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J-Graphs in Machine Learning
eGraph Min Cut, Ratio Cut, Normalized Cut

eSpectral Clustering

eStability and Eigengap

eMatching, B-Matching and k-regular graphs
eB-Matching for Spectral Clustering
eB-Matching for Embedding
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Graphs in Machine Learning

\V i .
eMany learning scenarios use graphs

Classification:
k-nearest neighbors

eClustering:
normalized cut
spectral clustering

eInference: C3%y >-Col3 ) (5T O
Bayesian networks = L\
belief propagation & @D
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Normalized Cut CIusterlng

/\

“eBetter than: kmeans, EM, linkage, etc.
*No local minima or parametric assumptions

eGiven graph (V,E) with weight > A YA,
matrix A, normalized cut is ncut(B) = EELE | VIEJED
, Z Aij Z Aij
i€B,jeV i€V | B,jeVv
we could fill in A usin
g Aij == k(a:i,xj>

pairwise similarities/kernels

eBut, this is a hard problem
need a relaxation... F v
)2
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Spectral Clustering

N

J-Typically, use EM or k-means to cluster N data points
eCan imagine clustering the data points only from

NXN matrix capturing their proximity information
eThis is spectral clustering
eAgain compute Gram matrix usinF, e.g. RBF kernel

A [ R Y |

=S
eExample: have N pixels from an image, each
X = [xcoord, ycoord, intensity] of each pixel
eFrom eigenvectors of K matrix (or slight,
variant), these seem to capture some
segmentation or clustering of data points!
eNonparametric form of clustering since we
didn't assume Gaussian distribution...
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Spectral Clustering

)
TeConvert data to graph & cut S a4 Y 4
*Given graph (V,E), weight ., gy =i~ | eimen
matrix A, best normalized > A DA
cut B* is NP i€B,jcV i€V | B, jeV
eDefine: diagonal degree matrix D. =) 4,
volume d=) D,
volume of cut B dy=>, D,
unnormalized Laplacian L=D-A4

eSolve (combinatorial, NP):

min y Ly suchthat y"D1 =0 and y(z) = {1,-b}
"y' Dy
eRelax to continuous y (Shi & Malik):
miny y' Ly suchthat y' Dy=1 and yTDI =0
eSolve for y as 2" smallest eigenvector of: (D — 4)y =X\Dy
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Stability in Spectral Clustering

M

"eStandard problem when computing & using eigenvectors:

4 B

3 evecs=unsafe

| I |
L S 1 T e TR 0 T -9

T R

eSmall changes in data can cause
eigenvectors to change wildly

eEnsure the eigenvectors we keep are —

distinct & stable: look at eigengap... 3 evecs=safe

eSome algorithms ensure the eigenvectors
are going to have a safe eigengap. )
; Jgap'
Use normalized Laplacian: L =D"AD™'"? .
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Stabilized Spectral Clustering

"eStabilized spectral clustering algorithm:

Given a set of points S = {31,...,8,} in I that we want to cluster into k subsets:

1. Form the affinity matrix 4 € R"*" defined by A;; = exp(—||s; — s;||*/207%) if
i?éj,aﬂdﬂ,;.i_Zﬂ.

2. Define D to be the diagonal matrix whose (i, i)-element is the sum of A's i-th

row, and construct the matrix L = D~ Y/24Ap-1/21

3. Find xy,xa,... ,2e, the k largest eigenvectors of L (chosen to be orthogonal
to each other in the case of repeated eigenvalues), and form the matrix X =

[z122...7] € R™** by stacking the eigenvectors in columns.
4. Form the matrix ¥ from X by renormalizing each of X’s rows to have unit length
{i.-Fr. F;:j: = ‘E:gjf{zj X%:I]'"fg}.

5. Treating each row of ¥ as a point in ¥, cluster them into k clusters via K-means
or any other algorithm (that attempts to minimize distortion).

6. Finally, assign the original point s; to cluster j if and only if row i of the matrix
Y was assigned to cluster j.




Stabilized Spectral Clustering
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J-Example results compared to other clustering
algorithms (traditional kmeans, unstable spectral
clustering, connected components).
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Figure 1: Clustering examples, with clusters indicated by different symbols (and colors,
where available). (a-g) Results from our algorithm, where the only parameter varied across
runs was k. (h) Rows of ¥ (jittered, subsampled) for twocircles dataset. (1) K-means,
(31 A “connected components” algorithm, (k) Meila and Shi algorithm. (1) Kannan et al.
Spectral Algorithm L (See text.)
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Matching and B-Matching

u-Matching (or perfect matching) = permutation = assignment
eMaximum Weight Matching = Linear Assignment Problem
Given weight matrix, find permutation matrix. O(N3)

- husband
$1 $6 $3] Kuhn-Munkres F (1]
0 0

W'fel$4 >2 31~ Hungarian Algorithm™

$4 %2 $5

maxptr<PTA)
ZZ,P@:ZP—lPE{Ol} %

eB-Matching generalizes to multi-matchings wormon). O(bN?3)

max , tr (P"A) %
ZZ'P@:Z P =0, PZJ 6{01}

= O
| E—|
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Matching and B-Matching

U-Multi-matchings or b-matchings are also known as
(as opposed to k-nearest neighbor graphs

o

0-regular 1-reqgular 2-regular 3-regular
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Matching and B-Matching

N
eBalanced versions of k-nearest neighbor

27 89 6 43 21 79 max, tr( P A)
25 20 99 23 38 6
_ |8 30 558 58 78 60
A=171 & 2 7 e s where P, € {0,1}
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B-Matched Spectral Clustering

J-Try to improve spectral clustering using B-Matching
eAssume w.l.0g. two clusters of roughly equal size
oIf we knew the labeling y=[+1+1 +1-1-1-1]
the “ideal” affinity matrix A =
in other words...

1

R, OOO

el eNell
oNoNol S

CQOOkFrRPFrPF
PR, L, OOO
PR, EPL,OOO

A=4(yy" +1)

1

and spectral clustering and eigendecomposition is perfect

eThe “ideal” affinity is a B-Matching with b=N/2

eStabilize affinity by finding the closest B-Matching to it:
min,, |[A — P| suchthat ZZPZ] :Zij =& and P, €{0,1}

eThen, spectral cluster B-Matching or use it to prune A
A"™ =P or A" =PoA

eAlso, instead of B-Matching, can do kNN (lazy strawman).
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B-Matched Spectral Clustering

.

T eSynthetic experiment Sy M

eHave 2 S-shaped clusters = B R

eExplore different spreads 7 . R |

*Affinity Ay=exp(-|[X-Xj|[7/0%): . I SR |

Do spectral clustering on - ‘
A or P or PoA

eEvaluate cluster labeling accuracy

+
*******
£ * ¥

(a) Curve separation ¢ = 1. (b) Curve separation ¢ = 5.

Synthetic dataset: permute—prune accuracy

Synthetic dataset: speciral accuracy Synthetic dataset: permute accuracy
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B-Matched Spectral Clustering

oClustering images from real video with 2 scenes in it
eAccuracy Is

simpsons2, N = 48 p—
how well we | $ o _';E:_pmne
classify both | —v—permute
scenes (10-fold) osf [

eEvaluated also .| =

with kNN

eOnly adjacent § » )

frames have | w:f -

high affinity F\/
*BMatching does " /V\V\/“\« )/ \@ﬁ
best since it O_SSE“ijwf i h 'w:; Ay e o Py
boosts connection ——— &

to far frames remelpanaere

(a) Maggie vs. Marge Scene



Tony Jebara, Columbia University

B-Matched Spectral Clustering

u-Clustering images from same video but 2 other scenes

simpsons1, N = 48
1r = V

[ L
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(b) Homer vs. Bart Scene
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B-Matched Spectral Clustering

TeUnlabeled classification via clustering of UCI Optdigits data

optdigits33, N =100
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B-Matched Spectral Clustering

TeUnlabeled classification via clustering of UCI Vote dataset

D.G2r

08151

D.7esE

Kernel parameter o
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B-Matched Spectral Clustering

| eClassification accuracy via clustering of UCI Pendigits data

eHere, using the L —
B-Matching to s BEL T E s e e S8 -
just prune A is K T | ey
better |
KNN always o
.y ‘g 0.75F :..
seems a little |
Worse...
1 1 1.3 EI 25

Kernel parameter o
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B-Matched Spectral

U-Applied method to KDD 2005 Challenge. Predict
authorship in anonymized BioBase pubs database #
*Challenge gives many splits of N~100 documents 2§85
eFor each split, find NxN matrix
saying if documents i & j were = mm m
authored by same person (1)
or different person (0)
eDocuments have 8 fields
eCompute affinity A
for each field via text
frequency kernel
eFind B-Matching P
eGet spectral clustering y
and compute V2 (yy'+1)
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B-Matched Spectral Clustering

matrices
eExplored many
processings of

the A matrices.
Best accuracy
was by using
the spectral
clustered values
of the P matrix
found via
B-Matching

J-Accuracy is evaluated using the labeled true same-author
& not-same-author

I
| I rostem
I pstem
08 I diffuse | |
I thresh
I permute
[ Imedian
0.75 M ) L Isplito |7
[ ]splita

0.7+

0.65 -

06

°:_: dda

autho addre title sourc abstr keywo categ
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B-Matched Spectral Clustering

\/-Merge all the 3x8 matrices into a single hypothesis
using an SVM and a quadratic kernel. SVM is trained
on labeled data (same author, not same author matrices).

eFor each split, we
get a single matrix
of same-author and
not-same-author
which was uploaded
to KDD Challenge
anonymously

wiatrix 10u authors  address  title source abstract keywordscategones av  abstractb

2040 2040 2040 2040 40 2040 2040 2040 2040 2040

Matrix 100 authors address  title so.ce  abstract keywordscategones ay  abstractb

4l R H [ L
2040 20 .0 2040 207 ~+0 2040 2040 2040 2040

Prediction - uthr 5 address  title so _e abstract keywordscategories av  abstractb

Sh b o [T
O in| i i I g -
i ot I
o 30 st 20 =Vl ! L
a0 FiEE I IIll |m
- i : i %40 ||l|‘|||‘||l‘||llllll 'I\ I IIII 140
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B-Matched Spectral Clustering

TeTotal of 7 funded teams attempted this w
KDD Challenge task and were evaluated by e
a rank error ~

0.5

T
O

c o)
o
o
o
I
327
%

Q0O

0.45

eDouble-blind
submission
and evaluation

04

0.35

eOur method B
had lowest
average error |

131 168 255

421 550 606
eam
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B-Matched Embedding

J-Replace k-nearest-neighbor in machine learning algorithms
eExample: Semidefinite Embedding (Weinberger & Saul)

1) Get matrix A by computing affinities
between all pairs of points

2) Find k-nearest neighbors graph

3) Use SDP to find P.D. matrix K

which preserves distances

on graph yet is as stretched

as possible. Eigen-
decomposition of K finds
embedding of points in low
dimension that preserve
distance structures in

high dimensional data.

Maximize Tr(K) subject to K 2 0, Z; K;; =0,

and 01,j such that hy=1 or [h™h];=1,
Kii + Kjj - Kjj - Kji = Ai + Ajj - Ajj - Aj.




Tony Jebara, Columbia University

B-Matched Embedding

N

eShould get ring but noisy
images confuse kNN.
Greedily connects nearby
images without balancing

in-degree and out-degree.

Get folded over ring even

for various values of b (k)
eB-Matching gives clean

ring for many values of b.

—200f
—400+
-600+

“eVisualization example: images of rotating tea pot.

i"’ ih’_.lir J '.rl .l’L ‘l"1 .L '.- TI. '- 'r-l l ""'1 iln'l_i.! “lﬂ'-. ;#1#- -i!""*

oGet affinity A; = exp(-||X-X;|[%) between pairs of images

Reduced Dimensionality (using K-nearest)

| | 1 1 | 1 1 1
-800 -600 -400 -200 0 200 400 600

Reduced Dimensionality (using B-matching)

600 il

400+

200r
oF

| 1 1 | B 1 1 | 1
-2000 -1500 -1000 -500 0 500 1000 1500 2000
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B-Matched Embedding

N

J-AOL data

eBMatching: Growing initial connectivity using

b-matching algorithm instead of k-nearest neighbor

B-matching
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