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Optimization Tools for ML

Linear Programming
<Quadratic Programming
<Quadratically Constrained Quadratic Programming
<Semidefinite Programming

<Convex Programming
<Polynomial Time Algorithms
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Optimization Tools for ML
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Spectral SDPs

U-Spectral function: f(A4,...,Ap) eigenvalues of a matrix K
*SDP packages use restricted cost functions over hull kappa.

Trace SDPs min,, tr(BK) = min,_ + > X\,

Logdet SDPs mink>1-Llogk,
eConsider richer SDPs (assume A; in decreasing order)

Linear-Spectral SDPs ming,, > " o,
eApplications: a tailored alternative for trace in learning

e.g. lower dimension visualization
e.g. lower rank matrix factorization
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Spectral SDPs

N
N

oIf alphas are ordered ¢(K)=>_ aX,
get a variational SDP problem (a Procrustes problem).

min,._ g (K)
= min,__ ZZOLZ)\Z- st. Ku, = \Nu, N\, > >\z+17 i U = 6ij
= min,. . ZZ.OLZ»)\J"“@?U@) st. Kv, = Nu,\, > \,,,0 v; =0,
= min,.__ Zi%t’f <>\zvzvér> st. Ku, = Nu,\, > >\Z+17 i Uy = 6z'j
=min, > atr(Kvo!) st Ku, = XNu, N\, >N\, 000, =0,
— min,__ tr (Kziulvivf) st. Kv, = Nu, N, > Ny 0 0, =0,

[ . . T o
min, . min, tr(KE QLUY; ) st.vjv, =0, if a, <oy

. T T _ 4
min, . max,, tr(KE QU; ) st v v, =0, if o >

If minK minV iterate SDP for K, SVD for V. Monotonic. FAST.
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Spectral SDPs, Nondecreasing o

N
N

if alpha decreasing the linear-spectral cost
=Y a\, sta, <o, IS concave.

Recall from (Overton & Womersley 91) and
(Fan ‘49) and (Bach & Jordan '03)

'Sum of d top eigenvalues of p.d. matrix is convex”

fi (K Z A, = convex
Our linear-spectral cost is a combination of these
g(K)=apf, (K “'"Z D1< i T )f(K)

= a,lr (K) — Zi:D—l‘OLi - 0%‘+1‘f¢ (K)
Trace - conic combination of convex fn’s is concave.
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Spectral SDPs, Nonincreasing o

if alpha nonincreasing the linear-spectral cost
=) .a), sta,>a, IS cCONvex.

Recall from (Overton & Womersley 91) and
(Fan ‘49) and (Bach & Jordan '03)

'Sum of d top eigenvalues of p.d. matrix is convex”

[ (K Z A, = convex

Our linear-spectral cost is a combination of these
g(K)=apf, (K +Z D1< i T Q z+1>]§(K)

— OLDZ':T + ZizD—l 1 -f; (K)
Trace + conic combination of convex fn’s is convex.

1+1
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Visualizing KNN Graphs

N

"eTo visualize high-dimensional {x;,..., Xy} data:

*PCA and Kernel PCA (Sholkopf et al):
-Get matrix A of affinities between pairs A;=k(x;x;)
-SVD A & view top projections

eSemidefinite Embedding (Weinberger, Saul):
-Get k-nearest neighbors graph of data
-Get matrix A
-Use max trace SDP to stretch
stretch graph A into PD graph K
-SVD K & view top projections
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Semidefinite Embedding

"«SDE unfolds (pulls apart) knn connected graph C
but preserves pairwise distances when C;=1

minK—ZiXi st. K €K

k=VK e RV
st.K >0
st.y K, =0

§:be I ij — KZ.]. — Kﬂ, —
An‘ T Ajj I A@'j T Ajz’ Zf Cij =1
oSDE's stretching of graph /improves the visualization

@A K—-—— -
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Semidefinite Embedding

N

"eBut SDE stretching could worsen visualization!

eSpokes Experiment:

N Original PCA

o\Want to pull apart only
in visualized dimensions

e[Flatten down
remaining ones
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Minimum Volume Embedding

N

“eStretch in d<D top dimensions and squash rest.
minK—Z;)\i —I—Zf:dH A, st. K eR l
eSimplest Linear-Spectral SDP... '

Q=1& 0 Qy Qg o OLD]

|1 ...oZ1 1 1]

oEffectively maximizes Eigengap
between d'th and d+1th A
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Minimum Volume Embedding

N

“eStretch in d<D top dimensions and squash rest.
minK—Z;)\i +Zf:d+1 A, st. K er l
eSimplest Linear-Spectral SDP... '

Q=1& 0 Qy Qg o OLD]

|1 ...oZ1 1 1]

eEffectively maximizes Eigengap
between d'th and d+1th A

eVariational bound on cost Iterated Monotonic SDP
el ock V and solve SDP K. Lock K and solve SVD for V.
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Minimum Volume Embedding

M

J-Overall MVE a

gorithm:

Input | (%;)/L,, kernel #, and parameters d, k.
Step 1 | Form affinity matrix 4 € RV %Y with
pairwise entries A;; = k(7;, ;).
Step 2 | Use A to find a binary connectivity
matrix €' via k-nearest neighbors.
Step 3 | Initialize X' = A.
Step 4 | Solve for the eigenvectors vy..... Uy and
eigenvalues \y > Ay = ... = Ay of .
d N
Step 5 | Set B=—Y_ T;of + Y. L.
=1 t=d-+1
Step 6 | Using SDP find K = argmingcx tr( N B).
Step 7 | If ||[X — K|| > € set K = K, go to Step 4.
Step 8 | Perform kernel PCA on A" to get

d-dimensional output vectors ¢y.....Un.
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Minimum Volume Embedding

M

eConverges in ~5 iterations

J-Spokes experiment visualization and spectra

" Onglmal .
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Minimum Volume Embeddmg

-SW|ssroII Visualization
(Connectivity via knn) |
PCA

(dissetto 1)

- PP NPPIPSPASEIP g
SDE

SE—— ———a s
MVE

eSame convergence
under random initialization
or K=A...
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Minimum Volume Embedding

N

“eFace Images Visualization and Spectra
(Connectivity via knn, d=2)

MYVE
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Minimum Volume Embedding

M

J-Digit Images Visualizations and Spectra
(Connectivity via knn, d=2)

F,E_;:Eﬁ-.i = ok

MVE
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Minimum Volume Embedding

N

"eSocial Network Visualization and Spectra
(Connectivity from friendship links, d=2)
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Minimum Volume Embedding

Percentage of eigenvalue energy captured in 2D

MVE  SDE KPCA
Hubs and Spokes 100%  29.9% 95.0%
Spiral (% in 1D)  99.9% 99.9% 45.8%
Twos 97.8% 88.4% 18.4%
Faces 00.2% R3.6% 31.4%
Social Networks T7.5% 41.7% 29.3%
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Visualizing Spanning Trees

N

“eInstead of KNN, use maximum weight spanning tree
to connect points

eTree connectivity can fold over under SDE or MVE.
eAdd constraints on all pairs (FULL)
eKeep all distances from shrinking

K € originalw
and K, + K, - K, —K, > A, + A, — A — A,
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Visualizing Spanning Trees

N

“eTree connectivity with degree=2.
eTop: phylo tree 30 species of salamanders
eBottom: phylo tree 56 species of crustaceans

KPCA SDE MVE SDE-full MV E-full
L
oy T 2l e g
J f ‘r ~
=% 52.8% i 99.6% L 100% 93.7% 98.7%

38.2% 100% 100% 88.3% 97 7%
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[terated SDP Convergence

"eFrom rand inits, iterated MVE on Social Network
global optimum for d=1
local optima for d=2

MWE -- Social Metwork Data -- 10 Random Initializations -- d=1 MWE -- Social Metwork Data -- 10 Random Initizlizations -- d=2
4 4r
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[terated SDP Convergence

"eFrom rand inits, iterated MVE on Digits
global optimum for d=1
local optima for d=2
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[terated SDP Convergence

"eFrom rand inits, iterated MVE on Face Images
global optimum for d=1
ocal optima for d=2

MWE — Face Images - 10 Random Initializations - d=1 MVWE -- Face Images -- 10 Randam Ihitializations -- d=2
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Max Margin Matrix Factorization

;
\V
esAnother ML method using trace SDP (Srebro & Jaakkola)
eMatrix completion for P e
collaborative filtering 3 12118l (3] 12
X = o [ . 51% 44
o_| 2/ 25 2] 4
@ 31 131 A1 15 2] 11
RENRE R
2?31 13? >
Tora TR T4l 18
11 12 4 5|7

eMin rank of X subject to constraints x: min,_ rank(X)

eApproximated by envelope SDP (Fazel & Boyd)
min, , (. tr(K)=1tr(Z)+tr(Y)

Y X

st. K =
) G/

eAlso slacken constraints X with linear cost C
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Spectral Matrix Factorization

N

L/
eInstead of min-trace - min,y ¢ i— > NAE)+3 - N (K)
try using a linear v X
spectral function st. K =
X" Z

eJterated SDP

Rank One Matrices

e
eBetter reconstruction .| 6w
of random synthetic =~ o,
rank 1 matrices
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Spectral Matrix Factorization

N

L/
eInstead of min-trace - min,y ¢ i— > NAE)+3 - N (K)
try using a linear

_ Y X
spectral function st. K =
X"z~
eJterated SDP

06

—=— Rark 1 Penalty
5 Rank 2 Penalty
sty —S— FRank 3 Penalty

Fark 4 Fenalty
= MMMF

eBetter reconstruction
of random synthetic
rank 2 matrices

e Moeohite Trior

035

03r

025
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Conclusions

L/
eMore general spectral cost functions in SDP
eTailor various weights on eigenvalues

min .., ZZ N,
eFast iterative SDP-SVD nondecreasing alpha

eConcave minimization for nondecreasing alpha
eConvex minimization for nonincreasing alpha

eUseful for optimizing (max or min) eigen-gaps
aggressively driving dimension down
minimum volume embedding AISTATS ‘07
improving MMMF matrix factorization




