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Abstract

We proposedynamical systemstrees (DSTs) asa °exible model for
describingmultiple processeghat interact via a hierarchy of aggre-
gating processesDSTs extend nonlinear dynamical systemsto an
interactive group scenario. Various individual processesnteract as
communities and sub-comnunities in a tree structure that is un-
rolled in time. To accommalate nonlinear temporal activity, eat
individual leaf processis modeled as a dynamical system corntain-
ing discrete and/or cortinuous hidden states with discrete and/or
Gaussianemissions. Subsequelty higher level parert processesact
like hidden Markov models that mediate the interaction between
leaf processer between other parert processedn the hierarchy.
Aggregator chains are parens of the child processeghe combine
and mediate, yielding a compact overall parameterization. We pro-
vide tractable inferenceand learning algorithms for arbitrary DSTs
topologiesvia structured mean-eld. Experiments are shown for
real trajectory data of tracked American football plays where a
DST tracks players as dynamical systemsmediated by their team
processesnediated in turn by a top-level game process.

1 INTR ODUCTION

Dynamical Bayesian networks are popular instantiations of graphical models and
have shown promisein many applied settings such ascomputational biology, speed,
and vision. Recerly, graphical models and approximate inference methods have
extended traditional dynamical systems, improving upon classical linear Kalman
“Tters and hidden Markov models (HMMs) and exploring couplingsand interactions
betweenmultiple hidden Markov chains. Such extensionsinclude factorial HMMs [2]
which indirectly link multiple Markov chains through a common output emission
stream (Figure 1(a)). Mearnwhile, coupled HMMs [8] directly link hidden states
of multiple interacting processegshat have Markovian temporal dynamics which
generatedi®erent output emissionstreams (Figure 1(b)). Other extensionsinvolve



(a) Factorial HMM (b) Coupled HMM (c) Switched LDS

Figure 1: Switched and Interacting Dynamical Systems.

linking discreteand contin uousMarkov chainsthrough so-calledswitched dynamical
systems (SLDSs) that combine Kalman Tters and HMMs [9, 1, 7, 5] to obtain
nonlinear contin uous dynamics (Figure 1(c)). All the above systemsbasically link
(directly or indirectly) hidden Markov chains together so they can in°uence ead
other in time. But, unlike simpler models, thesevariants involve hard inferenceand
may require sampling [7] or structured mean eld approximations [10].

In this article we proposea novel variant of dynamical systemsfor characterizing
interacting processeghat form groups and sub-groups. For instance, consider a
football game where players are eathh modeled as a switched dynamical system.
Players could interact with other menbers of their team through a hidden parent
team state which has its own Markovian dynamics. The other team has its own
Markovian team state which couplesits players. Finally, an overall gamestate is a
parent of and couplesthe two team states mediating their interaction. We call this
model a dynamical systemstree (DST) sinceit permits the interacting processes
to couple to eat other by being mediated through an arbitrary tree hierarchy of
aggregating hidden processes.The DST's arbitrary hierarchical tree structure has
high level aggregating hidden states coupling groups of hidden Markov states that
are parents of sub-group of leaf dynamical systems(i.e. SLDSsor HMMs). Since
higher level Markov chains are parents of lower level chains, a recursive structured
mean eld algorithm for inferenceis easyto derive for arbitrary tree structures
and group/sub-group arrangemerts for the interacting processesThus, we are free
to consider various ways that the individual leaf dynamical systemsinteract in a
group scenario. This article describesand motivatesthe generative model for DSTs.
Parameter estimation for DSTs is then derived via Expectation-Maximization and
a structured mean eld inferencealgorithm which can be applied recursively on any
DST topology. We then provide and discusspromising experimental results with
DSTs on football data from real player trajectories.

2 DYNAMICAL SYSTEMS TREES

Instead of modeling interaction by direct coupling (asin coupledHMMSs) or through
sharedoutputs (asin factorial HMMs), we proposethat processesnteract through
parent hidden Markov chains that act as mediators or aggregators of the sub-
processes. These parent chains have their own Markovian dynamics and we can
also consider tree-like hierarchies of parent chains (hidden parent chains coupling
multiple hidden lower-level parent chains). We call this graphical model a dynamical
systemtree (DST) (seeFigure 2(a)). For example, multiple agerts caninteract and
be aggregatedby writing message®n someform of common bulletin board which
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Figure 2. A Dynamical SystemsTree Graphical Model.

ewlveswith hidden Markovian dynamics. Alternativ ely, a mediator or aggregator
state could represen a coad directing a team of players or a script guiding multi-

ple actors. One advantage of such a topology is it has few parameters and avoids
over- tting. Conversely a full HMM (as well as coupled and factorial HMMs to
a certain extent) over all interacting agerts must model the cross-praluct of their

individual stateswhich is inexcient. Furthermore, the DST's mediated interaction

approad lends itself nicely to hierarchical extensions. DSTs can have aggregators
that themselwes aggregatelower-level mediating chains to allow multiple scalesof
in°uence or layersof interaction. For instance, when modeling a university one may
describe interacting people by mediating chains represetting their researt groups
which are in turn aggregatedand mediated by various departmernts, then sdools
and then a single mediating hidden state represerting the ewolution of the university
asawhole. Alternativ ely, one may model the dynamics of a human, via a hierarchy
over the individual limbs, fusing into upper and lower torso, etc. Admittedly , me-
diating variables could be reinterpreted as children (not parents) of the individual

dynamical systems,but we prefer the DST's mediating-parent style of establishing
interaction between processes.It avoids moralizing large cliques during inference,
is nicely compatible with structured mean eld derivations, and permits estimation
of model parametersfor an arbitrary tree hierarchy of interaction.

To construct a DST's probability distribution, we start from the bottom up by
“rst consideringa collection of simple independert dynamical systemswe call leaf-
processesTheseindividual systemsare either cortinuouslinear dynamical systems,
or discrete HMMs or a hybrid asin a switched linear dynamical system (SLDS).
Without loss of generality, we will assumeall leaf-processesare SLDSs (as in [9]
and in Figure 1(c)) since these basically subsumeboth HMMs and Kalman T-

ters. Furthermore, we assumethat transitions between corntinuous hidden states
are given by conditioned Gaussiansand that emissionsare cortin uous vectors from
a Gaussiandistribution given the cortinuous hidden state. On their own, the indi-

vidual SLDSsdo not capture the interactive nature of group dynamical behavior.

To coupleindividual leaf-processesaand model complex interaction, we have a hier-
archy of aggregatingMarkovian processeghat couple leaf-processegor lower level
aggregating-pracesses)s their children. Each aggregating processa is denoted by
its discrete Markovian hidden variables s# and de ned as follows:



De nition 1 An aggegating-processis a Markov chain of hidden discrete states
with at most one parent processand one or more children processes.Children pro-
cessesmay be either other aggegating-processesthemselvesor leaf-processes. An
aggegating-process' states are denotal by s? = fsj§;:::;s2g. Given its (possibly
null) parent process¥{a) which has discrete hidden states s*4?) = fsg“a); T ;s?‘(a)g
the aggregating-process has the following conditional distribution:
3 - 3 ’ 3 -
p ss™@ = p sfisg®  p Syt s
t=1

The hierarchy of aggregating-pracessess terminated by leaf-processesvhich contain
both discreteand cortin uoushidden Markov dynamicsaswell asthe actual emission
or obsenation variables which we specify as follows:

De nition 2 A leaf-processis a switchal linear dynamical system at the lowest
levelin the dynamical systemstree hierarchy. A leaf-processhas at most one parent
process and no children processes. The i'th leaf-process has discrete Markovian

hidden statess' = fsj;:::;s} g as parents of continuous Markovian hidden states
x' = fxp;::1;x; g as parents of independent emissionsy' = _fyb; e ;y'T g. Given
its parent process{i) with discrete hidden states s4) = fs;{;::::s"" g the leaf-

processhas the following conditional distribution:

(N 7 5 R i ;YA iial ity Y PRI (
p(s'; x';y'js™") = p(spisy " )P(XojSo)P(YoiXo)  P(StiSt; 15 St
t=1

DYp(xijxt, 1:shp(yiixt)

Given A aggregating processesand L leaf-processes, the joint distribution
P(S;X;Y) over all variables in the DST (hamely fS ; X;Yg which correspond to
discrete hidden, contin uous hidden and emissionvariables, respectively) is given by:

" R 2
P(S:X;Y) = p(s*s®)  p(shix'ry'jsY)
a=1 i=1

An exampleof a DST graphical model is showvn in Figure 2(a) (unrolled time steps
t = 0:::1). This DST has4 leaf-processesnd 3 aggregating-pracesses.The bottom
aggregatingprocesses:? and s®4 are parerts of the pair of leaf processesn their
superscripts. The bottom aggregatingprocessesre themselhesaggregatedthrough
one nal parent processcalled s(*:2:@4)  To avoid drawing DSTs unrolled in
time, we plot them more compactly by only showing a single time instance of the
DST at time t and drawing a replicator box that indicates the network is repeated
t = 1:::T times. Traditionally, replicator boxes show independert (iid) nodes
(possibly linked to parent parameter nodeswhich we omit for clarity). We indicate
Markovian dynamics betweennodesin box tj 1to nodesin box t by drawing extra
replicator circles around all the nodeswho inherit a link from their instantiation
at the previous time steptj 1. Nodeswithout the extra replicator circle (such
as emissionnodes) only have parents in the current replicator box t. Figure 2(b)
depicts the DST in this compact replicator notation.

We now specify parametersfor the aforemertioned DST conditional distributions.
Our discrete distributions are multinomials while our contin uous distributions are
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Figure 3: A Variational Q Distribution for DSTs and an Update Algorithm.

conditioned Gaussians. The parametersfor the aggregating-pracessegqindexed by
a) and the SLDS leaf-processegindexed by i) are:

(s = jise™ = k) = A%(:k)  p(st = st 1 = kst = 1) = ©°(ji ki)
p(sh=jiso’ = k) = AlGk)  p(si = jjst, 1 = kst = 1) = 21 (rksl)
P(Xoiso = J) = N(xpit]5q)  P(xiixt; 1:8t = §) = N (XA xi; 1:Q))

P(Yoixb) = N (Y6ICxp;R)  p(yiixt) = N (¥iCx{;R)

Basic operations neededfor DSTs include computing the likelihood of obsenations,
inferring hidden states from an obsenation and estimating parameters from data.
Essetially, EM learning and computing likelihood hinge on performing inference
over the hidden states. It is immediately evidert that DST inferenceinvolves an
intractable network sinceeventhe sub-compnert SLDSsare intractable. Therefore
we appeal to structured mean eld for inferenceand perform approximate E-steps.

3 A STRUCTURED MEAN FIELD ALGORITHM

To avoid the intractabilities in the DST, we perform inference with a surrogate
variational distribution that approximates our posterior P(S; XjY) over the hidden
variables given the obsened data. We denote the simpler optimized surrogate dis-
tribution Q(S;X) and display it in Figure 3(a) unrolled in time for 3 time steps
or in Figure 3(b) using replicator notation. This distribution resenbles P except
that all Markov chains are unlinked from ead other and thus only require forward-
backward algorithms for inference [1]. Given a current setting of all our model
parameters£ and obsenation sequencesye can update a variational distribution

on our DST by using the elegart formalisms outlined by [6, 1, 4]. More speci cally,
we have the following inequalityzon the incomplete log-likelihood:

P(S; X;YjE)

Q(S: X)

Where the right hand side is denoted by B(Q;£) for short and is a variational
bound that makes cortact with the left hand sideat £ = £° when Q(S;X) =
P(S;XjY;£"). Since Q is a simpler and more factorized distribution than
P(S;XjY;£"), the bound will beloweredand in generalcanno longer make tangen-
tial contact. We instead optimize the parametersof Q to getit ascloseas possible
to the posterior in terms of Kullback-Leibler divergenceK L(Q(S; X)kP (S; XjY)).

logP(Yj£) , Q(S; X) log dXx
X

S



Update rules for Q are easily derived using the Hamiltonians (the energy function
in the log domain) of the probability distributions [1]:

P(S;X;Y) = #expi H(S;X1Y))  Q(S;X) = 74 exp(i Ho(S;X))

The Q distribution hasthe following variational parameters(which vary with eadt
time replicator) for eath aggregating-pracessand leaf-processes:

¢
Qsi=i)=R() Q'st=jjst =k = ®%(;k)
Qsb=i)=A(G) Qi =jist, 1=k = £{(:K)
Q(xp) = N(xpi; ) Qxiixt; 1) = N (xtjAixy; 15 Q)

Asin [1] to 'nd aQ that minimizesthe KL-div ergencewe setto zerothe derivatives
of the di®erenceof Hamiltonians D = Hg i H. Thesederivatives are taken with
respect to the su+cient statistics * of Q and give update rules:

@i @bi _ @Dbi _ @bi _ @bi _ @Dbi _

@t @sis.i @si @ss . Ok @il
Solving the above updatesthe variational parametersfor ead aggregator-pracesses
(indexed by a) and ead leaf-processegindexed by i) as follows:
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Note that these are conditional distributions and should be properly normalized.
After iterating the variational parameter updates, we perform forward-badckward
inference on Q to get normalized probabilities and marginals. We use these to

compute expectations over our hidden variables. Since Q is a set of disconnected
chains, we needthe following marginals: p(Xt), p(Xt; Xt; 1), P(St) and p(st; St; 1) for
all hidden variables. After the above approximate E-step, an M-step update of the
parameters£ is trivial via expectations of the completelikelihood using the current

Q distribution. The update rules for the model parametersfor a Kalman “Tter (with

cortinuous dynamics and cortin uous emissionmodels) are shavn in [1]. Similarly,
updating the discrete Markov chain's transition matrix (or tensor) is immediate.

Computing the model's true log-likelihood, however, remains intractable. We in-
stead evaluate the bound, B(Q;£). During learning, the bound increasesmono-
tonically as we iterate variational parameter updates in Q and model parameter

!Note suxcient statistics for M-state discrete variables are not expectations hs;i and
hst;st; 1i. In the exponertial family, they are the M | 1 dimensional truncation of the
multinomial variable s; Fyvhich we call s;. Therefore, rewrite Hamiltonians with s; and

replace si (M) with 1 mzill st(m) before computing expectations and derivativ es.
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Figure 4: Player Trajectory Data and Variational EM Training

updates in £ to adhieve a local maximum. We compute the bound via the ex-
pected Hamiltonian H under Q summed with the entropy of the Q distribution:
B(Q;£) = Eq(s:x)fH(S;X;Y)i Ho(S;X)g. Theseexpectations are easyto com-
pute and only involve expectations over (at most pairwise) cliquesof Q. In all the
above computations, it is easyto recursethrough the DST to compute the B(Q; £)
terms for ead leaf-processand aggregator-pracess. Furthermore, variational pa-
rameter updates are nicely decoupledand M-steps for £ parameters are indepen-
dent given the inferred expectations under the Q distribution. In Figure 3(c) we
show pseudo-cale for propagating through the hierarchy tree to update variational
parameters. This is interleaved with re-estimation of the model parameters.

4 EXPERIMENTS

We evaluated DSTs and other dynamical models on real-world tra jectory data from
American football plays [3]. Players are tracked using computer vision to obtain
spatial coordinates in the football eld (with somenormalization). Each human
generatesa continuous time seriesof two dimensional coordinates. Our training
data consistedof 5 example plays of dig maneuwers and testing data was two new
dig exemplars. Figure 4(a) shows the trajectories for multiple playersduring a play.
A naive approac to modeling our data is to stack or concatenate ead player's
time seriesinto a single multiv ariate series. We start with the simplest multiv ari-
ate time seriesmodel, a single Kalman Filter (LDS) or single SLDS (which do not
treat playersasindividual temporal processes).The table belov shows low test log-
likelihoods for single LDSs and SLDSs as we evaluate them on the two unseendig
plays, even aswe increasedimensionality of hidden statesx or s. To instead model
players as separatetemporal processesye trained multiple independent SLDSsfor
ead player in isolation. Each has 2 dimensional cortinuous x; state and 2 states
for the switchess;. Yet sucdh SLDSscompletely ignore interactions betweenplayers.
A DST, howewer, can couple many separatetemporal interactions by fusing SLDS
structures (as above) with two additional binary-state team-chains aggregatingthe
two teams of players and a top level binary-state game-tain aggregating the two
teams. In Figure 4(b) we show the monotonic corvergenceof the EM-style algo-
rithm while training on 5 example plays for both the DST and the independert
SLDSs. Unlike LDSs, both SLDSsand DSTs estimate (consenative) lower bounds
on test likelihoods and require approximate inference(variationals corvergein 5-10
iterations for ead test play). Five random initializations are done and we showv
the meanand standard deviation of the log-likelihood bound for both the DST and



SLDSs. Test results in the table below shav that independert SLDSsimprove on
single LDSs and SLDSsyet the DST hasthe best generalization on testing data?.

Model Log-Lik elihoods Test Play 1 | Log-Lik elihoods Test Play 2

Single LDS dimx = 1 -1.9E5 -1.5E5
Single LDS dimx = 2 -1.9E5 -1.5E5
Single LDS dimx = 3 -2.7E7 -3.2E7
Single SLDS dims = 2 -7.7E5 §2 -1.5E6 §2
Single SLDS dims = 4 -1.8E58§2 -1.5E5§2
Multi SLDSsdims = 2 -1.4E4 § 3.4E2 -1.6E4 § 1.0E3

DST dims = 2 -5.6E3 8§ 1.8E2 -6.1E3 § 1.4E2

The weaknesof single LDSs and SLDSssuggestswe treat ead time seriesfor eah
player separately (not as a single multiv ariate series). Using independert multi
SLDS modelsfor ead player doesimprove modeling yet still fails to capture interac-
tions betweenplayers. Thus, it is important to fuse (not just concatenate) multiple
interacting time seriesat a higher level asin DSTs which ultimately yielded high-
est test likelihoods. We 'nd DSTs are promising and °exible dynamical Bayesian
networks for coupling multiple interacting processesin a tree structured hierar-
chy of in°uence. Resultsindicate that, for certain real temporal datasets, they are
more appropriate than simpler alternativesand capture elaborate interdependencies
without compromising computational tractabilit y. Perhapsmost interestingly, they

provide an easily recon gurable and intuitiv e architecture for modeling temporal
interaction data.

References

[1] Z. Ghahramani and G.E. Hinton (1998). Variational Learning for Switching State-
SpaceModels. Neural Computation, 12(4):963-996.

[2] Z. Ghahramani and M.l. Jordan (1997). Factorial hidden Markov models. Machine
Learning, 29:245-273.

[3] S.S.Intille and A.F. Bobick (2001). Recognizing planned, multi-p erson action. Com-
puter Vision and Image Understanding, 81(3):414-445.

[4] T.S. Jaakkola (2000). Tutorial on variational approximation methods. In Advancd
mean "eld methaods: theory and practice. MIT Press.

[5] U. Lerner, B. Moses, M. Scott, S. Mcllraith, D. Koller (2002). Monitoring a Complex
Physical System using a Hybrid Dynamic Bayes. UAI .

[6] R.M. Neal and G.E. Hinton (1998). A new view of the EM algorithm that justi es
incremental, sparse,and other variants. In Learning in Graphical Models., Klu wer.

[7] B. North, A. Blake, M. Isaard, and J. Rittsc her (2000). Learning and Classi cation
of Complex Dynamics, IEEE PAMI, 22(9).

[8] N. Oliver, B. Rosario and A. Pentland (1998). Graphical Models for Recognizing
Human Interaction. NIPS 11.

[9] V. Pavlovic, J.M. Rehg, and J. MacCormick (2001). Learning Switching Linear Mod-
els of Human Motion. NIPS 13.

[10] L. Saul and M.I. Jordan (1996). Exploiting tractable substructures in intractable
networks. NIPS 8.

2|n similar experiments on wham maneuvers, DSTs again performed best on testing.
More results (omitted due to space)are at http://www.cs.colum bia.edu/ » jebara/dst.



