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Trivial bounds

* Upper bound: X
DT®[ f] < sparsity[f]
* Lower bound:

DT®[f]> %Iog(sparsity[f])
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Trivial bounds

* Upper bound: X
DT®[ f]< sparsity|[f]

e Lower bound:

1 A
DT®[ f]= =log(sparsity[f])
2
sparsity X 4

depth f(X)— - 3f1(X)+ 21 3fz(X)

+1
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Previous work on upper bound

DTe[F1<O(l £, log(sparsity[ 1)

< O(\/sparsity[}] -Iog(sparsity[}]))
[TWXZ13]




Our result on lower bound

For infinitely many n, there exist a Boolean
function f:{-1,1}" —>{-1,1} satisfying
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Our new result on lower bound

For infinitely many n, there exist a Boolean
function f:{-1,1}" —>{-1,1} satisfying

DT?[£1> Q(log** (sparsity[ 1))

(Using parity kill number and composition of Hl
function)
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Parity kill number

Parity Kill Number (Parity Certificate complexity) Cfin[f]

The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

C® [f1<DT?[f]

min
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Properties of Boolean function
Composition by previous work

deg[fogl=deg|f]-deg|g] deg[ f**]1=deg[ f]
DT[f og]=DT[f]-DT[g] DT[f*]1=DT[f]"
C [feg]2C [f]-C [g] C_[f*1=2C_[fI
[Tall3]

What about DT® and c® »

min
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lllustration of main theorem

Thm:
Ce [fog]=C_ [f1+CC [f] when Cp [g]1>2
yY,y,=1 XX, =—1 R
y,ys=1 XX, =1
- 2C
y6 =-1 mm[f]
YV = 1 X, = 1 )
: parity constraints of f
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Thm:
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min min
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C® [f* 1=C® [f“"of]
>C 'f°“<‘1’]+C@. [f°‘k‘1)]
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for parity kill number

c..lff1=c

min

VALY
C, o LF*1+CE 4]

min = min

C_[fI*Y+-+C_ [fl+C° [f]

min - min

>
>

(€. [f1=2)
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for parity kill number

co LM =C2 [F "o f]
2 Cmin :]‘:O(k_l)]_l_Ciinl:'fO(k_l):|
2 Cmin :f](k_l) Tt Cmin[f]+ Ciln[f]
C IfI'=C [fl o . -
. c [f]-1 +C L 1=QAC )

(€. [f1=2)

min
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for parity kill number

Thm:
C® [fogl=C _[fl1+C® [f] when C° [g]>2

min min min min

C..[f*1=Q(C_ [fI) (fisnota parity)
Fact: Iog(sparsity[]:;]) =O(deg[f]")
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min
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[f]) when f is not a parity

min

(c:Iogdeng
Sort function
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Application
DT®[f*12C,, [f*12Q(log* (sparsity[f 1))

= Iogdegm C __[f]) when f is not a parity
Sort function

1 ﬁ&s&s&s&ﬂmﬁzﬂz&zﬁ

flx)=+

| —1 otherwise

1 1 1 1
ﬂﬂz;&@+5&&+5&ﬁ—5&ﬁ

deg[f]=2,C [f]=3,c=log,3
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HI function
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Output 1
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Output -1
The number of 1's in input is 3
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Application
DT®[f*12C[f*,1" 12 Q(log* (sparsity[ £*]))
(c:logdeg[f]C[f,l”]) when f is not a parity and f(1")=1

HI function 1
' 4

+X1X4X5 +X1X5X6 +X2X3X5 +X2X4X6

I

(—2 X+ X XX, +X XX, +X X X
i

XXX+ XXX XXX )

deg[HI]=3,C[HI,1°]=6,c =log.6



Future Direction

Q(log"*®® (sparsity[ f])) <

Q(log** (sparsity[ £1)) <

C@

min

DT®

F1<0(\/sparsity[f])

F1<O(y/sparsity[f]-log(sparsity[ f1))



Future Direction

Q(log** (sparsity[ f1)) < C® [f1<O(y/sparsity[ 1)

min

Q(log** (sparsity[ 1)) <DT®[f1< O(y/sparsity[ f]-log(sparsity[ £1)

Can we do better?
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Future Direction

C® [f*12QIC _[fI] (C [f1=2)

min min min

What about DT®[f*“] and DT[f]?



Thank you

RYAN O'DONNELL



