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Outline

oL P < QP < QCQP < SDP < Convex Programming
eStructural Risk Minimization & VC Dimension
eSupport Vector Machines

eMinimum Volume Ellipsoids

oEllipsoidal Machines (AISTAT 2007 Shivaswamy & Jebara)
eKernelized Ellipsoidal Machines
eEstimating Ellipsoidal VC

oSDP for General Spectral Functions
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Optimization Tools

N

oA hierarchy of optimization problems for Machine Learning:

Linear Programming
<Quadratic Programming
<Quadratically Constrained Quadratic Programming

<Semidefinite Programming
<Convex Programming
<Polynomial Time Algorithms
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Optimization Tools

"oP < QP < QCQP < SDP < Convex Programming
eMatlab, MatIabL Mosek, Yalmip, Ellipsoid Method

o P min.b'7 st ¢' 7>, Vi

QP min. 1ZTHZ + 072 st.¢'2 >, Vi
*QCQP  win 17" HZ +07F st. 7T >, Vi, 277 <1
*SDP min . tr (BTK> s.t. tr (CZ.TK) > o, Vi, K >0

*SDP det min, — log|K| s.t. tr(CZ.TK) >a,; Vi,K =0

oCP min f(:?;’) s.t. g(f) > Q




Tony Jebara, Columbia University

Large Margins

eSVMs & VC Theory popularized large margin estimation

eOther margin methods: Boosting, Max Margin Markov Nets,
Max Margin Matrix Factorization, ...

eOther margin theories: Boosting, PAC-Bayes, Rademacher

eAre large margins right? Can SDPs help?

oL et’s re-visit SRM, VC, & SVMs...
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Empirical vs. Structural Risk

N

J-Example: want a linear classifier to separate two classes
f(z;0) = sz’gn(wa + b) where O = {w,b}

eChoose a loss function:
L(y,,0) = step(—yf (z;9))

eEmpirical Risk Minimization fits only to training data:
N

Remp (e) — % i—1 L (yfﬂ f ('CCZ?O)) E [07 ]‘]
eEmpirical R,,,, (9) approximates the true risk (expected error)
R(0)=E, {L(z,y.0)} = | P(z,y)L(xy,0)dzdy €0,1]

e\We don't know the true P(x,y)
argmin, R, (0) = arg min, R (6)

e

eInstead SVMs perform Structural Risk Minimization
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Empirical vs. Structural Risk

N

JoERM: Inconsistent
Not guaranteed.

May do better
on training than
on test!

*SRM: add a prior or regularizer to R, (6)
eDefine capacity or confidence = C (0) which favors simpler 0

J(0)=R. (6)+C(0)

emp (

0 6
oIf, R(6) <J(8) we have bound J(8) is a guaranteed risk
*SRM: minimize J, guarantee future error rate is < min_ J ()
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Structural Risk Minimization & VC

N

“eHow to bound risk? Learning theory methods...
eTheorem (Vapnik): with probability 1-n the following holds:

) -+1) ~log (1)
N

hil
RO) < I0)= Ry 0+ L5
N = number of data points
h = Vapnik-Chervonenkis (VC) dimension
= capacity of the classifier class
o\VC dimension of linear classifiers in d-dimensions is h=d+1

eLines can shatter 3 points in 2d
O\@ o o ® o
O O

ST

O
o O

i 57
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VC of Gap-Tolerant Classifiers

N

L/

eArbitrary linear classifiers are too flexible as a function class

eCan improve estimate of VC dimension if we restrict them

eConstrain linear classifiers to data living inside a sphere

eGap-Tolerant classifiers: a linear classifier whose activity
IS constrained to a sphere & outside a margin

A

Only count errors
in shaded region

Elsewhere have -
L(x,y,6)=0

eIf M is small relative

M=margin
D D=diameter
d=dimensionality

\

.
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VC of Gap-ToIerant CIassifiers

oFor n'ilperplanes, as M grows vs. D, shatter fewer points!
e\/C dimension h goes down if gap-tolerant classifier has

. . [-792-]
larger margin, general formula IS* ), < mind ceil D 7d}+1

eBefore, just had h=d+1. Now we have a smaller h
oIf data is anywhere, D is infinite and back to h=d+1
oTypically real data is bounded (by sphere), D is fixed
eMaximizing M reduces h, improves guaranteed risk J(0)
eThere is no way to modify R with 6
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Support Vector Machines

J-Support vector machines are (in the simplest case)

linear classifiers that do structural risk minimization (SRM)
eDirectly maximize margin to reduce guaranteed risk J(0)
eAssume first the 2-class data is linearly separable:

have {(xl,yl),...,<xN,yN)} where x, € R” and y. € {—1,1}

f(z;0) = sign <’LUT£C + b)
eDecision boundary or hyperplane given by w'z+b=0
eNote: can scale w & b while keeping same boundary
*Many solutions exist which have empirical error R,,,(6)=0
eWant unique widest one  max margin.




Tony Jebara, Columbia University

Support Vector Machmes

/\

-The constraints on the SVM

for Remp(e) =0 are: H+O
w' L +b=>+1 Vy =+1 < / P =
w T +b< -1 Vyi — —1 q\
«Or more simply: ¥, (w'z, +b)—1>0 H.
eThe margin of the SVM is: H-
m = d+ +d

eDistance to origin: H —¢=4& H, —gq =% H —¢ =L

llwl|

2
eTherefore: d. =d =g;  and margin m=-_—
w

e\Want to max margin, or equivalently minimize: lwl or lwl?
*SVM Problem:  minilwl® subjectto y, (wai +b)—1 > ()
eThis is the primal quadratic program

eDual, nonseparable & nonlinear case are straightforward.
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Support Vector Machines

J-Dual, kernelized, slackened SVM QP:

1
max, g Z,OLZ.—Qg i,j&i&jyiyjk(xi,ﬂ?j>

subject to Zi%’f‘/i =0 & o, €][0,C]

2

o he margin Is M = m where w = Ztatytk (:Ut,.)

eFind bounding sphere on data to get radius using QP:

R’ = max, Z@ Bk (2, 2,) — Z” 3.8k (a:i,xj)
subject to Ziﬁi =1& B3, >0

*The VC dimension is then: , ., {cez’l

4R’
M ]’d}ﬂ

eHow about a bounding e/lipsoid? Does anything change?



N

Tony Jebara, Columbia University

VC of Ellipsoidal Gap-Tolerance

"eConsider 2d ellipse:

2 2

T
€:{($,y):?—|—i—2§1}

e[ argest margin (0,6)

configuration LT
for 3 points is

a centered M 5
equilateral 2a

triangle

~J12a% b — 34’ J12a% 1% — 342
2 2712 2 b 2 2712 2
b° 4+ 3a” b° + 3a b- 4+ 3a” b” + 3a

\_/

b
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VC of Ellipsoidal Gap-Tolerance

N

J-Ellipse max margin is  6a’b
b%+-3a’

eSphere rounds up b=a

oIts max margin is %a

. . M 2b
eSo, if M is
°b 3
260’ 2<M<—(1, EEEWmERR
b” + 3a 2

Sphere says VC=3

—J12¢°b b* — 3a° b] V1240 b* — 3a° ;
But, Ellipse says VC=2

b> + 3a” ' b* + 3d” b + 3a” b + 34’

—

eFor d>2, ellipsoids always give lower VC than spheres
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Minimum Volume Ellipsoids

N

"eExtend QP from bounding sphere to ellipsoid.
c={e:(e—n)' (@ —n) <1

with volume
o\ related to |Z|
1

eChange variables: A =27 and b = 2"
oGet SDP: min,,— In|A| st (Az, —b) (Az, —b)<1Vi & A0
eSlacken SDP for outliers:

min ,, —In|A4|+ EZZ,TZ. st. (Ax, — b)T (Az, —b)<1+T, & A=0

eEnforce quadratic
SDP constraints via:

I (Az, +0)
(Az, — b)T 1+,
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idal Machines

Ellipso

?

ion
iers of marg

Icat

eHow does shape affect classif

in M

if

inear class
eInside same bounding ellipso

eConsider two |

id

N>%

eWhich is better (has lower VC)?
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Ellipsoidal Machines

N

eAffine transform ellipsoid space to sphere Z,=%"(z, —p)

Then solve standard SVM in transformed space.

eOr, implicitly solve SVM with new margin metric:
min, $w Sw + C’Ziii subjectto v, (’LUT.’EZ. + b) >1—-¢, and €, >0

(a) (b) (©) (@

Figure 2: (a) Classical SVM solution on the data, (b) Ellipsoidal Machine solution on the data, (c¢) Classical
SVM solution from the first plot after making the data spherical and (d) Ellipsoidal Machine solution from the

second plot after making the data spherical.

eThe linear boundary tilts, margins are not enough!
eLinear SVMs not affine invariant (just rotation & translation)
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Experiments: SVM vs EVM

/Setup 1: UCI Data, Ten Folds per Dataset

Split into 80% Train for (w,b) and (Z,)
10% Cross-validate over C & E
10% Test accuracy

Dataset Classical Ellipsoidal

Heart 0.819 £0.013 | 0.831 £0.015
Pima 0.763 £0.001 | 0.764 4= 0.001
lon 0.803 £0.003 | 0.835 £ 0.002
Pen Digit 0.997 £ 0.000 | 0.999 £ 0.000
Iris 0.965 £ 0.002 | 0.965 £ 0.002
Bupa 0.655 £ 0.008 | 0.658 = 0.006
Segmentation | 0.798 & 0.005 | 0.825 = 0.005
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Experiments: SVM vs EVM

JSetup 2: UCI Data, Ten Folds per Dataset
Train (Z,u) for various values of E on a//x’s.
Split into 80% Train for (w,b)
10% Cross-validate over C& E
10% Test accuracy

Dataset Classical Ellipsoidal

Sonar 0.752 £ 0.005 | 0.757 = 0.009
Segmentation | 0.804 & 0.003 | 0.838 == 0.005
Pen Digit 1.000 = 0.000 | 1.000 4 0.000
Bupa 0.676 =£0.004 | 0.685 £+ 0.005
Iris 0.946 = 0.003 | 0.966 £ 0.002
[onosphere 0.854 +0.002 | 0.857 £0.003
Heart 0.859 £0.005 | 0.855 =% 0.003
Pima 0.761 £0.001 | 0.766 = 0.001
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Kernelizing Ellipsoidal Machines

eComputations for minimum volume ellipsoid (see Kumar &
Yildirim 2005) are kernelizable.

eGet nonlinear extensions to ellipsoidal margin.

eFollow a kernel PCA approach, consider inverse covariance:

E=N vvie(e)o(e) and BT =sz > vvio()o(n)
eResulting SDP to solve becomes:
min, .—In|P|+ EZZ%

s.t.ZjFi,ik (xl.,x].)z <l+T,7,>20,Vi and P=TK >0

eCan easily kernelize transformed metric margin SVM:
min, $w Sw + CZZ,&Z. subjectto v, (’LUTCEZ. + b) >1—-¢, and €, >0

eExperiments forthcoming, more dramatic gains over SVMs.
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VC of Ellipsoidal Machines
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"eCan we estimate an EVM'’s VC dimension? Tricky...

eRun EVM, get margin M, get ellipsoid ~. What is the VC?
eShatter h points in Z to get M*=max,(min, (margin))
eProposition: If M > M* then VC<h.

eBut max margin layout of h points in ellipsoid is Tricky.

eInstead set up i=1...h eguidistant points to shatter in Rq.
eMake them vertices on regular polyhedron distance M apart
eTheir equidistance M overestimates their max margin.
eEnclose polyhedron with rotated and scaled version of X
min, ; o s.t. (z, — u)T 3=t (z, —p) < LY =8VAVE, VVT =1
where> =VAV" andVV" and A = diag ()

eProposition: if 6<1 then VC<h.
eAbove optimization is not an SDP or even convex
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VC of Ellipsoidal Machines

L
e\We have the following optimization:
min, ; o st. (z, — M)T > (z, —p) < LY =8VAV, VVI =1

eThe above is not an SDP or even convex

e CONJECTURE:

eCan reformulate into optimization over PSD cone
eDefine K=X"1 and try this spectral cost function:

max ijl >>\\=7] (([;)) st. (z, — H)T K(z,—p)<1, K>0
eEigenvalues of K get weighted by desired relative scales
eArbitrary spectral costs not directly solvable via SDP
eBut, can be efficiently handled via an iterated SDP...
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General Spectral Functions

N

"eSDPs don't optimize arbitrary spectral functions.
(any functions of the eigenvalues of matrix K).
eVariance or Trace costs (tr(K) or —tr(K)) are fine

min ZZ)\Z. s.t. t'r(KBj) >c¢;Vj and K+ 0
eVVolume of log-det costs (—log|K]) are fine

min Zi—logki s.t. tr(KBj) >c¢;Vj and K »0
e\What about linear functions of eigenvalues of K?

minKz QN St tr(KBj) >c; V) and K >0

7 1 7

eHow to solve? Global optima?
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SDP for Spectral Functions

N
N

eNot a standard SDP.
min ijl(xz)\i st. K €k

= min, Zj_ atr(\,)

st. K €k, Kv, = Nu, N\, > N\ v—6

11 1+19 z J

= min, Zi_ u.tr([(v.fu.)
st. K ek, Kv, = Nv, N, > X vv =0,

171 +17 ¥
d
— min, min, Z¢:10‘étr(Kv‘v' )
st. K € kN, >N, 0] 0. =0,

1+17 Vi Ty

eVariational upper bound on cost  Iterated Monotonic SDP
eLock V and solve SDP K. Lock K and solve SVD for V.
oIf alphas are increasing with i then convex.




