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empirical risk minimization
‣ at the core of most machine learning algorithms
‣ examples

2

‣ minimize mean loss on training examples 
‣ what about second order moment of the loss?

• hinge loss : SVM
• exponential loss : AdaBoost

• squared loss, absolute loss: regression
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background
‣ Fisher linear discriminant

‣ second order perceptron (Cesa-Bianchi et al. ‘05)

3

‣ relative margin machines (Shivaswamy, Jebara  ‘08)

‣ Gaussian  margin machines (Crammer et al. ‘09)

‣ confidence weighted learning (Crammer et al. ‘09)

• interclass distance, intraclass variance

• update rule with whitening

• margin with respect to spread

• PAC-Bayes bound minimization

• online learning with first & second moments
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Hoeffding’s inequality
‣ on a bounded random variable
‣ on a bounded loss
‣ uniform convergence
‣ suggests ERM
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incorporating variance
‣ Hoeffding’s inequality
‣ Bernstein’s inequality

E[Z] ≤ 1
n

n∑

i=1

Zi +

√
ln(1/δ)
2n

+
ln(1/δ)

3n
4V[Z]

V[Z] = E[Z −E[Z]]2

• much tighter compared to Hoeffding’s

5

• limitation: true variance required
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‣ Bernstein’s inequality

• limitation: true variance required in equation
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‣ empirical Bernstein’s inequality (Maurer & Pontil ‘09)
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E[Z] ≤ 1
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n∑

i=1

Zi +

√
2V̂[Z] ln(2/δ)

n
+

7 ln(2/δ)
3(n− 1)

V̂[Z] =
1

n(n− 1)

∑

1≤i<j≤n

(Zi − Zj)2

empirical Bernstein bound
‣ empirical Bernstein’s inequality (Maurer & Pontil ‘09)

• limitation: true variance required in equation
‣ suggests Sample Variance Penalization (SVP)

6

min
f∈F

1
n

n∑

i=1

l(f(Xi), yi) + λ
√

V̂[l(f(X), y)]

• much tighter compared to Hoeffding’s
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SVP on 0-1 loss?

7

p̂ :=
1
n

n∑

i=1

l1(yi, f(Xi))

V̂ [l1(f(X), y)] =
n

n− 1
p̂(1− p̂)

‣ monotonic in 
‣ SVP on 0-1 loss gives back ERM for any    !

‣ SVP
p̂ ∈ [0, 0.5)

‣ is SVP qualitatively different?

‣ ERM → p̂

→ p̂ + λ
√

p̂(1− p̂)

λ
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‣ start with

‣ build an additive model greedily 

f(X) =
S∑

s=1

αsG
s(X)

min
f∈F

(
n∑

i=1

e−yif(Xi)

)2

+ λ
∑

i>j

(
e−yif(Xi) − e−yjf(Xj)

)2



deriving an update rule

9

‣ start with

‣ build an additive model greedily 

‣ choose  a             and find      to minimize the above 
convex cost
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AdaBoost (Freund & Schapire ‘97)

‣ greedily minimizes 

Initialize: wi ←
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for s=1:S do
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if αs < 0 then break;
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experiments



‣ several benchmark datasets

‣ parameters via a validation set
‣ boosting until no drop in validation error in 50 steps
‣ competing methods

• AdaBoost
• RLP-Boost 
• RQP-Boost 
• Soft-margin : relaxed boosting

experiments

‣ weak learner: decision stump  
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results
Dataset AdaBoost EBBoost
a5a 18.07 ± 0.6 17.82 ± 0.6
abalone 22.53 ± 0.8 22.38 ± 0.9
image 4.28 ± 0.8 4.04 ± 0.8
nist09 1.28 ± 0.2 1.17 ± 0.1
nist14 0.80 ± 0.2 0.70 ± 0.1
nist27 2.56 ± 0.3 2.41 ± 0.3
nist38 5.68 ± 0.6 5.34 ± 0.4
nist56 3.64 ± 0.5 3.38 ± 0.4
mushrooms 0.35 ± 0.3 0.28 ± 0.3
musklarge 7.80 ± 1.0 6.89 ± 0.6
ringnorm 15.05 ± 3.1 13.45 ± 2.4
spambase 7.74 ± 0.7 7.18 ± 0.8
splice 10.57 ± 1.1 10.27 ± 0.9
twonorm 4.30 ± 0.4 4.00 ± 0.2
w4a 2.80 ± 0.2 2.75 ± 0.2
waveform 12.96 ± 0.8 12.90 ± 0.8
wine 26.03 ± 1.2 25.66 ± 1.0
wisc 5.00 ± 1.5 4.00 ± 1.3

Dataset AdaBoost EBBoost RLP-Boost RQP-Boost ABR
a5a 18.07 ± 0.6 17.82 ± 0.6 17.90 ± 0.8 18.06 ± 0.9 17.80 ± 0.5
abalone 22.53 ± 0.8 22.38 ± 0.9 23.68 ± 1.3 23.01 ± 1.3 22.40 ± 0.7
image 4.28 ± 0.8 4.04 ± 0.8 4.19 ± 0.8 3.79 ± 0.7 4.27 ± 0.8
nist09 1.28 ± 0.2 1.17 ± 0.1 1.43 ± 0.2 1.25 ± 0.2 1.18 ± 0.2
nist14 0.80 ± 0.2 0.70 ± 0.1 0.89 ± 0.2 0.78 ± 0.2 0.74 ± 0.1
nist27 2.56 ± 0.3 2.41 ± 0.3 2.72 ± 0.3 2.49 ± 0.3 2.32 ± 0.3
nist38 5.68 ± 0.6 5.34 ± 0.4 6.04 ± 0.4 5.48 ± 0.5 5.24 ± 0.5
nist56 3.64 ± 0.5 3.38 ± 0.4 3.97 ± 0.5 3.61 ± 0.4 3.42 ± 0.3
mushrooms 0.35 ± 0.3 0.28 ± 0.3 0.30 ± 0.3 0.30 ± 0.3 0.29 ± 0.4
musklarge 7.80 ± 1.0 6.89 ± 0.6 7.83 ± 1.0 7.29 ± 1.0 7.22 ± 0.7
ringnorm 15.05 ± 3.1 13.45 ± 2.4 15.25 ± 4.2 14.55 ± 3.0 14.35 ± 3.1
spambase 7.74 ± 0.7 7.18 ± 0.8 7.45 ± 0.6 7.25 ± 0.7 6.99 ± 0.6
splice 10.57 ± 1.1 10.27 ± 0.9 10.28 ± 0.8 10.18 ± 1.0 10.02 ± 0.9
twonorm 4.30 ± 0.4 4.00 ± 0.2 4.87 ± 0.5 4.19 ± 0.4 4.16 ± 0.4
w4a 2.80 ± 0.2 2.75 ± 0.2 2.76 ± 0.1 2.77 ± 0.2 2.75 ± 0.2
waveform 12.96 ± 0.8 12.90 ± 0.8 12.75 ± 0.9 12.22 ± 0.9 12.47 ± 0.7
wine 26.03 ± 1.2 25.66 ± 1.0 25.00 ± 1.2 25.20 ± 1.0 25.09 ± 1.2
wisc 5.00 ± 1.5 4.00 ± 1.3 4.14 ± 1.5 4.71 ± 1.5 4.46 ± 1.6
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Figure 1: Cumulative margin distributions on three different datasets (wisconsin, mnist27, mushrooms). ABR
obtains a long tail indicating its “slackness”. EBBoost’s margins are characterized by a smaller variance.

since solving an LP or QP with a large number of ex-
amples can be quite expensive compared to boosting.
Moreover, ABR requires a line search which can also
be much slower than AdaBoost. The remaining exam-
ples in each dataset were divided equally into valida-
tion and test sets by a random split. For AdaBoost,
EBBoost, and ABR, we considered 500 randomly gen-
erated decision stumps as the weak learners. Each
algorithm was run until there was no drop in the val-
idation error rate in 50 iterations; the corresponding
test error rate was then noted. The set of weak learn-
ers recovered by AdaBoost was given to regularized LP
and QP boosting procedures. For all methods (other
than AdaBoost) there is an extra parameter to tune.
We found the value of the parameter that resulted in
the minimum error on the validation set and then re-
port the corresponding test error. The experiment was
repeated 20 times over random splits of training, test,
and validation sets. Results are reported in Table 1.

EBBoost shows significant improvement over Ad-
aBoost on most of the datasets; in fact, it shows an
improvement over every single dataset. ABR’s per-
formance comes closest to EBBoost even though the
methods are qualitatively quite different. In fact,
it is straightforward to obtain a soft margin version
of EBBoost by replacing our choice of loss function.
Moreover, in the following section, it will be shown
that the performance gains of EBBoost and ABR
emerge for completely different reasons and the intu-
itions underlying the two may be complementary.

5.1 DISCUSSION

Since EBBoost and ABR showed similar performance
overall, it is interesting to see how the solutions dif-

Table 2: Mean and standard deviation of margins.
Some dataset names have been abbreviated due to
space constraints.

AdaBoost EBBoost ABR
a5a 0.21 ± 0.20 0.19 ± 0.17 0.20 ± 0.19
abal 0.12 ± 0.12 0.12 ± 0.12 0.13 ± 0.13
image 0.14 ± 0.08 0.13 ± 0.06 0.14 ± 0.08
nist09 0.45 ± 0.13 0.44 ± 0.12 0.48 ± 0.13
nist14 0.47 ± 0.12 0.38 ± 0.07 0.51 ± 0.12
nist27 0.32 ± 0.12 0.29 ± 0.10 0.35 ± 0.13
nist38 0.22 ± 0.10 0.20 ± 0.08 0.24 ± 0.10
nist56 0.30 ± 0.12 0.29 ± 0.11 0.32 ± 0.13
mush 0.26 ± 0.06 0.26 ± 0.05 0.28 ± 0.07
musk 0.18 ± 0.09 0.15 ± 0.06 0.18 ± 0.09
ring 0.15 ± 0.07 0.14 ± 0.06 0.15 ± 0.07
spam 0.21 ± 0.13 0.19 ± 0.10 0.23 ± 0.13
splice 0.19 ± 0.12 0.18 ± 0.10 0.22 ± 0.14
twon 0.29 ± 0.14 0.26 ± 0.11 0.30 ± 0.14
w4a 0.27 ± 0.11 0.23 ± 0.07 0.38 ± 0.12
wave 0.25 ± 0.17 0.22 ± 0.14 0.28 ± 0.19
wine 0.13 ± 0.15 0.13 ± 0.14 0.12 ± 0.14
wisc 0.39 ± 0.15 0.35 ± 0.12 0.59 ± 0.21

fer. We looked at the margin distribution of the
training examples on all the datasets. The effec-
tiveness of boosting can be (to some extent), ex-
plained by the margin distribution (Schapire et al.,
1998; Koltchinskii & Panchenko, 2002). Recall the
definition of margin on an example Xi: γ(Xi, yi) =

yi

∑S
s=1 αsGs(Xi)/

∑S
s=1 αs, based on the additive

model (7).

We visualized the training margin distributions of all
datasets. These plots show the average margin dis-
tribution over the experiments at the setting of the
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Figure 1: Cumulative margin distributions on three different datasets (wisconsin, mnist27, mushrooms). ABR
obtains a long tail indicating its “slackness”. EBBoost’s margins are characterized by a smaller variance.

since solving an LP or QP with a large number of ex-
amples can be quite expensive compared to boosting.
Moreover, ABR requires a line search which can also
be much slower than AdaBoost. The remaining exam-
ples in each dataset were divided equally into valida-
tion and test sets by a random split. For AdaBoost,
EBBoost, and ABR, we considered 500 randomly gen-
erated decision stumps as the weak learners. Each
algorithm was run until there was no drop in the val-
idation error rate in 50 iterations; the corresponding
test error rate was then noted. The set of weak learn-
ers recovered by AdaBoost was given to regularized LP
and QP boosting procedures. For all methods (other
than AdaBoost) there is an extra parameter to tune.
We found the value of the parameter that resulted in
the minimum error on the validation set and then re-
port the corresponding test error. The experiment was
repeated 20 times over random splits of training, test,
and validation sets. Results are reported in Table 1.

EBBoost shows significant improvement over Ad-
aBoost on most of the datasets; in fact, it shows an
improvement over every single dataset. ABR’s per-
formance comes closest to EBBoost even though the
methods are qualitatively quite different. In fact,
it is straightforward to obtain a soft margin version
of EBBoost by replacing our choice of loss function.
Moreover, in the following section, it will be shown
that the performance gains of EBBoost and ABR
emerge for completely different reasons and the intu-
itions underlying the two may be complementary.

5.1 DISCUSSION

Since EBBoost and ABR showed similar performance
overall, it is interesting to see how the solutions dif-

Table 2: Mean and standard deviation of margins.
Some dataset names have been abbreviated due to
space constraints.

AdaBoost EBBoost ABR
a5a 0.21 ± 0.20 0.19 ± 0.17 0.20 ± 0.19
abal 0.12 ± 0.12 0.12 ± 0.12 0.13 ± 0.13
image 0.14 ± 0.08 0.13 ± 0.06 0.14 ± 0.08
nist09 0.45 ± 0.13 0.44 ± 0.12 0.48 ± 0.13
nist14 0.47 ± 0.12 0.38 ± 0.07 0.51 ± 0.12
nist27 0.32 ± 0.12 0.29 ± 0.10 0.35 ± 0.13
nist38 0.22 ± 0.10 0.20 ± 0.08 0.24 ± 0.10
nist56 0.30 ± 0.12 0.29 ± 0.11 0.32 ± 0.13
mush 0.26 ± 0.06 0.26 ± 0.05 0.28 ± 0.07
musk 0.18 ± 0.09 0.15 ± 0.06 0.18 ± 0.09
ring 0.15 ± 0.07 0.14 ± 0.06 0.15 ± 0.07
spam 0.21 ± 0.13 0.19 ± 0.10 0.23 ± 0.13
splice 0.19 ± 0.12 0.18 ± 0.10 0.22 ± 0.14
twon 0.29 ± 0.14 0.26 ± 0.11 0.30 ± 0.14
w4a 0.27 ± 0.11 0.23 ± 0.07 0.38 ± 0.12
wave 0.25 ± 0.17 0.22 ± 0.14 0.28 ± 0.19
wine 0.13 ± 0.15 0.13 ± 0.14 0.12 ± 0.14
wisc 0.39 ± 0.15 0.35 ± 0.12 0.59 ± 0.21

fer. We looked at the margin distribution of the
training examples on all the datasets. The effec-
tiveness of boosting can be (to some extent), ex-
plained by the margin distribution (Schapire et al.,
1998; Koltchinskii & Panchenko, 2002). Recall the
definition of margin on an example Xi: γ(Xi, yi) =

yi

∑S
s=1 αsGs(Xi)/

∑S
s=1 αs, based on the additive

model (7).

We visualized the training margin distributions of all
datasets. These plots show the average margin dis-
tribution over the experiments at the setting of the
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‣ proposed a novel boosting algorithm
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