Tony Jebara, Columbia University

Advanced Machine
Learning & Perception

Instructor: Tony Jebara



Tony Jebara, Columbia University

Maximum Entropy Discrimination

eCombining Generative and Discriminative
eThe Exponential Family

eMaximum Entropy

eMinimum Relative Entropy

eSupport Vector Machines Revisited
eMaximum Entropy Discrimination

eDiscriminative Generative Models
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The Exponential Family

eWhen are integrals or ML, MAP “nice” mathematically?
eCan we deal with other types of data than Gaussian?

eYes! The general family of such distributions
(includes many classics) is the Exponential Family
which has the following “natural form”:

p(m | O) — h(x) eXp(OTT (:13) — A(G))
model and data interact only via dot product
the cumulant generating function A(0) is convex

eExamples of E-Family: Bernoulli: binary
Multinomial: discrete
Gaussian: real vectors
Poisson: positive integers
Dirichlet: positive reals
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Natural Parameter Form

eGaussian Natural Form: p(x | 9) - h(a:) exp(eTT (x)—A(@))

plo o) = g exp| - (o -
:\Eexp —logc—2 (:L’ uQ - :
s
:Mexp —logG— L+t x—ﬁﬁ) 0= “21
L 202 _
= ; exp(TO + 716 ‘—/logc——uZ) ?T(z) 52
A |
h(:l:) = ﬁ A(O): %yz—l—logcz—93402—%10g(—202)
oIf multidimensional: 6= %1“1 T(z)=| *
—5 % T
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Properties of E-Family
eIt's normalized: [y (; 6} = [ h(z)exp (07 (x) ~ A(6))da

L= [ (a)exp (67T (o)) dvexp A0

rranstorm ot b A(8) = 108 [ (x)exp (67 (=)

1st derivative 2"d derivative
oale) [ hle)exolo T (a)) (s} oraly) _ [ )t (o)) )
I % J #la)exo(o" 7(s)) e
_ fh( ) p(GTT(:I: —A(G))T(m)dx fh( )ex (9 (s ))T( )z
ToTenli 1A ‘[ oot 11 J
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Maximum Likelihood E-Family
Maximum Likeliho_od 1(0) = Zilogp(xi | e)

(IID) with E-Family: 1(6)= 3" logh xi)exp(OTT(azi)—A(O))
0)=>" logh(z,)+0"T(z,)— A(0)
0)=>".7(z,)— NA'(0)
0= T(x,)— NA'(0)

A'(0) =13 7(a)
eNote A(0) is convex (Cov is positive semi-definite)
eConvex means gradient is unique so global ML solution

oSufficient Statistics: (Pitman, Koopman '36) summarize
data via simple averages over finite functions of it T(x)

41(0) = £, {1(e)} = £ £ 7()

all ML problems

ll
are easy!
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Conjugate Priors of E-Family

eEach e-family hfs dual or con]Tgate distrib over its params

( ) ( )eXp ( ) (:z;) ( ) Like n virtual

|X — ] n, X exp[R(O)TT(x ] <~ data points
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Table of E-Families

eExamples of the H() and A() functions for E-Families...

A1)ty 4

— exp{(a) + 07T («] — (o)

H<$) A( ) domain of 0

Gaussian — 2 log(2m) slog(| —265"]) — 361656, | 61 € R”
0> € RPP <0
Multinomial | log(T'(n+1)/v) n log(1 + Z(?:l exp(©q)) O eR”
D+1
n= Ed Xa
vV = HdF(Xd + 1)

Exponential 0 —log(—0©) OeR_
Gamma —exp(X) — X logI'(®) OcR;
Poisson log(X!) exp(O) OcR

eBut, we can also derive e-family form via Maximum Entropy
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Maximum Entropy

eMaximum Entropy Theory (Jaynes, Shannon, 1950-1960°s)
Find a distribution p(x) which satisfies certain
constraints while maximizing the entropy of p(x)

eBased on principle of indifference or insufficient reason

oEntrOpy of p(X) IS: H(p) — —pr(gjg 1ngg)

eMaximum entropy wants to spread probability on all x

eUniform distribution has highest H, p = argmax H (p)

eBut, let’s say we add a few “expectation” constraints:

Bt (o)t =2 ple) £ (o) =<,
eUnder p(x), force expected f(x) value to be a constant o
eExamples: f(x) = x constrains the mean

f(x) = xP constrains the higher p moments
f(x) =1 constant function (what is a.?)
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MaxEnt & Min Relative Entropy

eUser gives f(x) feature or moment functions and o values

Ep(x) {fl (x)} iz“"p(m)fl (x) o f(x)’s can be
Ep(x) {fN (x)} - pr<x) Ty (1’) =y any function

we also ALWAYS have the f,(x)=1 and o,=1
eThese constraints select out a piece ‘B of probability space
eWant maximum entropy p(x) in it — arg max . H(p)
peE

eInstead of maximizing entropy, we can equivalently
minimize relative entropy to the uniform distribution:
eNote Kullback-Leibler D|ver ence (Relative Entropy)

KL
KL

plq ) log If q(x) is uniform

this is just -H(p)
D u) logp ((tb9 Z
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Minimum Relative Entropy

S0, more generally, we can solve maximum entropy
as a minimum relative entropy problem where q is uniform

eThe general problem now is:  p = arg minpem KL(qu)

eRepresent the constraints on p with Lagrange multipliers
to obtain the following primal Lagrangian to minimize:

£ = K2(plo) - S\ (2, 2[4 (5) - )~ ~(3. (o)1)
eSince KL is convex and constraints are linear, can solve by
taking derivatives with respect to a p(x) and setting to O:

1+logp(x)—logq(az)—zz_>\i]‘; (:1:)—'\{ =0
)=l T

p (x) ~ %q (:U) OXD (ZZ >\ifi (x)) gi;’r?allai‘;ation y 4

Isolate p(x)
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Duality & the Partition Function

eThe normalizer or partition function Z depends on lambdas
Z(X) = qu(az) exp <ZZ>\Z]‘; (x))

eMaximum entropy solution is in exponential family form!
D (x) = q(x) exp (ZZ NS (x) - logZ(X))

eHere, A Lagranges behave like 6 parameters

o\We still haven't specified the values for A ..

eReinsert above solution for pE 3 into prlmal Laﬁranglan

=2l 32 M) ) (0ol
:pr w)log ZU ZX pr<x)fi<x)—0%)
— —logZ(X) + ZZ)\Z.O&Z-

eGet A scalars by maximizing the concave dual Lagrangian:
D =—logZ(\+Y Ne,
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Dual Solution

eFinal scalar A's found by maximizing —logZ(x) + Z Ao

and inserted into: () Z(>\) qx )GXP(Z N (@ ))
eFinal solution satisfies constraints (and maxes likelihood):

Do p(a)(e) = o~ 300 h(n) where w, ~ p(a)

eThus, the maximum entropy practitioner designs the
constraints on the problem, not the parametric form

E, >{IE} = —0.0777 p(m) X exp(—.16x — 21z + 2 — x4)

plLx

B, (2"} = 0.4767 N
E,, {2} = —0.0m9 | m
B, o'} =—04422 1/

p (”3) -4 2 0 2 4
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Maximum Entropy Inequalities

eUnlike EM (which finds the previous distribution with a mix
of 2 Gaussians), Maximum Entropy is always unique
globally guaranteed (but may have v. many f(x) functions)

o\We can also consider inequality constraints:

_ Corresponding
pr o fl o ™ Lagrange >‘1 eR
Z plz) 2] = a, multipliers A, €ER”
! become +ve _
pr z)f\T) < oy or —ve only A, ER
oIn general, these linear constraints q<x)

carve up a piece ‘B of probability

space with lines or half-planes P <$
eMin relative entropy finds closest The Admissible Set

distribution to hull via an

information geometric projection
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Back to SVMs & Regularization

oGiven: training examples: {X ...,XT}

17
binary (+/- 1) labels: {ylyT}

discriminant functlon (X @) =0'X+b
where: @ =
eMaximize margin or min p naI /regularizer function: <
subject to classification constraints:

ytL(Xt;@)—l > 0, Vt

eSolve using QP, Get best 6*
eGives max margin hyperplane
eBut, not probabilistic

eNot flexible & generative

eNo priors, structure, etc.
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SVMs via Maximum Entropy

eSupport vector machine finds only the single best ©*

eBut, other solutions close to ®* may be almost as good
eInstead consider solving for a distribution P(®)

ePut high probability weight on good solutions

eCan get back same answer as ©* if we set P(©)= §(©-0*)

eHow to solve for P(®)? Satisfy classification constraints
in the expected sense: f p(@)[yt L( Xt;@) _ 1]d@ > 0, Vi
e\What is the reqularization penalty function?
use KL to user given prior: KL(PHPO) AC)
eAlso use the classifier in expectation: /HL
Y = sz’gan(@)L(X;@) dO 7l

_ _ he Admissible Set
eAbove is now a maximum entropy problem!
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Maximum Entropy Discrimination

eMaximum entropy solution as usual, but now over ® not X:
P(@) =P (@)exp(ztkt [ytL<Xt;@) —1])

ARN
eCompute the( |):>artition function (just continuous integral)
Z(\) = [ B(0)exp(T\, [y, L(X,:0) - 1])de
eMaximize the dual negated log of it as before (alphas?)
J(N) = ~logZ () where )\ = {>\1,...,>\T}
eHave 1 constraint per data point instead of per moment fn
our feature functions f,(©) now become:

[(0)=yL(X;0)-1

o\We don't want a certain mean, variance, etc. for P(®)
eQOur constraints are that it gives a good classifier
el et us see the solution for this maximum entropy problem
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Maximum Entropy Discrimination

e\We still need to specify a prior P4(®) , use a zero mean
identity-covariance Gaussian on linear vector and another

zero-mean Gaussian on the bias: recall

L(X;:0)=0"X+1
P (6) =P, (0.6) = N(6]0,1)N(b]0,0%) ( ’
eNow, compute the partition function:

Z(X) = f@PO (@) eXp(Zt A, [ytL(Xt;@) - 1]) do
= [ N(610,7)exp(,\,6"X, ) do
><be(b | 0, 02)exp<zt )xtytb) dbx exp (—Zt >\t)

_ cexp(— 1070+ 07, Ny, X, )d6 x.. o
R
= [ rexp(-107040"Q — 1Q7Q + L Q"Q)do x...
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MED: Gives Back SVMs

eContinuing our partition function:
. 1T T 1 NT 1 NT
Z(x)_fewmexp( L6704 67Q —1Q'Q +1Q Q)de ...

= exp(1Q7Q fb N(b | 0,02)exp(ztktytb)dbxexp(—zt>\t)

= exp(1Q'Q eXp[écfQ (Zt Xtytf]eXp(—Zt N)
eNow, compute the objective as J——Iog(ZQ) to maximize
J(N)=—logZ(\) = —1Q"Q - 10> (L )\ y,] + X,

- th - 50 (Zt >\tyt) - sztxt'ytyt‘ (XtTXt')

«Assume'non-informative prior (all b values are equal), then
¢ goes to infinity. Thus, for J to be high, need >, Xy, =0

( ) ZX __thxtyy (X X )St thy = 0, >\ > 0Vt
SVM AGAIN! WHY +VE?
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MED: Nonlinear Classifiers?

e\\e can now consider nonlinear discriminant functions
without using the kernel trick...

*For example a generative-style Full Gaussians

classifier discriminant function Tree Structures
from the ratio of two pernoulll
- ultinomials
probability, models: P(X|9 ) Exponentials
: __ +/) HMM
L(Xa@ _ lOg P(X|€)_) ' b Mixtusres
eEntropy approach

stays convex MED T _
[ P(0)yL(x;0) >0 y,L(X,;0)>0

SVM breaks
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MED: E-Family Ratio Classifiers

P, )

e\When can we actually solve for L(X;@) log P(x0.) +0
oIf ratio of exponential

families and use p(X | 9) = exp A(X) + X0 — K(e
conjugates for priors p(e | X) — exp A@) 407y — K(}()

oProof: Partition function analytically computable

|

Again Use

Z, = f P exp(z xyL(X -@))d@ Ir;l:)i(r;lr;zorbmative
7, _fp eXp{Z Ny, |log Eif}*;w”d(‘a/
Z :fexp< ( )+9TX R (x))exp (32 Ny, (A(X,)+ X760, — K(6,))) a0,
. ool ZouAl)f ol €l Zpan o
7, =exp(—K (x)+ 2 Ny A(X,)) < exp( K (x + 2 Ay, X, )
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MED: Ratio of Gaussians

N(Xl, =, )
N(X|p_ 5 )

L(X;0) = log

(a) ML & MED Initialization (b) MED Intermediate (¢) MED Converged



MED: Ratio of Gaussians

UCI Breast
Cancer
Data Set:

UCI Crabs
Data Set:
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Method Training | Testing
Errors Errors
Nearest Neighbor 11
SVM - Linear 8 10
SVM - RBF ¢ = 0.3 0 11
SVM - 3rd Order Polynomial 1 13
Maximum Likelihood Gaussians 10 16
MaxEnt Discrimination Gaussians 3 8
Method Training | Testing
Errors Errors
Neural Network (1) 3
Neural Network (2) 3
Linear Discriminant 8
Logistic Regression 4
MARS (degree = 1) 4
PP (4 ridge functions) 6
Gaussian Process (HMC) 3
Gaussian Process (MAP) 3
SVM - Linear 5 3
SVM - RBF ¢ = 0.3 1 18
SVM - 3rd Order Polynomial 3 6
Maximum Likelihood Gaussians 4 7
MaxEnt Discrimination Gaussians 2 3
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MED: Ratio of Gaussians

0 01 02 03 04 05 0B 07 08 09 1



