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Outline

J-Why? Classification, Dimensionality Reduction, Clustering,
eGreedy Connections: Nearest Neighbors & kNN
o[ ess Greedy Connections: Maximum Spanning Trees

e[ ess Greedy Connections: Matching & b-Matching

eBayesian Connections: Distributions over Trees

eBayesian Connections: Distributions over Out-Trees
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Connecting the Dots

U-Greedy, Constrained, Bayesian...
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K-Nearest Neighbors

“eStart with unconnected points @ @
eCompute pairs of distances e
A = d(XilXj) @ Q @
eConnect each point to its k
closest points @
Bij — AIJ <= SOI‘t(Ai*)k

A B C D E F
A - 1 1
B 1 1
C 1 1
D 1 1
E 1 1
F 1 1

eThen Symmetrize connectivity matrix: B, = max(B; , By)




Tony Jebara, Columbia University

K-Nearest Neighbors Classifier

N

eFind your k nearest neighbors
eYour label is a vote over their
labels:
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KNN & Semidefinite Embedding

N

"eWant to visualize high-dimensional {x;,...,x\} data
eStandard PCA or Kernel PCA (Shoelkopf):
-Get matrix A of affinities between pairs A;=Kk(x;,X;)
-Get SVD of A & view top projections

eSemidefinite Embedding (Weinberger, Saul):
-Get k-nearest neighbors graph of data
-Get matrix A :
-Use max trace (variance) SDP
stretch graph A to PD graph K
-Get SVD of K & view
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KNN & Semidefinite Embedding

N

"eSDE pulls apart knn connected graph C maximally
while preserving pairwise distances between points if C;=1

minK—ZiXi st. K €K
K = {‘V’K c §RNXN}
st.K >0

sty K, =0

st. K, + K, — K, — K, =
Aii + Ajj - Aij o Aﬁ Zf O@j =1

oSDE’s stretching of data /mproves the visualization!

@A K_‘— -
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KNN & Semidefinite Embedding

N
N

ePossible problem with SDE’s pulling apart behavior.
*SDE stretch can sometimes worsen visualization!

eSpokes Experiment:

“ Onglfnal . .

o\Want to pull apart only
in visualized dimensions l
eSquash or iron down VS. ‘>S‘
remaining ones
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Minimum Volume Embedding

“eStretch in d<D top dimensions and squash rest. Not SDP!

minK—Zjﬂ)\i +Zf:d+1>\i st. K €w 1
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Minimum Volume Embedding

oStretch in d<D top dimensions and squash rest. Not SDP!

min . — ZHZ sz1>\z st. K € 1
= min, — Z N, +tr Z”H)\Z :

st. K €k, Kv, = Nu, N\, > N\ v—6

171 1+19 z J
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Minimum Volume Embedding

N
N

oStretch in d<D top dimensions and squash rest. Not SDP!

min . — ZHZ sz1>\z st. K € 1
= min, — Z N, +tr Z”H)‘z :

st. K €k, Kv, = Nu, N\, > N\ vl —6.

11 t+1-0--4- =5

:mmK—Zi_ trKv,v; +Z¢_ trKv.v,
st. K € k, Kv, = Nu, N\, > N, 0,0, = 8,

171 1+17 z J
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Minimum Volume Embedding

N
N

oStretch in d<D top dimensions and squash rest. Not SDP!

min ;. — ZHZ sz1>\z st. K €r 1
= min, — Z N, +tr Z”H)‘z :

st. K €k, Kv, = Nu, N\, > N\ vv—6

11 t+1-- 45

:mmK—Zi_ trKv,v; +Z¢_ trKv.v,
st. K € k, Kv, = Nu, N\, > N, 0,0, = 8,

] +1 Z g _-:--/ "‘ \
d
= min, min; — E  trKvow, + g trKv.v! T
i=1 i=d-+1 ik
st. K € k,N, > N Ty = =,

1+17 z J
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Minimum Volume Embedding

N
N

eStretch in d<D top dimensions and squash rest. Not SDP!
. d D
mmK—Zi_lXi ) N st KER 1

= min, — Z N, +tr ZZ ” 1>\Z

st. K €k, Kv, = Nu, N\, > N\ v—6

iYis i+10 U U,
= mmK—Zi_ trKv.uv! +Z¢: trKv.v,
st. K € k, Kv, = Nu, N\, 2> N4, quj =0,
= min, minV—Zj_ trKvu! —I—ZZ_ 1t7’Kvivi
st. K € kN, >N\, 0 v, =,

417 Y T

eVariational upper bound on cost  Iterated Monotonic SDP
eLock V and solve SDP K. Lock K and solve SVD for V.
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Minimum Volume Embedding

N

“eStretch in d<D top dimensions and squash rest. Not SDP!

minK—Z;)\i +Zf:d+1>\i st. K €k 1

. d D
— N — Zizl A+ trzz':dﬂ A,
T
st. K € K, KlU@ — >\¢/UZ'7>\¢ > >\i+17vi vj = 6ij
. d D
= man— Zizl tTKUZ»’UZ-T + Zi:d—i—l trK/UZ’/UZ'T
st. K €k, Kv, = Nu,\; >N\, , 0, v, = 0;

171 (A
o . d K T D K T
= min, mlnv—g _ lriv; —I—g gy TR

T
st. K = KJ,>\Z' Z >\i+17vi Uj - 6@7

eVariational upper bound on cost  Iterated Monotonic SDP

eLock V and solve SDP K. Lock K and solve SVD for V.
eProcrustes finds V: sort top eigenvectors of current K!
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Minimum Volume Embedding

M

“eOveral algorit

nm.

Input | (%;)/L,, kernel #, and parameters d, k.
Step 1 | Form affinity matrix 4 € RV %Y with
pairwise entries A;; = k(7;, ;).
Step 2 | Use A to find a binary connectivity
matrix €' via k-nearest neighbors.
Step 3 | Initialize X' = A.
Step 4 | Solve for the eigenvectors vy..... Uy and
eigenvalues \y > Ay = ... = Ay of .
d N
Step 5 | Set B=—Y_ T;of + Y. L.
=1 t=d-+1
Step 6 | Using SDP find K = argmingcx tr( N B).
Step 7 | If ||[X — K|| > € set K = K, go to Step 4.
Step 8 | Perform kernel PCA on A" to get

d-dimensional output vectors ¢y..... 7.
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Minimum Volume Embedding

M

J-Spokes experiment visualization and spectra
eConverges in
~5 jterations

" Dnglmal .
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Minimum Volume Embedding

"eSwissroll Visualization
and Convergence
(Connectivity via knn)
(dissetto 1)

eCost convergence the
same way after first
iteration for any
random initialization
or K=A...

@PCA

MYE — Toy Spiral -- 10 Random Initializations - d=1
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Minimum Volume Embedding

N

“eFace Images Visualization and Spectra
(Connectivity via knn, d=2)

MYVE
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Minimum Volume Embedding

M

J-Digit Images Visualizations and Spectra
(Connectivity via knn, d=2)

F,E_;:Eﬁ-.i = ok

MVE
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Minimum Volume Embedding

N

"eSocial Network Visualization and Spectra
(Connectivity determined by friendship links, d=2)
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Minimum Volume Embedding

L
eQuantitative Performance
eNeed to maintain pairwise distances in available dimensions

Percentage of eigenvalue energy captured in 2D

MVE SDE KPCA
Hubs and Spokes 100%  29.9% 95.0%

Spiral (% in 1D) 99.9% 99.9% 45.8%
TGS 97.8% 88.4% 18.4% Via convexity of
Faces 99.2% 83.6% 31.4% max eigenvalue

Social Networks 77.5% 41.7% 29.3% /

eThis cost is convex: min, > X\ =Y " X, st Ke€x

. d D
*MVE cost is not: ming—=3 oo D e Mst Kogin
eBut, if d=1, see global convergence behavior...
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Minimum Spanning Tree

N

eStart with unconnected points
eKruskal’s Algorithm (Prim too)
eCompute pairs of distances
A; = d(X;, X))
eGreedily connect the
smallest distances in A

eSkip a connection if it

spanning
forms a loop
19 {0,1,2,4,5,8,9}
weight = 35
10
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Trees for MVE & SDE

N
N

eSalamander Phylogenetic Tree Visualization and Spectra
(connected with tree structure, d=2)
oSDE & MVE undergo collapsing if connectivity is sparse

KPCA SDE SDE-full MVE-full
L ]
Salamanders f’
30 pacies 28% | 99 6% ' 100% 93 1% 98.7%
¢
Crustaceans {ﬁ 3 .‘\‘
56 apaciss M; : ?. s
38.2% 100% 100% 88.3% 97 7%
K €x asusual Ker and K, + K, — K, — K, >

Az‘z‘ + ij - Az’j - Aﬂ’
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Matching and B-Matching

N
N

o\We explore these 2 combinatorial optimization algorithms
from graph theory and find ways to use them in learning.
eMaximum Weight Matching = Linear Assignment Problem

Given weight matrix, find permutation matrix. O(N3)

husband

$1  $6 %3] Kuhn-Munkres [D 1
1 0
0 0O

wife | s4 $2 34 , _
L4 s ¢s |  Hungarian Algorithm™

maxptr<PTA)
> Bi=> F=1P {01} %

eB-Matching generalizes to multi-matchings mormon). O(bN3)

max , tr (P"A) %
ZZ'P@:Z P =0, PZ] 6{01}

[ S |
I
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Matching and B-Matching

| eBalanced versions of nearest neighbor & k-nearest-neighbo

27 89 6 43 21 79 max, tr (P A)
25 20 99 23 38 6
|88 30 58 858 78 60
A= 66 42 76 68 5 where P, € {0,1;}

14 28 52 53 46 42
1 47 33 64 57 30

~ Matchings o(on?) ~ Neighbors o(»n?)
0 1 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 1 0 0
ZZPZJ_ZJPZJ_l ijlj_l
1 1 0 0 0 1 0 1 0 1 0 1
1 1 1 0 0 0 1 0 1 0 1 0
0 1 1 1 0 0 1 0 0 0 1 1
0 0 1 1 1 0 1 0 0 1 1 0
0 0 0 1 1 1 0 0 1 1 1 0
1 0 0 0 1 1 0 1 0 1 1 0
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Matching and B-Matching

h
eMatching can also be solved as a Linear Program:
max, tr(P'A) ) B,=% B, =1 B €[0]]

oStill produces binary matrix even though continuous space.
eB-Matching can be implemented this way as well:

max, tr(P'A) Y P,=% P =b B €[0]]

oBut, need exponentially many additional constraints to
prevent non-binary solution. Add these constraints to
enforce that there are no odd-length circuits in the
matching. This is done efficiently via Edmonds’ Blossom

method.

eAvailable Online: Goblin Algorithm or Bert's Loopy BP
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B-Matched SDE

N
N

eVisualization example: images of rotating tea pot.

) il @l I”Ll"ti b S G G G C

oGet affinity A; = exp(-||X-X;||2) between pairs of images

eShould get rlng but noisy
images confuse kNN.
Greedily connects nearby
images without balancing i g g .\
in-degree and out-degree.  « = w5 @ @ w

Get folded over ring even D rgty ek
for various values of b (k) =
eB-Matching gives clean ]

ring for many values of b. <«

1 1 | B 1 1 | 1
-2000 -1500 -1000 -500 0 500 1000 1500 2000




B-Matched SDE

N

J-AOL data
e\/isualize search terms

eGrow initial
connectivity using
b-matching (instead of
k-nearest neighbors)

oSDE then finds a low
dimensional (2D)
visualization of the
data and connectivity

Tony Jebara, Columbia University
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Spectral Clustering

U-Many clustering algorithms exist in machine learning:
kmeans, expectation-maximization, linkage, etc.
But: local minima, make parametric cluster assumptions
eMore general: converting data to graph, cluster via cut
Given graph (V,E), weight > A D A

i€B,jeV /B i€V |/ B,jeB

matrix A, normalized cut is NP "cut(B) = ST + A

i€B,jEV i€V | B,jeV

eSpectral Graph Theory: relax discrete optimization over
y node indicator vector to continuous: JE o dd ific B

D, = A d= D. d,= D.. ) =
=y 2De o= 1O 5 dd ifi g B

eRelaxed globaly optimization (Shi & Malik):
min, y' (D —A)y suchthat y' Dy=1 and y De=0

eSolve for y as 2" smallest eigenvector of: (D — A)y = \Dy
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Spectral Clustering

u-Currently many slight variants of spectral clustering

eEach has varying performance

eOne theme is to stabilize the clustering (Ng, Weiss, Jordan)
find eigenvectors of normallzed LapIaC|an L=D- 1/2AD 172

oStill imperfect but : 1
works if clusters I NIP o s o
are well separated - N3 pARE L

.........

00
@x-} ; W;E
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B-Matched Spectral Clustering

J-Try to improve spectral clustering using B-Matching
eAssume w.l.0g. two clusters of roughly equal size
oIf we knew the labeling y=[+1+1+1-1-1-1]
the “ideal” affinity matrix A = |
in other words...

1

L, OOO

el eNell
oNoNoll i

CQOOkrRPFrPF
R, L, OO0O0O
PR, P, OOO

A=14(yy" +1)

1

and spectral clustering and eigendecomposition is perfect

eThe “ideal” affinity is a B-Matching with b=N/2

eStabilize affinity by finding the closest B-Matching to it:
min,, [|A — PH2 such that ZZPZ] :Zij =& and P, €{0,1}

eThen, spectral cluster B-Matching or use it to prune A
A"™ =P or A"™ =PoA

eAlso, instead of B-Matching, can do kNN (lazy strawman).
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B-Matched Spectral Clustermg

/\\

-Synthetlc experiment oty
eHave 2 S-shaped clusters -
eExplore different spreads R |
eAffinity Ay=exp(-||X-X;|[2/02): - I S f
Do spectral clusteringon  * D s
A or P or PoA

eEvaluate cluster labeling accuracy

*
%
******
***********
gt J

+
*******
£ * ¥

(a) Curve separation ¢ = 1. (b) Curve separation ¢ = 5.

Synthetic dataset: permute—prune accuracy

Synthetic dataset: speciral accuracy Synthetic dataset: permute accuracy
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B-Matched Spectral Clustering

eAccuracy Is
how well we
classify both
scenes
eEvaluate also
with kNN
eOnly adjacent
frames have
high affinity
eBMatching does
best since it

D75

D.7F

D.6F

D.55F

boosts connection

to far frames

simpsons2, N =47

u-Clustering images from real video with 2 scenes in it.

— — — knn—pruns
—— permute
— 8 — permute—pruns

Kernel parameter o
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B-Matched Spectral Clustering

U-CIustering images from same video but 2 other scenes

D83

D.9r

D.85F
D.8F

E D73k
0.7
D.63F

D.6F

o55F L LT
o |

simpsons1, N=47

— H — permute—prung
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B-Matched Spectral Clustering

TeUnlabeled classification via clustering of UCI Optdigits data

optdigits33, N =100

D.89r

- spectral
——knn
A 3 knn—pr
T I ot Y T
DE5- X A -1l < TT Sy | —O- permute—prune
7
7
/
e J
0.8t g
I
g }
5 1
8 !
0.75F F
B - S I e e
b
i
L &
07 [:
¥
!
q.’d"
L
UEEIr
d 1
3 10 15 20 25 S0 35 40 45
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B-Matched Spectral Clustering

TeUnlabeled classification via clustering of UCI Vote dataset

D.G2r

08151

D.7es-

Kernel parameter o
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B-Matched Spectral Clustering

| eClassification accuracy via clustering of UCI Pendigits data

eHere, using the L —
B-Matching to s BEL T E s e e S8 -
just prune A is K T | ey
better |
KNN always o
.y ‘g 0.75F :..
seems a little |
worse...
1 1 1.3 EI 25

Kernel parameter o
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B-Matched Spectral Clustering

U-Applied method to KDD 2005 Challenge. Predict
authorship in anonymized BioBase pubs database #
eChallenge gives many splits of N~100 documents e
eFor each split, find NxN matrix
saying if documents i & j were == mm m
authored by same person (1)
or different person (0)
eDocuments have 8 fields
eCompute affinity A
for each field via text
frequency kernel
eFind B-Matching P
eGet spectral clustering y
and compute Y2 (yy'+1)
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B-Matched Spectral Clustering

matrices
eExplored many
processings of

the A matrices.
Best accuracy
was by using
the spectral
clustered values
of the P matrix
found via
B-Matching

J-Accuracy is evaluated using the labeled true same-author
& not-same-author

I

B nostem
I pstem
08 I diffuse | |
I thresh
[ permute
[ Imedian
0.75 M ) L Isplito |7
[ ]splita

0.7+

0.65 -

06

°:_: dda

autho addre title sourc abstr keywo categ
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B-Matched Spectral Clustering

\/-Merge all the 3x8 matrices into a single hypothesis
using an SVM and a quadratic kernel. SVM is trained
on labeled data (same author, not same author matrices).

eFor each split, we
get a single matrix
of same-author and
not-same-author
which was uploaded
to KDD Challenge
anonymously

wlatrix 10u authors  address  title source abstract keywordscategones av  abstractb

2040 2040 2040 2040 J4r 2040 2040 2040 2040 2040

Matrix 100 authors address  title so.ce  abstract keywordscategones ay  abstractb

4l R H [ L
2040 20 .0 2040 207 ~+0 2040 2040 2040 2040

Prediction - uthr 5 address  title so _e abstract keywordscategories av  abstractb

Sk e
O in| i i I g -
- - i SR |
- :!: i ke el ou | 5 W
4 I IIll |m

- a1 : i %40 ||||‘|||‘||I‘||I|||I| 'I\ I IIII 140
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B-Matched Spectral Clustering

TeTotal of 7 funded teams attempted this w
KDD Challenge task and were evaluated by e
a rank error ~

0.5

T
O

c o)
o
o
o
I
327
%

Q0O

0.45

eDouble-blind
submission
and evaluation

04

0.35

eOur method B
had lowest
average error |

131 168 255

421 550 606
eam
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B-Matching Belief Propagation

U-Loopy belief propagation: standard Bayes net inference too

eNot guaranteed except for Gaussian graphical models.

ePass max-product messages between cliques until settle

eCan implement matching as loopy BP on bipartite graph.
a(i) row variable =j  P;=1

B() col variable =i  Py=1 /
have cliques @ representing A; weights ”"\‘
cliques ¢ for a and B agreement @ )

By unrolling the message
passing in time, get a tree
can guarantee convergence.
eUpper bound on # iterations

of message passing < O(1/¢g)
e = cost between 1st & 2" best permutation




Tony Jebara, Columbia University

B-Matching Belief Propagation

| eBelief propagation drastically outperforms fast classical
maximum weight b-matching code.

BF median running time Median Running time when B=3

— GOBLIN

21 40 B0 80 100
n

GOBLIN madian nanning fime Median Running fime when 5=l n2 |

— G OHLIN

B

0 20 b 20 40 80 BD 100
i
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B-Matching Classifier

“eBelief propagation as a counterpart to kNN for classification

Senthetic Data Acouracy
i
«  Traim+1 x g
4 +Test+1'rxﬁt +¢ T "
x." ~ +
0 Train~1| % A
2 : 4 naf
Test -1 ++ =
0 # gﬂﬂ T
LY S o N il
~ @ o = L
2 " 04t ]
dgy
o % 02r == 3-matching
B === k-nearesi-neighbor
.— - I I :" V |]' L L L L
o e & R M T 10 2 3 40 &0
Translated Feature K

Figure 6: Left: Synthetic classification data where the test
data is translated to the right along the r-axis. Right: Ac-
curacy for k-nearest neighbor versus b-matching for various

k (or b).
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B-Matching Classifier

" eBelief propagation as a
counterpart to KNN
for classification

—h

I E
[ KNN

353888

o e o o
B I = = ]

Average accuracy
[=T .

12 34567
Background texturs

T

100 200 300
k

Average accuracy
o o o o
o b B W -

Figure 7: (Left) Examples of digits placed on back-
grounds: l-unaltered, 2-diagonal lines, 3-grid, 4-white
noise, H-brushed metal, 6-wood, 7-marble. (Top right) Av-
erage accuracies over 20 random samplings for optimal set-
ting of b or k. (Bottom right) Average accuracy on wood
background for various settings of b or k.
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Outline

J-Why? Classification, Dimensionality Reduction, Clustering,
eGreedy Connections: Nearest Neighbors & kNN
o[ ess Greedy Connections: Maximum Spanning Trees

e[ ess Greedy Connections: Matching & b-Matching

eBayesian Connections: Distributions over Trees

eBayesian Connections: Distributions over Out-Trees
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Motivation: Tree Data
(Phylogeny)

“eConsider evolution of organism with scalar features (x1,x2)

O
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Motivation: Tree Data
(Phylogeny)

“eConsider evolution of organism with scalar features (x1,x2)
' Sample Children Via:p(X, | X,,,0)= N(X, | AX %)

W
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Motivation: Tree Data
(Phylogeny)

“eConsider evolution of organism with scalar features (x1,x2)
' Sample Children Via:p(X, | X,,,0)= N(X, | AX %)
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Motivation: Tree Data
(Phylogeny)

“eConsider evolution of organism with scalar features (x1,x2)
' Sample Children Via:p(X, | X,,,0)= N(X, | AX %)
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Motivation: Tree Data
(Phylogeny)

“eConsider evolution of organism with scalar features (x1,x2)
' Sample Children Via:p(X, | X,,,0)= N(X, | AX %)
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Motivation: Tree Data
(Phylogeny)

N

“eConsider evolution of organism with scalar features (x1,x2)
Sample Children Via:p(X, | X,,.0) = N (X, | AX 5]

What is likelihood of this dataset if parents and
children not ordered: {x1,x2,x3,...,.xN}? Not IID...
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Distributions on Graphs/Trees

N

J-But, distributions over structure are nasty...

eFor n nodes we 000
have 2n(n-1)/2 OO0 %
undirected graphs 000

S us us 8

undirected trees
eGraph theory (West) optimizing over trees is O(n3).
eExponential family: efficient distribution over tree
structures is possible with finite sufficient-statistics.
eTherefore, we will restrict ourselves to distributions over
tree structures on cloud of data points...
eBayesian inference with tree structure as random var.
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Distributions on Trees

N

"eConsider distributionp (£7) over trees connecting datapoints.
(unlike standard ML trees over random vars)

eHere, edges imply
dependence between
(2,,7,,y) datapoints.

B o(T)=exp(~5019)

eIn phylogenetic trees
edges indicate close
or slight DNA mutation.

eAssuming unknown treex e
structure implies data
was sampled in a tree
sequence. Each parent
generates children
that depend on it.
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Distributions on Trees %

N

"eStandard learning assumes that points are iid,
independent identically distributed.

-
p(X,... X, 10)=T]_r(X, |0
oOften, iid is too restrictive, only need
l.e. likelihood invariant to permutation of {X,...,X;}.
eAssuming a tree structure implies datapoints are
tdid, . If we

knew the tree structure, we would have:
T

p(X,n X, | T,0) = thlp(Xt ]Xﬂ(t),@)

eTree structure is unknown, treat as R.V. and use Bayes:
T

HHP(Xt IXW(t))p(f )

p (Xl""’XT) n.b. 6 omitted

p(‘[ | Xl,...,XT) —




Tony Jebara, Columbia University

Distributions on Trees %

N

L
eAssume some choices for the likelihood and prior:
p(Z)=const  p(root|{})= const p(Xt | Xﬂ(t)) = p(Xﬂ(t) | Xt>

plugging in... [1o(X X, ()
— i EHUUGZ’B“U

p|T|X,.., X, )=
7 ) p(X,- X,)
where we have a TxT symmetric matrix of edge weights

between all pairs of nodes 8,, =»(X, |X,)=8, andB,, =0
oExplicitly, partition function Z needs sum over all TT-2 trees!
eInstead use Kirchoff's which is O(T3).
, —B,., u¢?}€[1,(T—1)]

kzzzl B, u=ve[L(T-1)
¢/ is the determinant of the weighted graph Q

eHave valid distribution over tree structures from symmetric
conditional/N(X,|X,)/kernel/rbf/distance between points.

Z=|Q(@) where  Q,(B)=-
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“eGiven posterior over tree structures: p(Z | X)=2"]] .
eCan compute its partition function (Matrix Tree Theorem)
via the determinant of Q([3)
eCan sample from this distribution (MCMC). Parent  Child.
eCan quickly compute its argmax (Kruskal)
just run maximum weight spanning tree on 3
eCan compute expectations of functions on edge weights.
eFor additive or multiplicative fns. on edges of trees have:
circle indicates

&)= ehe B (D)} =1r(Q(foB)Q (8))
: Q(goB) Hadamard
g(f) T Huve,’[ Juw Ep(fw) {g (f)} — ‘ ‘Qg(B)‘ ‘ product

eThus, can compute interesting quantities such as expected
path length between nodes, etc.
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"eRemove the symmetry assumption: p(X,1X,|=p(X, | X
plugging in... Hf_lp(Xt |Xﬁ<t>)2?(f> .
TIX,., X, )=—"5 s
p( | 17" T) p<X1’""XT) ZHUUGZ’BUU
where we have a TxT asymmetric matrix of edge weights
between all pairs of nodes 8,, = p(X, | X,)=8,, and 3,, =0
eExplicit partition function needs sum over all directed trees!

eInstead use Tutte's in O(T4).
eDefine asymmetric in-Laplacian Q* and out-Laplacian Q.

-3, u=ve|lT] —B,, u=ve|l,T]
Q.. (B) = Q.. (B)

- Zzlevw u=v€|LT] - Zzlew u=uve|l,T]
ePartition function is: Z = %Z; m, (Q" (B)) + |m, (@ (B))

Where m,() is the minor of a matrix with i‘th row and column removed.
This gives back standard Matrix Tree Theorem under symmetric 3
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"eCan consider assymetric conditionals/kernels between pairs
of points using the Directed Matrix Tree Theorem.

eFor example, can consider a Gaussian model with parent-
dependent noise: p(X, | X..,) = N (X, | f(X ), F (X)) +0°1)

eAlso, note that Z is the likelihood of the data:

T

p(Xps X, 10) =" ] “tzlp(Xt | Xﬂw,f,@)p(f)
il Zf‘. Lywesd B“"’ (@) = Z(@>

eWhere, again Z(0) = %Z;\mm (@ (B(@)))\ + \m (@ (B(@)))\

eThis tdid-likelihood is yet not iid...

eThis makes it more interesting for parameter estimation
log det of Laplacian is concave in edge weights.
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"eCan consider maximizing tdid likelihood after
integrating over unknown tree structure.
eMax Z(A) over A via gradient ascent by using 2 |4 = 44!
ePermits tweaking pairwise conditionals/distances/kernels
-Consid_er unkno_vyn A matrix p(X, | X,,0) = N (X, | AX . T)
changing conditional or RBF

t
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"eCan uncover the most likely A evolution matrix

0.72 0.54 1o
a“:[—o.m 0.?2] b]A—[U 1\

Figure 2: Synthesized out-trees with varying A evolution matrix.
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"eCan uncover the most likely A evolution matrix
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Figure 4: Scatter plots of Frobenius norm error rates when reconstructing A™™¢ from population
data. The vertical axis is the out-tree directed tdid likelihood maximization while horizontal axis is

the greedy MWST estimation.




