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Topic 8

eDiscrete Probability Models
eIndependence

eBernoulli Distribution

eText: Nalve Bayes

eCategorical / Multinomial Distribution
oText: Bag of Words
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Bernoulli Probability Models

*Bernoulli: recall binary (coin flip) probability, just 1x2 table
. _ x=0 x=1
p(a:) =o' (1 — Q€ [0,1 T € {0,1} 0.73 | 0.27
eMultidimensional Bernoulli: multiple binary events
o  X%=0 %=1
p(x17x2) l|1<—| 0-4 0.1 p($1,$2,$3>
Tl 03| 0.2
>3

o\Why do we write these as an equations instead of tables?
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Bernoulli Probability Models

*Bernoulli: recall binary (coin flip) probability, just 1x2 table
. _ x=0 x=1
p(a:) =o' (1 — Q€ [0,1 T € {0,1} 0.73 | 0.27
eMultidimensional Bernoulli: multiple binary events
o  X%=0 %=1
p(x17x2) l|1<—| 0-4 0.1 p($1,$2,$3>
Tl 03| 0.2
>3

o\Why do we write these as an equations instead of tables?

eTo do things like... maximum likelihood...
oFill in the table so that it matches real data... ~  _+ . _,

eExample: coin flips H,H, T,T,T,H,T,H,H,H 2?7?




Tony Jebara, Columbia University

Bernoulli Probability Models

eBernoulli: recall binary (coin flip) probability, just01x2 table
. _ x=0_ x=1
p(x) =o' (1 — 1 Q€ [0,1_ T € {0,1} 0.73 | 0.27
eMultidimensional Probability Table: multiple binary events
o  X%=0 %=1
p(,7,) | 0.4 | 0.1 p(z,2,1,)
Tl 03| 0.2
>3

o\Why do we write these as an equations instead of tables?

eTo do things like... maximum likelihood...
oFill in the table so that it matches real data... ~  _+ . _,

eExample: coin flips H,H,T,T,T,H,T,H,H,H 0.4 | 0.6

eWhy is this correct?
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Bernoulli Maximum Likelihood

eBernoulli: ple)=a(1-a) " aelol] zefoll
eLog-Likelihood (IID): ™" 1ng(% | (x) =3 Joga” (1 3 u)l_xi
eGradient=0: 2.5 Jog o (1 _ u)l—% — 0

K N

T, logcx—|—<1—xi>log(1—oc> =0

oo i=
5% icclassl log o + ZiECZasso log (1 — OL> =0

S 1 19
i€class]l a 1€class0 1—a

Nli_NoiZO

Nl(l—oc)—NO(sz
N, = (N, + N, )a=0

N, N~ !
NO+N1 NO+N1 OL: Nl
N1+N0
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Text Modeling via Naive Bayes

eNaive Bayes: the simplest model of text

eThere are about 50,000 words in English
eEach document is D=50,000 dimensional binary vector z,

eEach dimension is a word, set to 1 if word in the document
Dim1: “the”
Dim2: “hello”
Dim3: “and”
Dim4: “happy”

-

eNaive Bayes assumes each word |s mdependent

p(7) = p(7(1),...7(D)) =TT, »(7(d))
T (-

eEach 1 dimensional alpha(d) is a Bernoulli parameter
eThe whole alpha vector is multivariate Bernoulli
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Text Modeling via Naive Bayes

eMaximum likelihood: assume we have several I1ID vectors
eHave N documents, each a 50,000 dimension binary vector
eEach dimension is a word, set to 1 if word in the document

L CC2 :133 51:4
Dim1: “the” = 1 0 1 1
Dim2: “hello” = 0 1 0 1
Dim3: “and” = 1 1 0 1
Dim4: “happy” = 1 0 0 1
1-7.(d
eLikelihood = va_lp( ) [T 1H500000¢< ) (1_&(d))( "

eMax likelihood solution: for each word d count N,
number of documents it appears in divided O‘(d) N
by total N documents

eTo classify a new document x, build two models o, o,

& compare  prediction = arg max i p(i” | &y)
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Categorical Probability Models &

eCategorical: a distribution over 1 2 4 S5 6
a single multi- cate)gory event &(1) G (2) ( )16(4) &(s5) |ai(6)
pla) =TI 6(m) X, a(m)=1  #eB": 3 #(m)=1

eEncode events as binary SV R\ YR VS YA
indicator vectors 7(1] 2(2) 2(3) 2(4)]3(5) (o)

eRelated to the more general multinomial distribution
eFind ovusing Maximum Likelihood (W|th IID assumption):

5" togp(718) = e [T () ™ = 57, 57 7 m)tos{ )

eCan't just take gradient over o, use sum= 1 constraint:

elnsert constraint 9 v «—n i} v B
using Lagrange  aa, et ({6 o) =2 (2200, m) 1) =
mUItip”erS Zjvl[fz (q) 1 Ne0 = &(q) _ %Zilfz (q)
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Categorical Maximum Likelihood

eTaking the gradient with Lagrangian
gives this formula for each q: éa)

eRecall the constraint: >~ &(m|—1=0
*Plug in o’s solution: Y~ 13" z(m)-1=0

«Gives the lambda:  x=5" S z (m)

eFinal answer: 5| > (g ) _ N,
q) -
.CU

>
eExample: Rolling dice
1,6,2,6,3,6,4,6,5,6 x=1x=2 x=3 x=4 x=5_ x=6
AdA A I Ad VA IAD 1 . . .
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Multinomial Probability Model

eThe multinomial is a categorical over counts of events
Dice: 1,3,1,4,6,1,1 Word Dice: the, dog, jumped, the

eSay document i has W;=2000 words, each an IID dice roII

p(doc,) = p(_) T ...,fz.Wl):Hwil (_)Zw)O(Hw 1Hd 1 ( )

eGet count of each time an event occurred

p(doc,) OCHw:1Hd:1 () —Hd1 () ’ _Hdl ()

*BUT: order shouldn’t matter when “counting” so multiply
by # of possible choosings. Choosing X(1),...X(D) from N
W, A _( flffi(d)?!

— —

X (1) X () | T X (d) TT0 X (a):

eMultinomial: over discrete integer vectors X summing to W

p(X)= =2 17 &) s ae)=1.8 €22, 3° X(d)=w

[T %)
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Text Modeling via Multlnomlal

eAlso known as the bag-of-words model email

spam
eEach document is 50,000 dimensional vector

eEach dimension is a word, set to # times word in doc

Xl X2 X3 X4
Diml: “the” = ) 3 1 0
Dim2: “hello” = 0 5 3 0
Dim3: “and” = 6 2 2 2
Dim4: “happy” = 2 5 1 0

eEach document is fa veczccﬁr of multinomial counts

p(docl.)zp()_()i) ;() H &(d)Xi(d) Zd (d>_1 XEZﬁ

eLog-likelihood: 1(a)=3"" logp(X ) =" log ﬁj((;)] [ (d)xf,.(cﬁ

_Z@ 12 Z( )log@(d)Jrcanst

eFind o just like the multlnomlal maximum likelihood formula!

D
d:
D
d:
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Text Modeling Experiments

eFor text modeling (McCallum & Nigam '98)
Bernoulli better for small vocabulary
Multinomial better for large vocabulary

Newsgroups
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