
COMS 4705: Intro to NLP
John Hewitt, Andrew Tang, Chaitya Shah

Assignment 2
Columbia University

This assignment is an investigation into Transformer self-attention building blocks. It
is split into written and programming parts. Here’s a quick summary:

1. Mathematical exploration: What kinds of operations can self-attention easily
implement? Why should we use fancier things like multi-headed self-attention?
This section will use some mathematical investigations to illuminate a few of the
motivations of self-attention and Transformer networks.

2. Transformer from Scratch: This section will ask you to code the most essential
parts of a Decoder-Only Transformer. You will then train your model to translate
French to English, and compare the performance with fine-tuning on a pretrained
model instead. Note that training will take about 1hr on a Colab T4 GPU, so
please plan your time accordingly.

(Note: You can certainly find the code online or have it completed easily via
ChatGPT, but we encourage you to try coding it yourself for a better learning
experience. If you are stuck, please come to office hours and if that’s not possible,
ask ChatGPT for “hints” instead of the full answer so that you can truly learn.)
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Attention exploration (14 pts)

Multi-headed self-attention is the core modeling component of Transformers. Through
these written questions, we’ll get some practice working with the self-attention equations,
and motivate why multi-headed self-attention can be preferable to single-headed self-
attention.

Problem 1 (2 points) Copying in attention

Recall that attention can be viewed as an operation on a query q ∈ Rd, a set of value
vectors {v1, . . . , vn}, vi ∈ Rd, and a set of key vectors {k1, . . . , kn}, ki ∈ Rd, specified as
follows:

c =

n∑
i=1

viαi (1)

αi =
exp(k⊤i q)∑n
j=1 exp(k

⊤
j q)

. (2)

where αi are frequently called the “attention weights”, and the output c ∈ Rd is a
correspondingly weighted average over the value vectors.

We’ll first show that it’s particularly simple for attention to “copy” a value vector to
the output c. Describe (in one sentence) what properties of the inputs to the attention
operation would result in the output c being approximately equal to vj for some j ∈
{1, . . . , n}. Specifically, what must be true about the query q, the values {v1, . . . , vn}
and/or the keys {k1, . . . , kn}?

Problem 2 (4 points) An average of two

Consider a set of key vectors {k1, . . . , kn} where all key vectors are perpendicular, that
is ki ⊥ kj for all i ̸= j. Let ∥ki∥ = 1 for all i. Let {v1, . . . , vn} be a set of arbitrary
value vectors. Let va, vb ∈ {v1, . . . , vn} be two of the value vectors. Give an expression
for a query vector q such that the output c is approximately equal to the average of va
and vb, that is, 1

2 (va + vb).1 Note that you can reference the corresponding key vector
of va and vb as ka and kb.

Problem 3 (5 points) Drawbacks of single-headed attention

In the previous part, we saw how it was possible for a single-headed attention to focus
equally on two values. The same concept could easily be extended to any subset of
values. In this question we’ll see why it’s not a practical solution. Consider a set of key
vectors {k1, . . . , kn} that are now randomly sampled, ki ∼ N (µi,Σi), where the means
µi are known to you, but the covariances Σi are unknown. Further, assume that the
means µi are all perpendicular; µ⊤

i µj = 0 if i ̸= j, and unit norm, ∥µi∥ = 1.

(a) (2 points) Assume that the covariance matrices are Σi = αI, for vanishingly small
α. Design a query q in terms of the µi such that as before, c ≈ 1

2 (va + vb), and
provide a brief argument as to why it works.

(b) (3 points) Though single-headed attention is resistant to small perturbations in
the keys, some types of larger perturbations may pose a bigger issue. Specifically,
in some cases, one key vector ka may be larger or smaller in norm than the others,
while still pointing in the same direction as µa. As an example, let us consider a

1Hint: while the softmax function will never exactly average the two vectors, you can get close by
using a large scalar multiple in the expression.
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covariance for item a as Σa = αI + 1
2 (µaµ

⊤
a ) for vanishingly small α (as shown in

figure 1). Further, let Σi = αI for all i ̸= a.

When you sample {k1, . . . , kn} multiple times, and use the q vector that you defined
in part i., what qualitatively do you expect the vector c will look like for different
samples?

Figure 1: The vector µa (shown here in 2D as an example), with the range of possible
values of ka shown in red. As mentioned previously, ka points in roughly the same
direction as µa, but may have larger or smaller magnitude.

Problem 4 (3 points) Benefits of multi-headed attention Now we’ll see some
of the power of multi-headed attention. We’ll consider a simple version of multi-headed
attention which is identical to single-headed self-attention as we’ve presented it in this
homework, except two query vectors (q1 and q2) are defined, which leads to a pair of
vectors (c1 and c2), each the output of single-headed attention given its respective query
vector. The final output of the multi-headed attention is their average, 1

2 (c1 + c2). As
in Problem 3, consider a set of key vectors {k1, . . . , kn} that are randomly sampled,
ki ∼ N (µi,Σi), where the means µi are known to you, but the covariances Σi are
unknown. Also as before, assume that the means µi are mutually orthogonal; µ⊤

i µj = 0
if i ̸= j, and unit norm, ∥µi∥ = 1.

(a) (1 point) Assume that the covariance matrices are Σi = αI, for vanishingly small
α. Design q1 and q2 such that c is approximately equal to 1

2 (va + vb). (Note: do
not use q1 = q2 = the same q you designed for Problem 3).

(b) (2 points) Assume that the covariance matrices are Σa = αI + 1
2 (µaµ

⊤
a ) for van-

ishingly small α, and Σi = αI for all i ̸= a. Take the query vectors q1 and q2 that
you designed in part i. What, qualitatively, do you expect the output c to look
like across different samples of the key vectors? Please briefly explain why. You
can ignore cases in which q⊤i ka < 0.
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Transformer from Scratch (16 points)

Follow instructions in the Google Colab [link].

Submission Instructions
You will submit this assignment on GradeScope as two submissions – one for Assign-
ment 2 [coding] and another for Assignment 2 [written].

1. For the written assignment, ensure it is typeset in LaTeX, each answer is on a
different page, and that the pages are tagged correctly on Gradescope.

2. Code submission instructions TBA.
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