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Abstract. Clustering has recently enjoyed progress via spectral meth-
ods which group data using only pairwise a�nities and avoid parametric
assumptions. While spectral clustering of vector inputs is straightfor-
ward, extensions to structured data or time-series data remain less ex-
plored. This paper proposes a clustering method for time-series data
that couples non-parametric spectral clustering with parametric hidden
Mark ov models (HMMs). HMMs add some bene�cial structural and
parametric assumptions such as Mark ov properties and hidden state
variables which are useful for clustering. This article shows that us-
ing probabilistic pairwise kernel estimates between parametric models
provides improved experimental results for unsupervised clustering and
visualization of real and synthetic datasets. Results are compared with a
fully parametric baseline method (a mixture of hidden Mark ov models)
and a non-parametric baseline method (spectral clustering with non-
parametric time-series kernels).

1 In tro duction

This paper exploresunsupervisedlearning in the time-seriesdomain usinga com-
bination of parametric and non-parametric methods. Someparametric assump-
tions, such asMarkov assumptionsand hidden state assumptions,arequite useful
for time-seriesdata. However, it is also advantageousto remain non-parametric
and agnosticabout the overall shape that a collection of time-seriesdata forms.
This paper provides surprising empirical evidence that a semi-parametric [1,
2] method can outperform both fully parametric methods of describingmultiple
time-seriesobservations and fully non-parametric methods. Theseimprovements
include better clustering performance as well as better embedding and visual-
ization over existing state-of-the-art time-seriestechniques.

There are a variety of parametric and non-parametric algorithms for discov-
ering clusters within a dataset; however, the application of thesetechniques for
clustering sequential data such as time-seriesdata posesa number of additional
challenges.Time-series data has inherent structure which may be disregarded
by a fully non-parametric method. Additionally , a clustering approach for time-
seriesdata must be capable of detecting similar hidden properties or behavior
betweensequencesof di�eren t lengthswith no obvious alignment principle across
temporal observations.
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Alternativ ely, standard parametric clustering methods are popular but can
make excessively strict assumptionsabout the overall distribution of a dataset of
time-seriessamples.Expectation Maximization (EM), for example, estimatesa
fully parametric mixture model by iterativ ely adjusting the parametersto max-
imize likelihood [3{5]. In the time-seriesdomain, a mixture of hidden Markov
models (HMMs) can be used for clustering [5]. This is sensiblesince the un-
derlying Markov processassumption is useful for a time series.However, the
parametric mixture of HMMs may make invalid assumptionsabout the shape of
the overall distribution of the collection of time-seriesexemplars.Just as a mix-
ture of Gaussiansassumesa radial shape for each cluster, many fully parametric
time seriesmodels make assumptions about the shape of the variation across
the many time seriesin a dataset. This is only sensibleif data is organizedinto
radial or symmetric clusters. In practice, though, clusters (of points or of time
series)might actually be smoothly varying in a non-radially distributed manner.

Recent graph-theoretic approaches to clustering [6{8], on the other hand,
do not make assumptionsabout the underlying distribution of the data. Data
samplesare treated as nodes in a weighted graph, where the edgeweight be-
tweenany two nodesis given by a similarit y metric or kernel function. A k-way
clustering is represented as a seriesof cuts which remove edgesfrom the graph,
dividing the graph into a set of k disjoint subgraphs. This approach clusters
data even when the underlying parametric form is unknown (as long as there
are enoughsamples)and far from radial or spherical. Unfortunately , recovering
the optimal cuts is an NP-complete problem as was shown by Shi and Malik
[8] who proposedthe Normalized Cut (NCut) criterion. Spectral clustering is a
relaxation of NCut into an linear system which useseigenvectors of the graph
Laplacian to cluster the data [7].

This article takesa semi-parametricapproach to combine the complementary
advantagesof both methods. It applies recent work in spectral clustering [7] to
the task of clustering time-seriesdata. However, each time seriesis individually
modeledusing HMMs. This assumesHMM structure for each time-seriesdatum
on its own yet assumesno underlying structure in the overall distribution of
the time-seriesdata. The sequencesare clustered only according to their indi-
vidual pairwise proximit y in HMM parameter space. It should be noted that
though HMMs are used in this paper, the approach is applicable to clustering
other time-seriesdatasetsunder di�eren t parametric assumptionssuch as linear
dynamical systems.

2 HMMs and Kernels

2.1 Hidden Mark ov Mo dels

Assumea dataset of n = 1: : : N time-seriessequenceswhere each datum x n is
an ordered sequenceof t = 1; : : : ; Tn vectors xn;t in someEuclidean space.A
natural parametric model for representing a single time seriesor sequencex n is
the hidden Markov model (HMM), whoselikelihood is denoted p(x n j� n ). Note
that the model � n is di�eren t for each sequence.This replacesthe common iid
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(independent identically distributed) assumptionon the datasetwith a weaker id
(independently distributed) assumption.More speci�cally , for p(x n j� n ), consider
a �rst-order stationary HMM with Gaussianemissions.The probabilit y model
of a sequenceis p(x j� ) where x = f x1; : : : ; xT g is a sequenceof length T where
each observation vector is x t 2 < d. In addition, an HMM has a hidden state
at each time point q = f q1; : : : ; qT g where each state takes on a discrete value
qt = f 1; : : : ; M g. The likelihood of the HMM factorizesas follows:

p(x j� ) =
X

q0 ;::: ;qT

p(x0 jq0)p(q0)
TY

t =1

p(x t jqt )p(qt jqt � 1) (1)

The HMM is speci�ed by the parameters: � = (� ; �; �; � )

1. The initial state probabilit y distribution � i = p(q0 = i ), i = 1 : : : M .
2. The state transition probabilit y distribution given by a matrix � 2 < M � M

where � ij = p(qt = j jqt � 1 = i ).
3. The emission density p(x t jqt = i ) = N (x t j� i ; � i ), for i = 1 : : : M , where

� i 2 < d and � i 2 < d� d are the mean and covariance of the Gaussian in
state i . Take � = f � 1; : : : ; � M g and � = f � 1; : : : ; � M g for short.

Estimating the parametersof an HMM for a singlesequenceis typically donevia
EM. The E-step usesa forward-backward passor junction tree algorithm (JTA)
to obtain posterior marginals over the hidden states given the observations:

 t (i ) = p(qt = Si jxn ; �̂ n ) and � t (i; j ) = p(qt = Si ; qt +1 = Sj jxn ; �̂ n ). The M-step
updates the parameters � using theseE-step marginals as follows: �̂ i = 
 1(i )

�̂ ij =

P T � 1
t =1 � t (i; j )

P T � 1
t =1

P M
j =1 � t (i; j )

�̂ i =

P T
t =1 
 t (i )x t

P T
t =1 
 t (i )

^� i =

P T
t =1 
 t (i )(x t � � i )(x t � � i )T

P T
t =1 
 t (i )

:

2.2 Probabilit y Pro duct Kernels

A natural choice of kernel between HMMs is the probabilit y product kernel
(PPK) described in [9] since it computesan a�nit y betweendistributions. The
generalizedinner product is found by integrating a product of the distributions
of pairs of data sequencesover the spaceof all potential observable sequences
X : K(p(xj� ); p(x j� 0)) =

R
p� (x j� )p� (x j� 0)dx: When � = 1=2, the PPK becomes

the classicBhattacharyya a�nit y metric betweentwo probabilit y distributions.
The Bhattacharyya a�nit y is favored over other probabilistic divergencesand
a�nities such as Kullback-Leibler (KL) divergencebecauseit is symmetric and
positive semi-de�nite (it is a Mercer kernel). In addition, it is computable in
closedform for a variety of distributions including HMMs while the KL between
two HMMs cannot be exactly recovered e�cien tly .

This sectiondiscussesthe computation of the PPK betweentwo HMMs p(xj� )
and p(xj� 0). For brevity, we denote p(xj� ) as p and p0(x j� 0) as p0 where x repre-
sents a sequenceof emissionsx t for t = 1:::T . While the brute force evaluation
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Probabilit y pro duct kernel K(� ; � 0):
K(� ; � 0) =

P
qT

P
q0

T
	 (qT ; q0

T )
Q T

t =1

P
qt � 1

P
q0

t � 1
p(qt jqt � 1) � p0(q0

t jq
0
t � 1) � 	 (qt � 1 ; q0

t � 1)p(q0) � p0(q0
0) �

Elemen tary kernel 	 (�):
	 (qt = i; q0

t = j ) =
R

x t
p(x t jqt = i ) � p0(x t jq0

t = j ) � dx t

An e�cien t iterativ e metho d to calculate the PPK ~K(� ; � 0):
� (q0 ; q0

0) = p(q0) � p0(q0
0) �

for t = 1 : : : T
� (qt ; q0

t ) =
P

qt � 1

P
q0

t � 1
p(qt jqt � 1) � p(q0

t jq
0
t � 1) � 	 (qt � 1 ; q0

t � 1)� (qt � 1 ; q0
t � 1)

end
~K(� ; � 0) =

P
qT

P
q0

T
� (qT ; q0

T )	 (qT ; q0
T )

Table 1. The pr obability pr oduct kernel.

of the integral over x is expensive, an exact e�cien t formula is possible.E�ec-
tiv ely, the kernel takesadvantage of the factorization of the HMMs to set up an
e�cien t iterativ e formula.

Initially , an elementary kernel 	 (� ; � 0) =
R

x t
p� (x t j� )p� (x t j� 0)dxt is com-

puted; this is the Bhattacharyya a�nit y betweenthe emissionsmodels for p and
p0 integrated over the spaceof all emissions.For the exponential family of distri-
butions this integral can be calculated in closedform. For HMMs with Gaussian
emissions,this integral is proportional to:

	 (i; j ) =
j� yj1=2

j� i j � =2j� j j � =2 exp(� �
2 (� T

i � � 1
i � i + � j

T � j
� 1� j � � yT � y� y)

where � y = (� � 1
i + � j

� 1)� 1 and � y = � � 1
i � i + � j

� 1� j . Given the elementary
kernel, the kernel between two HMMs is solved in O(TM 2) operations using
the formula in Table 1 (further details can be found in [9]). Given a kernel
a�nit y between two HMMs, a non-parametric relationship between time series
sequencesemerges.It is now straightforward to apply non-parametric clustering
and embedding methods which will be described in section 4. The next section,
however, �rst describesa more typical fully parametric clustering setup using a
mixture of HMM models to couple the sequencesand parameters � n . This has
the undesirablee�ect of coupling pairs of sequencesby making global parametric
assumptionson the whole dataset instead of only on pairs of sequences.

3 Clustering as a mixture of HMMs

Parametric approachesto clustering of time-seriesdata usingHMMs assumethat
each observation sequencexn is generatedfrom a mixture of K components and
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usedi�eren t clustering formulations in order to estimate this mixture. Two such
techniquesfor estimating a mixture of K HMMs are the hard-clustering k-means
approach and the soft-clustering EM approach.

A k-meansapproach is used in [3,4] to assignsequencesto clusters in each
iteration and use only the sequencesassignedto a cluster for re-estimation of
its HMM parameters. Each sequencecan only be assignedto one cluster per
iteration and it can run into problems when there is no good separation be-
tweenthe processesthat generatedthe data approximated by the HMM param-
eters. A soft-clustering approach that overcomesthese problems is described
in [5]; here each sequencehas a prior probabilit y p(z = k) of being gener-
ated by the k'th HMM. This reduces to a search for the set of parameters
f � 1; : : : ; � K ; p(z)g where z 2 f 1; : : : K g that maximize the likelihood function
Q N

n =1

P K
k=1 p(z = k)p(xn j� k ). The E-step is similar to the E-step in the HMM-

training algorithm run separately for each of the K HMMs. The posterior like-
lihood � k

n = p(z= k)p(x n j � k )P K
k =1 p(z= k)p(x n j � k )

is estimated as the probabilit y that sequencex n

was generated by HMM k. The M-step incorporates the posterior � k
n of each

sequencen into its contribution to the updated parameters for the kth HMM.

�̂ ij =

P N
n =1 � k

n
P Tn � 1

t =1 � k
n;t (i; j )

P N
n =1 � k

n
P Tn � 1

t =1

P M
j =1 � k

n;t (i; j )
�̂ i =

P N
n =1 � k

n
P Tn

t =1 
 k
n;t (i )xn;t

P N
n =1 � k

n
P Tn

t =1 
 k
n;t (i )

�̂ i =

P N
n =1 � k

n 
 k
n; 1(i )

N
^� i =

P N
n =1 � k

n
P Tn

t =1 
 k
n;t (i )(xn;t � � i )(xn;t � � i )T

P N
n =1 � k

n
P Tn

t =1 
 k
n;t (i )

:

The responsibilit y terms � k
n alsoprovide the priors p(z = k) for the next iteration

and determine the �nal clustering assignment at convergence.
In summary, this method makesstrict parametric assumptionsabout the un-

derlying distribution of all the sequencesin the dataset and attempts to �nd a
parameter setting that maximizes the posterior probabilities given such models
for the underlying distributions. However, these parametric assumptionsaren't
always intuitiv e and, as our experiments show, often negatively a�ect clustering
performanceas opposedto the non-parametric methods that are being investi-
gated in this article.

4 Spectral Clustering of HMMs

The spectral approach to HMM clustering involvesestimating an HMM model
for each sequenceusing the approach outlined in section 2.1. The PPK is then
computedbetweenall pairs of HMMs to generatea Gram matrix which is usedfor
spectral clustering. This approach leveragesboth parametric and non-parametric
techniquesin the clustering process;parametric HMMs make someassumptions
about the structure of the individual sequences(such as Markov assumptions)
but the spectral clustering approach makesno assumptionsabout the overall dis-
tribution of the sequences(for instance, i.i.d assumptions).Empirically , this ap-
proach (Spectral Clustering of Probabilit y Product Kernelsor SC-PPK) achieves
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a noticeable improvement in clustering accuracy over fully parametric models
such as mixtures of HMMs or naive pairwise likelihood comparisons.

Listed below are the stepsof our proposedalgorithm. It is a time-seriesana-
logue of the Ng-Weissalgorithm presented in [7].

The SC-PPK algorithm:

1. Fit an HMM to each of the n = 1: : : N time-series sequencesto retrieve
models � 1:::� N .

2. Calculate the Gram matrix A 2 RN � N whereAm;n = K(� m ; � n ) for all pairs
of models using the probabilit y product kernel (default setting: � = 1=2,
T=10).

3. De�ne D 2 RN � N to be the diagonal matrix where D m;m =
P

n Am;n and
construct the Laplacian matrix: L = D � 1=2AD � 1=2.

4. Find the K largesteigenvectorsof L and form matrix X 2 RN � K by stacking
the eigenvectors in columns. Renormalizethe rows of matrix X to have unit
length.

5. Cluster the N rows of X into K clusters via k-meansor any other algorithm
that attempts to minimize distortion.

6. The cluster labels for the N rows are used to label the corresponding N
HMM models.

Another well-known approach to clustering time-seriesdata is Dynamic-Time-
Warping, intro duced in [3]. This method was surpassedin performance by the
spectral clustering method proposedby Yin and Yang [10] which usesa direct
comparisonof HMM likelihoods asthe kernel a�nit y. The SC-PPK method out-
performs Yin and Yang's method due to the fact that it doesn't calculate the
a�nities based on a pair of time-series samplesbut integrates over the entire
spaceof all possible samplesgiven the HMM models. Thus, the SC-PPK ap-
proach recoversa stronger and more representativ e a�nit y scorebetweenHMM
models.Furthermore, sincethe PPK computesthe integration by solving a closed
form kernel using an e�cien t iterativ e method, it achievesa signi�can t gain in
speedover the kernel used in [10].

5 Exp erimen ts

This section details the experiments that were conducted to compare semi-
parametric spectral approaches and fully parametric approaches to clustering
of time-seriesdata. k-Means and EM versionsof a mixture of HMMs approach
were used to represent the parametric setting. The two spectral clustering al-
gorithms investigated were Yin and Yang's algorithm[10], which computes a
likelihood-basedkernel betweenpairs of sequences,and the SC-PPK algorithm
which computesa kernel over the HMM model parameters.Note that there are
parameters which can be adjusted for both of the spectral clustering methods:
the � fall-o� ratio for the Yin-Yang kernel and the mixing proportion T for the
SC-PPK method. In the following experiments, the default settings were used
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for both methods, i.e. � = 1 and T = 10. Stabilit y results for these kernels are
shown in Fig 1.

5.1 Datasets

The evaluations were run over a variety of real-world and synthesized datasets
which are described below.
MOCAP: The Motion Capture dataset (available from CarnegieMellon Univer-
sity 1) consistsof time-seriesdata representing human locomotion and actions.
The sequencesconsist of 123-dimensionalvectors representing 41 body markers
tracked spatially through time for various physical activities. For these exper-
iments, simple activities that were likely to be hard to cluster were considere;
testscomparedeither similar activities or the sameactivit y for di�eren t subjects.
Table 2 contains the results of the evaluation over thesereal-world datasets.
Rotated MOCAP: A synthesizeddataset wasgeneratedby rotating two MO-
CAP sequences5� at a time through 360degrees.The seedsequencesusedwere
a walking sequencefrom walk(#7) and a running sequencefrom r un(#9) .
This dataset, which provides us with clusters of sequencesthat lie on a regular
manifold, is usedfor comparing clustering in Table 3, comparing running times
in Table 6 and embedding in Fig 2. An additional dataset swer ving was gen-
erated by rotating the walking and running sequenceleft and right periodically
to make their movements seemzig-zagged.
Arabic handwriting: This dataset consists of 2-dimensional time-series se-
quenceswhich represent written word-parts of Arabic charactersextracted from
the dataset used in [11]. Table 4 shows the results of clustering pairs of similar
word-parts (identi�ed by their Unicode characters) and Fig 3(a) shows an MDS
embedding of three symbols.
Australian sign language: This dataset (from the University of California-
Irvine 2) consistsof multiple sign-languagegestures,each represented by 27 in-
stancesof 22-dimensionaltime-seriessequences.Semantically-related expressions
such aswrite and draw or antonyms such asgive and take wereassumedto have
similar real-world symbols and formed the basis of all experiments with this
dataset. Table 5 shows the averageaccuracyover the clustering of 18 such pairs
of sequenceswhile varying the number of HMM states usedand Fig 3(b) shows
an embedding of three gestures.

5.2 Results

The tables in this section show the results of experiments over these various
datasets. Experiments were restricted to pairwise clustering over datasets of
similar size.The standard accuracymetric is usedfor comparisonof results. The
results reported wereaveragedover multiple folds - �v e folds for the spectral clus-
tering algorithms and ten folds for the fully parametric techniques since these
1 http://mo cap.cs.cmu.edu/
2 http://www.cse.unsw.edu.au/ ~waleed/tml/data
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Dat aset k-Means EM Yin-Y ang SC-PPK
simple walk vs r un set 100% 100% 100% 100%
r un(#9) vs r un/jog(#35) 57% 52% 76% 100%
walk(#7) vs walk(#8) 59% 60% 68% 68%
walk(#7) vs r un/jog(#35) 71% 69% 71% 95%
jump(#13) vs jump f or ward(#13) 50% 50% 75% 87%
jump(#13,#16) vs jump f or ward(#13,#16) 50% 50% 60% 66%

Table 2. Clustering accuracy with 2-state HMMs on MOCAP data. The numbers in
the parentheses identify the index of the subject performing that particular speci�ed
action.

r ot ation limit step size k-Means EM Yin-Y ang SC-PPK
30� 5� 100% 100% 92% 100%
60� 5� 54% 71% 63% 100%
90� 5� 50% 50% 75% 100%
180� 5� 51% 51% 71% 100%
360� 5� 50% 50% 60% 100%
360� 10� 50% 50% 50% 100%
360� 15� 50% 50% 50% 100%
360� 30� 54% 50% 50% 100%

Swer ving { 50% 50% 85% 100%
Table 3. Clustering accuracy with 2-state HMMs on synthesized MOCAP dataset. A
single pair of walking and running time-series sampleswere used, subsequent samples
were generated by rotating the seedpair 5� at a time to generate 72 unique pairs.

algorithms convergeto local maxima and have highly variable performance).
In general, the kernel-basedmethods outperformed the parametric methods

and the PPK performed favorably comparedto Yin and Yang's kernel. Improve-
ments in accuracywell as better runtime performancewere seenin both quanti-
tativ e clustering accuracy and qualitativ e embedding performance.In addition,
experiments were conducted to investigate the stabilit y of the SC-PPK method
over the T parameter. Fig 1 shows stabilit y comparisonsfor both spectral clus-
tering kernelsover the respective parameters.The accuracieswereaveragedover
�v e-fold testing. It was noted that a useful setting for T usually lay within the
interval of 5 to 25. In practice, crossvalidation would be useful for recovering
the optimal setting.

5.3 Run time Adv antages

Unlike EM-HMM, which needsto calculateposteriorsover N � k HMM-sequence
pairs and maximize over k HMMs at every iteration until convergence,SC-PPK
requiresa single HMM to be trained oncefor each sequencein the dataset. The
SC-PPK method calculates the integration between two HMM parameters in
closedform directly without needingto evaluate the likelihood of the individual
time-series samples, resulting in a dramatic reduction of in total runtime. In
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Dat aset k-Means EM YY SC-PPK
U0641 vs U0643 68% 64% 86% 97%
U0645 vs U0647 70% 66% 86% 100%
U062D vs U062F 78% 80% 93% 95%
U0621 vs U062D 66% 65% 86% 93%
U0628 vs U0631 71% 70% 94% 100%
U0635 vs U0644 74% 76% 95% 100%
U0621 vs U0647 71% 66% 96% 98%

Table 4. Clustering accuracy with 2-state HMMs on Arabic handwriting dataset.

Sample pairs (2-st ate) k-Means EM Yin-Y ang SC-PPK
'hot' vs 'cold' 64% 98% 96% 100%
'ea t' vs 'drink' 52% 50% 52% 93%
'happy' vs 'sad' 73% 54% 50% 87%
'spend' vs 'cost' 58% 53% 52% 80%

'yes' vs 'no' 51% 51% 52% 59%
# of hidden st ates k-Means EM Yin-Y ang SC-PPK

2 64.5% 72.1% 69.3% 76.1%
3 64.4% 73.3% 75.5% 75.5%
4 65.4% 74.9% 74.7% 74.3%

Table 5. Clustering accuracy on Australian sign language dataset; 18 semantically
related pairs of signs compared. Top: 5 representativ e pairs are shown for a range of
SC-PPK clustering accuracies.Bottom: averagesfor the 18 pairs over di�eren t number
of states.

practice, we noticed around two orders of magnitude improvement in clustering
speed over EM, as shown in Table 6. These runtimes include HMM training
times as well as clustering times.

6 Visualization of HMM parameters

Visualization and manifold learning is another important component of unsu-
pervised learning. Starting from a set of high dimensional data points X with
x i 2 RN , embedding and visualization methods recover a set of corresponding
low dimensional datapoints Y (t ypically with typically yi 2 R2) such that the
distance between yi and yj is similar to the distance betweenx i and x j for all
i; j = 1:::N . Thesetechniquespermit visualization of high dimensional datasets
and can help con�rm clustering patterns. Classic visualization and embedding
techniques include multi-dimensional scaling (MDS) [12] as well as recent con-
tenders such as semi-de�nite embedding (SDE) [13].

To further analyze the usefulnessof the PPK at capturing an accurate
representation of the kernel a�nit y between two sequences,embedding using
MDS was applied to the datasets. This corresponds to training an HMM over
each of the time-seriessequencesand recovering the RN � N Gram matrix where
Am;n = K(� m ; � n ) { identical to steps1 and 2 of the SC-PPK algorithm. From



10

5 10 15 20 25
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

T

A
cc

ur
ac

y
Accuracy over T - 5 fold testing

mocap: run9 vs walk7
arabic: u641 vs 643
Auslang: read vs write

1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

s

A
cc

ur
ac

y

Accuracy over s - 5 fold testing

mocap: run9 vs walk7
arabic: u641 vs 643
Auslang: read vs write

(a) (b)

Fig. 1. Kernel stabilit y over their respective parameters (a) SC-PPK - T (b) YY kernel
- � . Accuracies averagedover �v e runs.

# of time-series samples k-Means EM Yin-Y ang SC-PPK
5 20.6s 23.5s 4.1s 3.6s
10 47.1s 59.7s 11.1s 6.1s
25 68.29s 185.0s 49.9s 15.4s
50 111.6s 212.9s 171.8s 30.1s
75 178.3s 455.6s 382.8s 48.6s

100 295.9s 723.1s 650.2s 64.5s
Table 6. Averageruntimes in secondson a 3-Ghz machine with emissionsx t 2 R123 � 1 ,
includes HMM training time.

the Gram matrix, the dissimilarit y matrix D 2 RN � N is given by D i;j = 1=A i;j .
This matrix is then usedasthe input for the standard MDS algorithm asin [12].
MDS is chosenbecauseof its simplicit y although more sophisticated methods
such as SDE are equally viable. Fig 2 shows the embedding for the rotated data
using a rotation step sizeof 10� under the Yin and Yang kernel (a) and the PPK
(b). From the �gure, we can seethat the Yin and Yang kernel captures some
of the periodic structure of the dataset in the embedding but it is only locally
useful and does not adequately capture the expected global circular structure
in the rotation. Conversely, the result from the PPK method is much clearer.
The PPK integrates over the sample spaceproviding a lessbrittle description
of each time series.Thus the kernel a�nit y captures an accurate representation
of the the distance between HMM parameters with respect to all of the data
samples,forming a perfectly circular global embedding of the 360� rotated MO-
CAP dataset. Fig 3(a) shows PPK-based embeddings for three classesfrom the
Arabic handwriting dataset. The method recovered an accurated embedding as
the three classesare separatedfrom one-another.Similarly, Fig 3(b) shows the
embeddings for three classesfrom the Australian sign languagedataset.
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Fig. 2. MDS embedding of HMM parameters using the synthesized 360� rotated MO-
CAP dataset with (a) the Yin-Y ang kernel and (b) the probabilit y product kernel.

7 Conclusions

This paper presented a semi-parametricapproach for clustering time-seriesdata
that exploits someparametric knowledge about the data including its Markov
properties and the presenceof latent states, and at the sametime utilizes non-
parametric principles and remains agnostic about the shape of the clusters a
multitude of time seriescan form. This works surprisingly well for time-series
data in experiments on real-world data. By avoiding parametric assumptions
about the underlying distributions or the variations acrossthe time series,im-
proved clustering accuracy is possible.

The method combinesboth a non-parametric spectral clustering approach us-
ing the probabilit y product kernel with a fully parametric maximum likelihood
estimation approach for each singleton time series. We showed that spectral
clustering with a probabilit y product kernel method provides improvements in
clustering accuracy over fully parametric mixture modeling as well as spectral
clustering with non-probabilistic and non-parametric a�nit y measures.Further-
more, embedding and visualization of time seriesdata is also improved. Finally,
the proposedmethod hascomputational e�ciency bene�ts over prior approaches.

For future work, we are investigating spectral clustering with the probabilit y
product kernel for other generalized graphical models and parametric distri-
butions. In addition, we are investigating a general formalism and generalized
cost functions for semi-parametric estimation that unify both parametric and
non-parametric criteria and leveragethe complementary advantagesof both ap-
proaches.



12

�0.3 �0.2 �0.1 0 0.1 0.2 0.3 0.4 0.5
�0.4

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

u62d
u647
u621

�0.8 �0.6 �0.4 �0.2 0 0.2 0.4 0.6
�0.5

�0.4

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

"Alive"
"Building"
"Computer"

(a) (b)

Fig. 3. MDS embedding of HMM parameters (a) Arabic handwriting dataset and (b)
Australian sign Language dataset.
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