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Topic 20

*HMMs with Evidence

*HMM Collect

eHMM Evaluate

*HMM Distribute

*HMM Decode

*HMM Parameter Learning via JTA & EM



Tony Jebara, Columbia University

HMMs: JTA with Evidence

oIf y sequence is observed (in problems 1,2,3) get evidence:

p(e.7)=rplq,)1,_rlale )1 r@q)

eThe potentials turn into slices:
U qo,yo) U qo,ql)

S GIXE, o)
0 oa,) | S (qt) = w(qt,y_t) = p(ﬁt | qt)

w(qul) —»”Ll)(ql,@l)
eNext, pick a root, for example rightmost one: w(qT_l,qT)

eCollect all zeta separators bottom up:
S(g,)=(q,7,)=r(7, |4

eCollect leftmost phi separator to the right:
<b*(qo)=Zyow(qo,%)fi(yo—?@)=p(§07q0) % %
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HMMs: Collect with Evidence

eNow, we will collect (*) along the backbone left to right
-Update each clique with its left and bottom separators:

¢ ;q 0,.,)

(4, qm =

* —
1 t t+1 | qt+1

t+1 — q qt+1 qt *<qt)p( Y | qt+1)Oth,qt+1
oKeep going along chain until right most node
eNote: above formula for phi is recursive, could use as is.
eProperty: recall we had ¢ (qo) = p(?o,qo)
o'(a)=>2, p(7y4,)(7 14)pe, | 4,) = (7,74,
o'(a,) =2, P74 )p(7,10,)p(e, | 4,) = p(5,7,.7,0,)

0'(a.,) =22, P(Tpon W) o (0 L0, )0 (0 1 4) = (T, )
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HMMs: Evaluate with Evidence

eSay we are solving the first HMM problem:

1) Evaluate: given y,,...,yr & 6 compute p(y,,...,Y1l0)
oIf we want to compute the likelihood, we are already done!
e\We really just need to do collect (not even distribute).
eFrom previous slide we had:

¢ (q,,) = D p(Tyr70,) 2 (T 1 0,0 ) 2000 1 0,) = P(To 17,0004,
eCollect 'til root (rightmost node): ¢ (qT_l,qT) = p(fcjo,-.-,?T,qT_l,qT)

its normalizer is p(EVIDENCE)! ODEDE
Or use hypothetical ¢"(¢,) = p(Ty-- 70,
eCan compute the likelihood just by marginalizing this phi

p(TyrsBp) = 20, 2Ty Tptr) = 22, &' (4y)

¢S50, adding up the entries in last ¢* gives us the likelihood

1]

[ea113430dAY
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HMMs: Distribute with Evidence

eBack to collecting... say just finished collecting to the root
with our last update formula:

b (g, a0, )= ¢ ((i“) ° (fT)tb(qT 1) =6 (g,)p(7, | qT)

eNow, we distribute (**) along the backbone rlght to Ieft
eHave first ** for root (stays the same): \’ (qT y qT qT y qT)
eStart going to the left from there:

fort=T-1to O q
Q) o (a)=2, vlaa.) OV (apaa) =3 ¢*<q::>w 0:9)

R TS A P
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HMM Example

You are given the parameters of a 2-state HMM. You observed the
input sequence AB (from a 2-symbol alphabet A or B). In other
words, you observe two symbols from your finite state machine, A
and then B. Using the junction tree algorithm, evaluate the likelihood
of this data p(y) given your HMM and its parameters. Also compute
(for decoding) the individual marginals of the states after the
evidence from this sequence is observed: p(qyly) and p(q,|y). The
parameters for the HMM are provided below. They are the initial
state prior p(q,), the state transition matrix given by p(q,| g;.;), and
the emission matrix p(y,| q.), respectively.

o) 1 2
T = =
o | 1/3 2/3 |

1 2 1 9)

a"=plg,lq.)= 3/4 1/2 N =p(yle)= 4 172 1/3
2 1/4 1/2 B | 1/2 2/3
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HMM Example
(D—L
y0=A ° =8

Initialized Junction Tree

y0=A..B g0=1..2 1=1.2 1=1..2 y1=4.8
16 | 16 1 1 34 | 14 1 1 12 | 12
q0=1 q0=1 gl=1
209 | 49 12 | 12 113 | 23
q0=2 g0 =2 gl=2
................... > 4
y0=4 {Btﬁ q0=1..2 gl=1..2 gl=1..2 yliémB
1/6 ;{»,’,ﬁ?': 16 | 2/9 34 | 1/4 12 | 23 .f».’fq 112
qO =1 t":ilz? qO =1 q1 =1 t'.:l:
2/9 :':{, 12 | 1. ; 'ﬁ.;’: 213
q0=2| [ q0=2 ql = 25




HMM Example
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1/36 12 2/3

1/18 2/27

1=1..2

gl=1..2

ARG

7/ 1/16 1/36 17/ 11/

144 108

172

1/18 2/27

13 7 1P 1 1 2 17 11
—+ +

2/3

S _ 0.2199

So the likelihood p(y)=— 6t s + ¥ + 2

144 54 " 144
2| y)=

13/144 39 7/54

3/144+7/54  95° Pl40=
17/144 51

plgy=1]y)=

11/108

plg, =1]y)=

108
56

13/144+7/54

432

95
44

771444117108 _ 05° Pr=210=

17/144+11/108 95
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HMMs: Marginals & MaxDecoding

eNow that JTA is finished, we have the following:
0" (q,) < p(q, 17,7, ) “(a,,) < pla,, 1Ty
b (g4, ) o< p(apa, | Toes T
eThe separators define a distribution over the hidden states

This gives the probability the DNA symbol y, was q,={I,E,P}
e\We've done 2) Decode: given y,,...,yr & 0 find p(qy),..-,p(d+)

eCan also do 2) Decode: given vy,,...,yr & 6 find q,...,dt
e\We can also decode to find the most likely path q, ... g
eHere, we use the ArgMax JTA algorithm

eRun JTA but replace sums with max 1 1 E E P

eThen, find biggest entry in separators: @HDABH D)0
- . _ W W @ W @
¢, = argmax o (qt) Vt=0...T G A T
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HMMs: EM Learning

eFinally 3) Max Likelihood: given yy,...,yr learn parameters 6

eRecall max likelihood: 0 = argmax, logp(gj | e)
oIf observe g, it's easy to maximize the complete likelihood:

(6] = 1og(»(a:0)
= log(p(qo)]_[jlp(qt g, )[1,,2(7,1 qt))
= logp(qo) +5 logp(qt | qt_l) +3 ., logp(?t | qt)
= togTT" [ " + 320 toe T T oo, | + 320 e T T [, ™
=gy logm, + >0, 3" g/ logoy + 35 307 3T iy logn,

Introduce Lagrange ——— Zjil’ﬂi =1 Zﬁluij =1 ]Yzlnij =1
& take derivatives !

j ip

( . & = Zt:o 9.9, N thoqtyt
i — ij M T-1 ; "y ZN ZT ik
Zk:1 tho 99,1, k=1 Lai—0 1Y
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...

p(710)=>" plawl0)=>0 > »pla)[1_»le e )T »(74)

*EM: Max expected complete likelihood given current p(q)
BUO) =By, oeples)} =32, 32, plalv)losp(sy)

- E{Zzﬂiqé log ﬁz‘ + ZtT_l ij_lqz—lqj log OLij + ZtT_o Zzﬂil Z;\[quytj log nij}

=0 Bgyflogm, + 30, 30 E{a; g floge, +35 ST 3T Elajfy! logn,
*M-step is maximizing as before: ) o
A :E{qz} & — thoE{qzqtj—H} ~ Zt:oE{q;}yi
1 0 1] _ )
LY Bl
o\What are E{}'s?
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...
p(710)=>" plawl0)=>0 > »pla)[1_»le e )T »(74)
*EM: Max expected complete likelihood given current p(q)
E{l(@)} B Ep(qov-w%w) {logp(q,y)} - Zqo “'ZQT p(q | y)logp(q,y)

—B{S qtogm + Y00 0 0 gl toga, + 300 0 S0 g logm, |

=3 Blgflogm + 3 S E{q g/ logey, + 3 S0 ST E{q)}y) logn,

eM-step is maximizing as before;

S AR 9/ U4 D WHFLC U

SO S DI (7 S DU SN2 (1 T
*What are E{}'s? £ {a:} = > plz)a' = pr(x)ﬁ(x - f”) :p(xi)
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HMMs: EM Learning

eBut, we don't observe the g’s, incomplete...
p(710)=>" plawl0)=>0 > »pla)[1_»le e )T »(74)
*EM: Max expected complete likelihood given current p(q)
E{l(@)} - Ep(qov-w%w) {logp(q,y)} B Zqo “'ZQT p(q | y)logp(q,y)

—B{S qtogm + Y00 0 0 gl toga, + 300 0 S0 g logm, |

=3 B{ghogm, + > S Blel g/ fogay, + 30 S ST E{q }yl logn,
eM-step is maximizing as before;
D i 2 U SN D 2 U1
= E{qo} Oéij — M T-1 - nz’j — N T A
>, Blad, ) > B}l
o\What are E{}’S7 E { } Z p( )a:—z p( ) ( = ) p( )
Our JTAy & marglnalsI (JTA is the E-Step for given 6)

¢ (q Zi)

E{qth} p(q _th+1 _]‘ ) z:wﬂ)(q(q qq ])J) E{q;} p(q _Z’ ) Z¢( )
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Thank you!

¢S0, to incomplete maximize likelihood with EM,
einitialize parameters randomly,
eRun Junction Tree Algorithm to get marginals

eUse marginals over g’s in the maximum likelihood step

ePlease complete course evaluation on courseworks

eGood luck with finals week and happy holidays!



