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Abstract

Many problemsin informationprocessingnvolve someform of dimension-
ality reduction.Herewe describdocally linearembeddingLLE), anunsu-

pervisedlearningalgorithmthat computedow dimensional neighborhood
preservingembedding®f high dimensionaldata. LLE attemptgo discover

nonlinearstructurein high dimensionabdataby exploiting thelocal symme-
tries of linear reconstructions.Notably, LLE mapsits inputsinto a single

global coordinatesystemof lower dimensionality and its optimizations—
thoughcapableof generatinchighly nonlinearembeddings—daot involve

localminima. We illustratethe methodon imagesof lips usedin audiovisual

speectsynthesis.

1 Introduction

Many problemsin statisticalpatternrecognitionbegin with the preprocessingf
multidimensionalsignals, such as imagesof facesor spectrogram®f speech.
Often, thegoalof preprocessing someform of dimensionalityreduction:to com-
presghesignalsin sizeandto discover compactepresentationsf their variability.

Two popularforms of dimensionalityreductionarethe methodsof principalcom-
ponentanalysigPCA)[1] andmultidimensionakcaling(MDS) [2]. BothPCAand
MDS areeigervectormethodslesignedo modellinearvariabilitiesin highdimen-
sionaldata.ln PCA, onecomputeghelinearprojectionsof greateswvariancefrom



the top eigemwvectorsof the datacovariancematrix. In classical(or metric) MDS,
one computesthe low dimensionalembeddingthat best preseres pairwise dis-
tancesbetweendatapoints. If thesedistancesorrespondo Euclideandistances,
the resultsof metric MDS are equivalentto PCA. Both methodsare simple to
implement,andtheir optimizationsdo notinvolve local minima. Thesevirtuesac-
countfor the widespreadiseof PCA andMDS, despitetheir inherentlimitations
aslinearmethods.

Recently we introducedan eigervectormethod—calledocally linearembedding
(LLE)—for the problemof nonlineardimensionalityreduction[4. This problem
is illustratedby the nonlinearmanifold in Figure 1. In this example,the dimen-
sionality reductionby LLE succeed identifying the underlyingstructureof the

manifold, while projectionsof the databy PCA or metricMDS mapfaravay data
pointsto nearbypointsin the plane. Like PCA and MDS, our algorithmis sim-

ple to implement,andits optimizationsdo not involve local minima. At thesame
time, however, it is capableof generatinghighly nonlinearembeddingsNote that
mixturemodelsfor localdimensionalityreduction[5 6], which clusterthedataand
performPCA within eachcluster do not addresghe problemconsiderechere—
namely how to maphigh dimensionaldatainto a singleglobal coordinatesystem
of lower dimensionality

In this paper we review the LLE algorithmin its mostbasicform andillustratea
potentialapplicationto audiovisual speectsynthesis[R

(B) ©
B8 o o
N TR, s
€ %o Jx32 .“‘-" o, 21 <& el
o e %% S#
2o Foo D R J"‘g@?ﬁh- Bl iﬁ)‘.;:
eoBh W o e Sh e e g
| WA RSN, w2 0BT, 0 S
*o8o% o o PR BT D080y
.y %l s, 0% o "% .'0%38 )
i YN S ™ 805 % ‘oasd
R L R AL AR Y
[ PR (%) .(9 @ %;& 1 oo, 8550?* B, o
b % & 0% 00 o
P o 5 ) B v
1 0 2
10 2 1 0 1 2

Figure 1: The problemof nonlineardimensionalityreduction,as illustratedfor

threedimensionablata(B) sampledrom atwo dimensionamanifold (A). An un-

supervisedearningalgorithmmustdiscorer the globalinternalcoordinate®f the
manifold without signalsthat explicitly indicatehow the datashouldbe embed-
dedin two dimensionsTheshadingn (C) illustratesthe neighborhood-presving

mappingdiscoreredby LLE.



2 Algorithm

TheLLE algorithm,summarizedn Fig. 2, is basedn simplegeometridntuitions.
Supposehe dataconsistof NV real-aluedvectorsX;, eachof dimensionalityD,
sampledrom somesmoothunderlyingmanifold. Providedthereis sufficient data
(suchthatthe manifoldis well-sampled)we expecteachdatapoint andits neigh-
borsto lie onor closeto alocally linear patchof the manifold.

We cancharacterizéhelocal geometryof thesepatchedy linear coeficientsthat
reconstruceachdatapointfrom its neighborsin thesimplestformulationof LLE,

oneidentifies K nearesneighborsper datapoint, asmeasuredy Euclideandis-
tance. (Alternatively, one canidentify neighborsby choosingall pointswithin a
ball of fixed radius,or by usingmore sophisticatedulesbasedon local metrics.)
Reconstructiorrrorsarethenmeasuredby the costfunction:

. L2
EW) = Z X; — ZjWinj ; (1)
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which addsup the squaredistancesetweenall the datapointsandtheir recon-
structions. The weightsW;; summarizethe contritution of the jth datapoint to

the sth reconstruction.To computethe weightsW;;, we minimize the costfunc-

tion subjectto two constraintsfirst, thateachdatapoint)_(} is reconstructeanly

from its neighborsenforcingW;; = 0 if )?j doesnot belongto this set; second,
thatthe rows of the weight matrix sumto one: 3}°; W;; = 1. Thereasonfor the
sum-to-oneconstrainwill becomeclearshortly Theoptimalweightsi¥;; subject
to theseconstraintsarefound by solving a leastsquaregproblem,asdiscussedn

AppendixA.

Notethattheconstrainedveightsthatminimizethesereconstructiorerrorsobey an
importantsymmetry:for ary particulardatapoint, they areinvariantto rotations,
rescalingsandtranslationf thatdatapoint andits neighbors.The invarianceto
rotationsandrescalinggollows immediatelyfrom the form of eq. (1); the invari-
anceto translationss enforcedby the sum-to-oneconstrainton the rows of the
weightmatrix. A consequencef this symmetryis thatthereconstructiorweights
characterizantrinsic geometricpropertiesof eachneighborhoodas opposedo
propertieghatdependon a particularframeof reference.

Supposethe datalie on or neara smoothnonlinearmanifold of dimensionality
d < D. To agoodapproximationthen,thereexistsalinearmapping—consisting
of a translation,rotation, andrescaling—thamapsthe high dimensionalcoordi-
natesof eachneighborhoodo global internal coordinateson the manifold. By
design thereconstructioweightsW;; reflectintrinsic geometricpropertiesof the
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datathat areinvariantto exactly suchtransformations We thereforeexpecttheir
characterizationf local geometryin the original dataspaceo beequallyvalid for
local patchesonthe manifold. In particular the sameweightsW;; thatreconstruct
thesth datapointin D dimensionshouldalsoreconstructts embeddednanifold
coordinatesn d dimensions.

(Informally, imaginetaking a pair of scissorscutting out locally linear patches
of the underlyingmanifold, and placingthemin the low dimensionakembedding
space Assumefurtherthatthis operationis donein awaythatpreserestheangles
formedby eachdatapointto its nearesheighborsin this casethetransplantation
of eachpatchinvolves no more than a translation,rotation, and rescalingof its
data, exactly the operationgto which the weightsare invariant. Thus, whenthe
patcharrives at its low dimensionaldestination,we expectthe sameweightsto
reconstruceachdatapoint from its neighbors.)

LLE constructaneighborhoogreservingnappingoasedntheaboeidea.ln the
final stepof the algorithm,eachhigh dimensionalbbsenration X, is mappedo a
low dimensionatectory; representinglobalinternalcoordinate®nthemanifold.
Thisis doneby choosingd—dimensionaboordinateé% to minimizetheembedding

costfunction:
oY) =)

(3

Thiscostfunction—like thepreviousone—isbasednlocally linearreconstruction
errors,but herewe fix the weightsW;; while optimizing the coordinate;. The
embeddingcostin Eq. (2) definesa quadraticform in the vectorsY;. Subjectto
constraintghat malke the problemwell-posed,it canbe minimized by solving a
sparseV x N eigewectorproblemwhosebottomd non-zerceigetvectorsprovide
an orderedsetof orthogonalcoordinatescenteredon the origin. Details of this
eigervectorproblemarediscussedan AppendixB.

2

Y; — ZjWij?j 2)

Notethatwhile the reconstructiorweightsfor eachdatapoint are computedrrom
its local neighborhood—ind®erdent of theweightsfor otherdatapoints—theem-
beddingcoordinatesrecomputedy an N x N eigensoler, aglobaloperatiorthat
couplesall datapointsin connectedcomponentsf thegraphdefinedby theweight
matrix. Thedifferentdimensionsn theembeddingpacecanbecomputedsucces-
sively; thisis donesimply by computingthe bottomeigemwectorsfrom eq.(2) one
at atime. But the computationis always coupledacrossdatapoints. This is how
thealgorithmleveragesverlappinglocal informationto discover global structure.

Implementatiorof thealgorithmis fairly straightforvard, asthealgorithmhasonly
onefree parameterthe numberof neighborsperdatapoint, K. Onceneighbors



LLE ALGORITHM

1. Computethe neighborsof eachdatapoint, X;.

2. ComputetheweightsW;; thatbestreconstruceachdatapoint)_('Z- from
its neighborsminimizing the costin eq.(1) by constrainedinearfits.

3. Computethevectors?i bestreconstructetdy theweightsiv;;, minimizing
thequadratidorm in eq.(2) by its bottomnonzerceigemwectors.

Figure2: Summaryof the LLE algorithm,mappinghigh dimensionadatapoints,
X;, tolow dimensionakmbeddingrectors)Y;.

arechosenthe optimalweightsiW;; andcoordinates’; arecomputedoy standard
methodsn linearalgebra.The algorithminvolvesa single passthroughthe three
stepsin Fig. 2 andfinds globalminimaof thereconstructiorandembeddingcosts
in Egs.(1) and(2). As discussedn AppendixA, in the unusualcasewherethe
neighboroutnumbetheinputdimensionalitf K > D), theleastsquareproblem
for findingtheweightsdoesnothave auniquesolution,andaregularizationterm—
for example,onethat penalizeghe squarednagnitudesf the weights—musbe
addedto thereconstructiorcost.

Thealgorithm,asdescribedn Fig. 2, takesasinputthe N high dimensionalec-
tors, X;. In mary settingshowever, the usermay not have accesdo dataof this
form, but only to measurementsf dissimilarity or pairwisedistancebetweendif-
ferentdatapoints. A simplevariationof LLE, describedn AppendixC, canbe
appliedto input of this form. In this way, matricesof pairwisedistancesanbe
analyzedoy LLE justaseasilyasMDS|2]; in factonly a smallfractionof all pos-
sible pairwise distanceqrepresentinglistancesetweenneighboringpoints and
their respectie neighborskarerequiredfor runningLLE.

3 Examples

The embeddinggliscoveredby LLE are easiesto visualizefor intrinsically two
dimensionamanifolds.In Fig. 1, for example theinputto LLE consistedV = 600
datapoints sampledoff the S-shapednanifold. The resultingembeddingshavs
how thealgorithm,using K = 12 neighborgperdatapoint, successfullyunraseled
theunderlyingtwo dimensionaktructure.



Fig. 3 shavs anothertwo dimensionamanifold, this oneliving in a muchhigher
dimensionakpace.Here,we generatedgxamples—shan in the middle panelof
the figure—by translatingthe imageof a singlefaceacrossa larger background
of randomnoise. The noisewasuncorrelatedrom oneexampleto the next. The
only consistenstructurein theresultingimagesthusdescribeda two-dimensional
manifold parameterizethy the faces centerof mass.Theinputto LLE consisted
of N = 961 grayscaleémages,with eachimagecontaininga 28 x 20 facesu-
perimposedn a 59 x 51 backgroundof noise. Note that while simpleto visu-
alize,the manifold of translatedacesis highly nonlinearin the high dimensional
(D = 3009) vectorspaceof pixel coordinatesThe bottomportionof Fig. 3 shavs
thefirsttwo componentsliscoreredby LLE, with K = 4 neighborgerdatapoint.
By contrastthetop portion shavs thefirst two componentsliscoveredby PCA. It
is clearthatthemanifoldstructuren this exampleis muchbettermodeledby LLE.

Finally, in additionto theseexamples,for which the true manifold structurewas
known, we alsoappliedLLE to imagesof lips usedin the animationof talking
heads[3 OurdatabaseontainedV = 8588 color (RGB)imagesof lips at 108 x
84 resolution.Dimensionalityreductionof theseémages D = 27216) is usefulfor
fasterandmoreefficient animation.Thetop andbottompanelsof Fig. 4 shawv the
first two componentsliscorered,respecirely, by PCAandLLE (with K = 16).
If the lip imagesdescribeda nearly linear manifold, thesetwo methodswould
yield similar results;thus, the significantdifferencesn theseembeddingseveal
the presencef nonlinearstructure.Note thatwhile the linear projectionby PCA
hasa somavhat uniform distribution aboutits mean,the locally linearembedding
hasadistinctly spiry structurewith thetips of thespinescorrespondingp extremal
configurationf thelips.

4 Discussion

It is worth noting thatmary popularlearningalgorithmsfor nonlineardimension-
ality reductiondo notsharethefavorablepropertiesof LLE. Iteratie hill-climbing
methoddgor autoencodeneuralnetworks|7, 8], self-oganizingmaps[9, andlatent
variablemodels[1Q do not have the sameguaranteesf global optimality or con-
vergence;they alsotendto involve mary morefree parameterssuchaslearning
rates,corvergencecriteria,andarchitecturabpecifications.

Thedifferentstepsof LLE have thefollowing compleities. In Stepl, computing
nearesheighborsscales(in the worst case)as O(DN?), or linearly in the input
dimensionality D, andquadraticallyin the numberof datapoints, N. For mary



Figure3: Theresultsof PCA (top) andLLE (bottom),appliedto imagesof asingle
facetranslatedacrossa two-dimensionalbackgroundof noise. Note how LLE
mapstheimageswith cornerfacego thecornersof its two dimensionaémbedding,
while PCA failsto presere the neighborhoodtructureof nearbyimages.



Figure4: Imagesof lips mappednto the embeddingpacedescribecdby the first
two coordinateof PCA (top) andLLE (bottom). Representate lips are shavn
next to circled pointsin differentpartsof eachspace.Thedifferencesetweerthe
two embeddingéndicatethe presencef nonlinearstructurein thedata.



datadistributions, however — andespeciallyfor datadistributedon a thin subman-
ifold of the obsenation space- constructionssuchasK-D treescanbe usedto

computethe neighborsn O(N log N) time[13. In Step2, computingthe recon-
structionweightsscalesas O(DN K3); this is the numberof operationgequired
tosolvea K x K setof linearequationdor eachdatapoint. In Step3, computing
the bottom eigevectorsscalesas O(dN?), linearly in the numberof embedding
dimensionsgd, and quadraticallyin the numberof datapoints, N. Methodsfor

sparseeigenproblems[14 however, canbe usedto reducethe compleity to sub-
guadraticin N. Notethatasmoredimensionsareaddedto the embeddingspace,
the existing onesdo notchangesothatLLE doesnothave to bererunto compute
higherdimensionakembeddingsThe storagerequirement®f LLE arelimited by

theweightmatrix whichis sizeN by K.

LLE illustratesa generabprinciple of manifoldlearning,elucidatecby Tenenbaum
et al[11], that overlappinglocal neighborhoods—clactively analyzed—carpro-
vide informationaboutglobal geometry Many virtuesof LLE aresharedby the
Isomapalgorithm[1], which hasbeensuccessfullyappliedto similar problems
in nonlineardimensionalityreduction. Isomapis an extensionof MDS in which
embeddingsareoptimizedto presere “geodesic”distancedetweerpairsof data
points; thesedistancesare estimatedby computingshortestpathsthroughlarge
sublatticesof data. A virtue of LLE is thatit avoids the needto solwe large dy-
namicprogrammingproblems LLE alsotendsto accumulatevery sparsamatrices,
whosestructurecanbe exploitedfor savingsin time andspace.

LLE is likely to be even more usefulin combinationwith othermethodsin data
analysisand statisticallearning. An interestingandimportantquestionis how to
learna parametrianappingbetweerthe obsenationandembeddingpacesgiven
the resultsof LLE. Onepossibleapproachs to use{)_(}, 171-} pairsaslabeledex-
ampledor statisticalmodelsof supervisedearning.Theability to learnsuchmap-
pingsshouldmalke LLE broadlyusefulin mary areasof informationprocessing.

A Constrained Least Squares Problem

The constrainedveightsthat bestreconstruceachdatapoint from its neighbors

canbecomputedn closedform. Considera particulardatapoint Z with K nearest

neighborssj; andreconstructiorweightsw; that sumto one. We canwrite the
reconstructiorerroras:

2 2
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wherein thefirst identity, we have exploitedthe factthatthe weightssumto one,
andin the seconddentity, we have introducedhelocal covariancematrix,

Cik = (T —17j) - (T — 7y)- (4)

Thiserrorcanbeminimizedin closedform, usinga Lagrangamultiplier to enforce
theconstrainthat}_; w; = 1. In termsof theinverselocal covariancematrix, the
optimalweightsaregivenby:

_ NGy
Zlm C’l:nl

The solution,aswritten in eq. (5), appeardo requirean explicit inversionof the
local covariancematrix. In practice,a moreefficient way to minimize the erroris
simply to solve thelinearsystemof equationsy_; Cjywy = 1, andthento rescale
theweightssothatthey sumto one(whichyieldsthesameresult). By construction,
the local covariancematrix in eq. (4) is symmetricand semipositre definite. If
the covariancematrix is singularor nearlysingular—asarises for example,when
therearemoreneighborghaninput dimensiong K > D), or whenthe datapoints
arenotin generalposition—it canbe conditioned(beforesolving the system)by
addinga smallmultiple of theidentity matrix,

®)

Wy

A2
Cjk — Cjk + (?) 5jk, (6)
whereA? is small comparedo the traceof C. This amountsto penalizinglarge
weightsthat exploit correlationsbeyond somelevel of precisionin the datasam-
pling process.

B Eigenvector Problem

The embedding/ectorsf'i arefound by minimizing the costfunction, eq.(2), for
fixedweightsW;;:

—

. 2
min @(Y) = ) m—zjmm @)

i

Notethatthe costdefinesa quadraticform,

B(Y) =Y My(¥;-7;),
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involving innerproductsof theembeddingrectorsandthe N x N matrix M :

Mij = 8i5 — Wij — Wii + Y WiiWij, 8
k

whered;; is 1if 7 = j and0 otherwise.

This optimizationis performedsubjectto constraintghat make the problemwell

posed.lt is clearthatthe coordinates; can be translatedy a constantisplace-
ment without affecting the cost, ®(Y). We remove this degree of freedomby
requiringthe coordinateso be centeredntheorigin:

ZY;- =0. 9)

Also, to avoid degeneratesolutions,we constrainthe embeddingvectorsto have
unit covariance with outerproductgthatsatisfy

1 -
ORI (10)
i

where[ is thed x d identity matrix. Note thatthereis no lossin generalityin
constrainingthe covarianceof Y to be diagonalandof orderunity, sincethe cost
functionin eq.(2) is invariantto rotationsandhomogeneousescalings Thefurther
constraintthatthe covarianceis equalto theidentity matrix expressesanassump-
tion that reconstructiorerrorsfor different coordinatesn the embeddingspace
shouldbe measurean the samescale.

Theoptimalembedding—upo aglobalrotationof theembeddingpace—igound
by computingthe bottomd + 1 eigewvectorsof the matrix, M ; thisis a versionof
the Rayleitz-Ritztheorem[12. The bottomeigervector of this matrix, which we
discard,s theunit vectorwith all equalcomponentsit representafreetranslation
modeof eigewvalue zero. Discardingthis eigervector enforceshe constraintthat
theembeddinghave zeromean, sincethe component®f othereigewvectorsmust
sumto zero, by virtue of orthogonality The remainingd eigewectorsform the
d embeddingcoordinatesoundby LLE.

Notethatthebottomd + 1 eigewectorsof thematrix M (thatis, thosecorrespond-
ing toits smallestd + 1 eigewalues)canbefoundwithoutperformingafull matrix
diagonalization[4]. Moreover, thematrix M canbestoredandmanipulatedasthe
sparsesymmetricmatrix

M= (I-wW)T(1-w), (11)
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giving substantiacomputationabavings for large valuesof N. In particular left
multiplicationby M (the subroutinerequiredby mostsparsesigensolers)canbe
performedas

My =(v—Wv)—WT'(v—Wv), (12)

requiring just one multiplication by W and one multiplication by W™, both of
which areextremelysparse.Thus,the matrix M never needso be explicitly cre-
atedor stored;it is sufficient to storeandmultiply the matrix .

C LLE from Pairwise Distances

LLE canbe appliedto userinputin the form of pairwisedistances.In this case,
nearesneighborsareidentifiedby the smallesthon-zeroelementsof eachrow in

the distancematrix. To derve the reconstructiorweightsfor eachdatapoint, we
needto computethe local covariancematrix Cj;, betweenits nearesneighbors,
asdefinedby eq. (4) in appendixA. This canbe doneby exploiting the usual
relationbetweerpairwisedistancesanddot productshatformsthe basisof metric
MDS|2]. Thus,for a particulardatapoint, we set:

1
Cir = 3 (Dj + Dy, — Dji, — Dy) , (13)
where Dj;, denotesthe squareddistancebetweenthe jth and kth neighbors,
Dy =73, Dy, and Dy = >~ ;4 Djg. In termsof this local covariancematrix, the
reconstructionwveightsfor eachdatapoint are given by eq. (5). Therestof the
algorithmproceedsisusual.

Note that this variantof LLE requiressignificantlylessuserinput thanthe com-
plete matrix of pairwisedistances. Instead,for eachdatapoint, the userneeds
only to specifyits nearesineighborsandthe submatrixof pairwisedistancede-
tweenthoseneighbors.Is it possibleto recorer manifold structurefrom evenless
userinput—say just the pairwisedistancedetweeneachdatapoint andits near
estneighbors?A simplecountergampleshavs thatthisis not possible.Consider
thesquardatticeof threedimensionatlatapointswhoseintegercoordinatesumto
zero.Imaginethatpointswith evenz-coordinategsrecoloredblack,andthatpoints
with odd z-coordinatesrecoloredred. The“two point” embeddinghatmapsall
blackpointsto the origin andall red pointsto oneunit away preseresthedistance
betweeneachpoint andits four nearesheighbors.Neverthelessthis embedding
completelyfailsto presere the underlyingstructureof the original manifold.
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