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!k ]=DT[ f ]k

 !!Cmin[ f
!k ]≥Cmin[ f ]

k
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!!C
⊕
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Composi)on	
  theorem	
  	
  
for	
  parity	
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Thm:	
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⊕
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⊕
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⊕
min[g]≥2
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 !!C
⊕
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min[ f
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  theorem	
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⊕
min[ f ! g]≥Cmin[ f ]+C

⊕
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min[g]≥ 2

 !!
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min[ f

!k ]=C⊕
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!!(C
⊕
min[ f ]≥2)



Composi)on	
  theorem	
  	
  
for	
  parity	
  kill	
  number	
  

 !!

C⊕
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min[ f
!(k−1)]
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  parity	
  kill	
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Thm:	
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min[ f ] when	
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⊕
min[g]≥2

 !!C
⊕
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k ) !!( f !is!not!a!parity)
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  theorem	
  	
  
for	
  parity	
  kill	
  number	
  

Thm:	
  

 !!C
⊕
min[ f !g]≥Cmin[ f ]+C

⊕
min[ f ] when	
   !!C

⊕
min[g]≥2

 !!C
⊕
min[ f

!k ]=Ω(Cmin[ f ]
k ) !!( f !is!not!a!parity)

 !!Fact:!log(sparsity[ f
!k"])=Θ(deg[ f ]k )

 !!

DT⊕[ f !k ]≥Cmin
⊕ [ f !k ]≥Ω(Cmin[ f ]

k )=Ω(deg[ f ]ck )
(c = logdeg[ f ]Cmin[ f ])!when!f !is!not!a!parity



Composi)on	
  theorem	
  	
  
for	
  parity	
  kill	
  number	
  

Thm:	
  

 !!C
⊕
min[ f !g]≥Cmin[ f ]+C

⊕
min[ f ] when	
   !!C

⊕
min[g]≥2

 !!C
⊕
min[ f

!k ]=Ω(Cmin[ f ]
k ) !!( f !is!not!a!parity)

 !!Fact:!log(sparsity[ f
!k"])=Θ(deg[ f ]k )

 !!

DT⊕[ f !k ]≥Cmin
⊕ [ f !k ]≥Ω(logc (sparsity[ f !k"]))

(c = logdeg[ f ]Cmin[ f ])!when!f !is!not!a!parity



Applica)on	
  

 !!

DT⊕[ f !k ]≥Cmin
⊕ [ f !k ]≥Ω(logc (sparsity[ f !k"]))

(c = logdeg[ f ]Cmin[ f ])!when!f !is!not!a!parity
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!!
f (x)= 1 if!x1 ≤ x2 ≤ x3 ≤ x4 !or!x1 ≥ x2 ≥ x3 ≥ x4

−1 otherwise

⎧
⎨
⎪

⎩⎪

!!
f (x)= 1

2
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1
2
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1
2
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1
2
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!!
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−1 otherwise

⎧
⎨
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!!
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2
x1x2 +

1
2
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1
2
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1
2
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Sort	
  func)on	
  

!!deg[ f ]= 2,Cmin[ f ]= 3,c = log2 3

 !!
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 !!

DT⊕[ f !k ]≥C⊕[ f !k ,1n
k

]≥Ω(logc (sparsity[ f !k"]))
(c = logdeg[ f ]C[ f ,1

n])!when!f !is!not!a!parity!and!f (1n)=1

The	
  minimum	
  number	
  	
  of	
  input	
  bits	
  one	
  
has	
  to	
  fix	
  which	
  contains	
  	
  	
  	
  	
  	
  and	
  force	
  the	
  
func)on	
  to	
  be	
  a	
  constant.	
  

!!1n



Applica)on	
  

The	
  minimum	
  number	
  	
  of	
  parity	
  on	
  input	
  
variables	
  one	
  has	
  to	
  fix	
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contains	
  	
  	
  	
  	
  	
  and	
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  the	
  func)on	
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 !!

DT⊕[ f !k ]≥C⊕[ f !k ,1n
k

]≥Ω(logc (sparsity[ f !k"]))
(c = logdeg[ f ]C[ f ,1

n])!when!f !is!not!a!parity!and!f (1n)=1

!!1n



Applica)on	
  

[NW95]	
  

HI	
  func)on	
  
The	
  number	
  of	
  1’s	
  in	
  input	
  	
  is	
  1,	
  2	
  or	
  6	
  
Output	
  1	
  
The	
  number	
  of	
  1’s	
  in	
  input	
  is	
  0,	
  4	
  or	
  5	
  
Output	
  -­‐1	
  
The	
  number	
  of	
  1’s	
  in	
  input	
  is	
  3	
  

 !!

DT⊕[ f !k ]≥C⊕[ f !k ,1n
k

]≥Ω(logc (sparsity[ f !k"]))
(c = logdeg[ f ]C[ f ,1

n])!when!f !is!not!a!parity!and!f (1n)=1



Applica)on	
  

!!

HI(x)= 1
4
(− xi

i
∑ + x1x2x3 + x1x2x4 + x1x3x6

+x1x4x5 + x1x5x6 + x2x3x5 + x2x4x6
+x2x5x6 + x3x4x5 + x3x4x6 )

[NW95]	
  

HI	
  func)on	
  
 !!

DT⊕[ f !k ]≥C⊕[ f !k ,1n
k

]≥Ω(logc (sparsity[ f !k"]))
(c = logdeg[ f ]C[ f ,1

n])!when!f !is!not!a!parity!and!f (1n)=1



Applica)on	
  

HI	
  func)on	
  

!!

HI(x)= 1
4
(− xi

i
∑ + x1x2x3 + x1x2x4 + x1x3x6

+x1x4x5 + x1x5x6 + x2x3x5 + x2x4x6
+x2x5x6 + x3x4x5 + x3x4x6 )

[NW95]	
  

!!deg[HI]= 3,C[HI,1
6]= 6,c = log36

 !!

DT⊕[ f !k ]≥C⊕[ f !k ,1n
k

]≥Ω(logc (sparsity[ f !k"]))
(c = logdeg[ f ]C[ f ,1

n])!when!f !is!not!a!parity!and!f (1n)=1



Future	
  Direc)on	
  

!!Ω(loglog36(sparsity[ f̂ ]))≤C⊕
min[ f ]≤O( sparsity[ f̂ ])

!!Ω(loglog36(sparsity[ f̂ ]))≤DT⊕[ f ]≤O( sparsity[ f̂ ] ⋅log(sparsity[ f̂ ]))



Future	
  Direc)on	
  

!!Ω(loglog36(sparsity[ f̂ ]))≤C⊕
min[ f ]≤O( sparsity[ f̂ ])

!!Ω(loglog36(sparsity[ f̂ ]))≤DT⊕[ f ]≤O( sparsity[ f̂ ] ⋅log(sparsity[ f̂ ]))

Can	
  we	
  do	
  beier?	
  



Future	
  Direc)on	
  

 !!C
⊕
min[ f

!k ]≥Ω[Cmin[ f ]
k ]!!(Cmin

⊕ [ f ]≥2)



Future	
  Direc)on	
  

 !!C
⊕
min[ f

!k ]≥Ω[Cmin[ f ]
k ]!!(Cmin

⊕ [ f ]≥2)

 !!What!about!DT⊕[ f !k ]!and!DT[ f ]?



Thank	
  you	
  


