Tony Jebara, Columbia University

Machine Learning
4771

Instructor: Tony Jebara



Tony Jebara, Columbia University

Topic 9

eContinuous Probability Models
eGaussian Distribution
eMaximum Likelihood Gaussian

eSampling from a Gaussian
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Continuous Probability Models

eProbabilities can have both discrete & continuous variables

o\We will discuss:
1) discrete probability tables
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2) continuous probability distributions
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eMost popular continuous distribution = Gaussian
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Gaussian Distribution

eRecall 1-dimensional Gaussian with mean

parameter u translates Gaussian Ie1; & right
)= ot
AN 1IN 4N

05

05
5

05
5

5 0 5 0 5 0 5

eCan also have variance parameter ¢
widens or narrows the Gaussian
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Multivariate Gaussian

e(Gaussian can extend to D-dimensions

e(Gaussian mean parameter u vector, it translates the bump
eCovariance matrix X stretches and rotates bump
A p— exp[_l(z_ale(z_g)]

o) :
eMean is any real vector T eR? peR? Y eRYP
eMax and expectation = u
e\/ariance parameter is now X matrix
eCovariance matrix is positive definite
eCovariance matrix is symmetric
eNeed matrix inverse (inv) O
eNeed matrix determinant (det)

eNeed matrix trace operator (trace)
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Multivariate Gaussian

eSpherical: . | §
o O
220-2]: O 02 O . ).
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eDiagonal Covariance:
dimensions of x are independent
product of multiple 1d Gau55|ans

p(f | T E) — Hj_lmex [ za(d) ]
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Max Likelihood Gaussian

eHave IID samples as vectors i=1..N: X = {51,372,...,:EN}

eHow do we recover the mean and covariance parameters?

eStandard approach: Maximum Likelihood (IID)
eMaximize probability of data given model (likelihood)

p(X|0)=p(3,%,....7, | 0]

— —

= 1) :119(372- | Mi,Ei) independent Gaussian samples

--7,—1

eInstead, work with maximum of log-likelihood

Z]ng( |, ) ;log (%)D}Q\/@ exp[—%( T — M)T -l (:1_:’Z — ﬁ)]

117 ( | L, ) wdentically distributed
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Max Likelihood Gaussian

eMax over i 9
Op

N
lo 1
2 log o e

eFor X need Trace operator:

and several properties:

exp -4 (2,~) = (- i)

tr
tr
tr
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Max Likelihood Gaussian

el ikelihood rewritten in trace notation:

N

[ = Zizl—glogZﬂ —élog‘Z‘ —%(fz —E)T >

g
!
|
gl
S—

= —Llog2m 4 L log > -3 jvzl tr (i’; — ﬁ) > (fZ - ﬁ)
— _%ngw—i—%log > —% jv:ltr-(fi —ﬁ)(i’z —ﬁ)T 2
_ _%1Og2fn 4+ %1Og A —%Zj\;lt’r (3_3)2 _ﬁ)(fl _ﬁ,)TA
eMax over A=X"1 ol o N —»aA '
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use properties: 34~ 0+ a(at) 300 (@
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Sampling & Max Likelihood

Data
i=1..N IID
observations

{Xq,-- XN}

Generative
Learning

(Maximum
Likelihood)

Generative
Model
Parameters
®

Sampling
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Sampling from a Gaussian | €>

oFit Gaussian to data, how is this Generative?
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Sampling from a Gaussian | €>

oFit Gaussian to data, how is this Generative?

eSampling! Generating discrete data easy: | 0.73 | 0.1 | 0.17

eAssume we can do uniform sampling:
i.e. rand between (0,1)
if 0.00 <=rand < 0.73 get A
if 0.73 <=rand < 0.83 get B
if 0.83 <=rand < 1.00 get C

e\What are we doing?
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Sampling from a Gaussian

oFit Gaussian to data, how is this Generative?

--------
3

eSampling! Generating discrete data easy: | 0.73

0.1

0.17

eAssume we can do uniform sampling:
l.e. rand between (0,1)
if 0.00 <=rand < 0.73 get A
if 0.73 <=rand < 0.83 get B

if 0.83 <=rand < 1.00 get C 073

0.83

1.00

e\What are we doing?
Sum up the Probability Density Function (PDF)
to get Cumulative Density Function (CDF)

eFor 1d Gaussian, Integrate Probability Density
Function get Cumulative Density Function
Integral is like summing many discrete bars
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Sampling from a Gaussian

eIntegrate 1d Gaussian to get CDF: A
pls) = ew(-1) =
Flo)= [ sltat = s ) (

of sampleo?rom uniform, get U ~ umform(() 1)

«Compute mapping: v=F"(u)= J2 2erfiny(2u —1)

*This is a Gaussian sample: = ~ N(z0,1]

eFor D-dimensional Gaussian N(z|0,I) concatenate samples:
i = [#(1)..3(D)] ~p(z100) =[]~ exp[__x(df]

eFor N(z|u,X), add mean & multiply by root cov

2=+~ p(Z 1LY
eExample code: gendata.m




